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From quadratures of lunes to quantum mechanics, the development of in- 
tegration has a long and distinguished history. Chapter 1 begins our explo- 
ration by surveying some of the historical highlights — milestones in man’s 
capacity to think rationally. Whether motivated by applied considerations 
(areas, heat flow, particles in suspension) or aesthetic results such as 
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the common thread has been and will continue to be understanding. 

Mathematical discoveries are but markers in our quest to understand 
our place in this universe. In the profession of mathematics, we are all too 
frequentlyhumbled, but we persevere for those rare moments of exhilaration 
that accompany understanding. That is the nature of mathematics— indeed, 
the nature of understanding. 

I hopethat you will personally experience the emotional peaks and val- 
leys that are presented in the pages that follow. If we attain a measure 
of understanding and an appreciation of our mathematical ancestors and 
their accomplishments, our efforts will have been successful. We will have 
played a role in our inexorable journey to the stars. 

— F.B. 
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CHAPTER 



Every one of us is touched in some way or other by the problems of 
mathematical communication . Every one of us can make some contri- 
bution, great or small, within his own proper sphere of activity. And 
every contribution is needed if mathematics is to grow healthily and 
usefully and beautifiilly — E. J. McShane 


1.1 Rearrangements 

Figures 1(a) through (d) demonstrate the general idea of rearranging a given 
area to form another shape. In the first example, we have a circle rearranged 
into a parallelogram by a method that has been known for hundreds of years. 
Figure 1(e) represents a different manipulation of area called scaling where, 
despite enlargement or shrinkage, shape and proportion are retained. 
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Figure 1 . Examples of rearrangements (a-d) and scaling (e) of areas 

1.2 The Lune of Hippocrates 

Hippocrates (430 B.C.E.), a merchant of Athens, was one of the first to 
find the area of a plane figure (lune) bounded by curves (circular arcs). The 
crescent-shaped region whose area is to be determined is shown in Figure 2. 

In the figure, ABC and AFC are circular arcs with centers E and D, re- 
spectively. Hippocrates showed that the area of the shaded region bounded 
by the circular arcs ABC and AFC is exactly the area of the shaded square 
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D 

Figure 2. Hippocrates’ lune 

whose side is the radius of the circle. The argument depends on the follow- 
ing assumption, illustrated in Figure 3: The areas of the two circles are to 
each other as the squares of the radii. 




Figure 3. Hippocrates’ assumption 


From this assumption we reach two conclusions: 

1. The sectors of two circles with equal central angles are to each other 
as the squares of the radii (Figure 4). 




Figure 4. Our first conclusion 


2. The segments of two circles with equal central angles are to each other 
as the squares of the radii (Figure 5). 



Figure 5. Our second conclusion 
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Hippocrates’ argument proceeds as follows (refer to Figure 6). From our 
second conclusion, A\j A4 = r 2 l(*j2r) 2 = Hence A\ = ^4 and 
A2 — ^ A4 so Ai + A2 — A4. 


Area of the lune = A\ + A2 + A 3 = A4 + A3 = Area of the triangle 



= Area of the square. 



Figure 6. Area of the lune 

Similar reasoning may be used for the three lunes in Figure 7 . 



Figure 7 . Lune exercises 


1.3 Eudoxus and the Method of Exhaustion 

Eudoxus ( 408-355 B.C.E.) was responsible for the notion of approximating 
curved regions with polygonal regions. In other words, “truth” for polygonal 
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regions implies “truth” for curved regions. This notion will be used to show 
that the areas of circles are to each other as the squares of their diameters, 
an obvious result for regular polygons. “Truth" is to be based on Eudoxus’ 
Axiom. 

Axiom 1.3.1 (Axiom of Eudoxus). Two unequal magnitudes being set out, 
if from the greater there be subtracted a magnitude greater than its half 
and from that which is left a magnitude greater than its half and if this 
process be repeated continuously, there will be left some magnitude that 
will be less than the lesser magnitude set out. 

In modem terminology, let M and e > 0 be given with 0 < e < M. Then 
form M, M — rM = (1 — r)M, (1 — r)M — r (1 — r)M = (1 — r) 2 M, . . . , 
where | < r < 1. The axiom tells us that for n sufficiently large, say N, 
(I — r) N M < 6, a consequence of the set of natural numbers not being 
bounded above. 

To get back to what we are trying to show, let c, C be circles with areas a, 
A and diameters d t D, respectively. We want to show that a/A= d 2 /D 2 , 
given that the result is true for polygons and given the Axiom of Eudoxus. 

Assume that a/ A > d 2 /D z . Then we have a* < a, so that 0 < a - a* 
and a* /A = d 2 ID 2 . Let e < a— a*. Inscribe regular polygons of areas p n , 
P n in circles c, C and consider the areas a — p n . A — P n . (See Figure 8.) 
Now, double the number of sides. What is the relationship between a — p n 
and a — p^ n l See Figure 9. 

Certainly a — pjn < Pn)- We subtract more than half each time we 

double the number of sides. From the Axiom of Eudoxus, we may determine 
N so that 0 < a — p^ < e < a — a*; that is, we have a regular inscribed 
polygon of N sides, where area ps > a*. 




Figure 8. Inscribed polygons 



a ~Pn 


Figure 9. 
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But pn/Pn = d 2 /D 2 . Since a*/A = d 2 /D 2 i we have pn/Pn — 
a*jA, so Ppj > A. This cannot be: Ptf is the area of a polygon inscribed 
in the circle C of area A. 

A similar argument shows that aj A cannot be less than d 2 /D 2 : double 
reductio ad absurdum, 

1.4 Archimedes' Method 

The following masterpiece of mathematical reasoning is due to one of the 
greatest intellects of all time, Archimedes of Syracuse (287-212 B.C.E.). 
Archimedes shows that the area of the parabolic segment is | that of the 
inscribed triangle ACB. See Figure 10. 


B 

Figure 10. Archimedes’ triangle 

In our discussion, we will use the symbol A to denote “area of,” with 
*c = ( x a + *b)/ 2). The argument proceeds as follows. In Figure 11, the 
combined area of triangles ADC and BEC is one-fourth the area of triangle 
ACB; that is, 

A ADC + ABEC = - AACB. 

4 

Repeating the process, trying to “exhaust” the area between the parabolic 
curve and the inscribed triangles, we have 

Area of the parabolic segment 

= AACB + i(AACB) + l[i(AACB)] + ... 

= AACB ^1 “F — ■+* ^ "b ‘ ' ’ ^ = ^ ^ A.CB . 


B 

~ E 

Figure 1 1 , Inscribed triangles 
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We argue that AADC + ABEC = ^AACB for the parabola y = ax 2 , 
a > 0; see Figure 12. 

Show that the tangent line at C is parallel to AB and that the vertical line 
through C bisects AB at P. It follows that ABEC = £ ABCP (complete the 
parallelogram; see Figure 13). 



We note that 

1. ACEG = ABEG (equal height and base), 

2. AHGB = hABCP. 

Thus, we must show that 


ACEG + ABEG = AHGB or ABEG = - AHGB. 

2 

This will be accomplished by showing that FE = 4FH = tQB. Since 


FE 


{Xc + XvY 

=a H “ ) ■ 

= -a (jr„ - Xct , 


aX\ + 2aX c x I ( X B - Xc) 
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QB = aXl - [aXl + 2 aX c (Xs - Jf c )] = a(X „ - Xc) 1 , 
we are done. 

Show that the area of the parabolic segment is \ the area of the circum- 
scribed triangle ADB formed by the tangent lines to the parabola at A and 
B with base AB (EC = CD). See Figure 14. 


1.5 Gottfried Leibniz and Isaac Newton 

During the seventeenth and eighteenth centuries the integral was thought 
of in a descriptive sense, as an antiderivative , because of the beautiful 
Fundamental Theorem of Calculus (FTC), as developed by Leibniz (1646- 
1716) and Newton (1642-1723). 

A particular function / on [a, 6] was integrated by finding an antideriva- 
tive F so that F' = /, or by finding a power series expansion and using 
the FTC to integrate termwise. The Leibniz-Newton integral of / was 
F(b) — F(a)‘, that is, 



dx = F(b) - F{a), 


where F' f = /. 


We will give an argument of Leibniz and a result of Newton to illustrate 
their geniuses. 


1 1 1 



1.5.1 Leibniz's Argument 

Leibniz argued that 
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Figure 15. 

Take the quarter circle (jc — l) 2 + y 2 = 1, 0 < x < 1, whose area is 
itf 4. (See Figure 15.) Leibniz determined the area of the circular sector in 
Figure 15 by dividing it into infinitesimal triangles OAB (where A and B 
are two close points on the circle) and summing. 

So, how to estimate the area of AOAB? Construct the tangent to the circle 
at A, with a perpendicular at C passing through the origin. Then AOAB rz 
|AB x OC, By similar triangles, AB/ dx — zj OC, so AOAB = \ zdx . 
Observe that 


, 9 

x = 1 — cos 9 = 2 sin — and 

2 



That is, x = 2.r 2 /(l + z 2 ). Leibniz knew that 


x z = 


j zdx + 


/ 


xdz. 



Figure 16. 
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Hence the area of the circular sector in Figure 15 is 

= K l_ f 

1 r 1 

— - - / z 2 { 1 - z 2 + z 4 ) dz (long division) 

2 J q 

1 1 

H (integrating termwise) 

and by adding £ to both sides, 


_ 1 _ 1 1 _ 1 , 

2 3 5 7 


7T , 1 1 1 


By the way. 


111 

+ - - + r — rr + • ■ ■ and 


1 

8* “ 1 x3 ' 5x7 ' 9x 11 
1, A 1 1 1 

8 2x4 6x8 10x 12 ' 

1.5.2 Newton's Result 

Newton tells us that 

7T ,11111 

— — — — — “ -I- — ■ 4 - — — • » ■ , 

4^2 3 5 7 ^9^11 

Since Newton routinely integrated series termwise, and since 
1 + x 2 


1 + x 4 
we have 


= (1 + jc )(1 — x + x 6 ) = 1 + x l — x 4 — x b 4- 


l 


1 1 + x 2 , ,1111 1 

— d X =i + -----+- + ~- 


The argument may be completed by observing that 

,2 1 / ! J 


l+:c 2 _ 1 f 

1 + x 4 ~ 2 V 1 - VL 


+ 


lx + X 2 1 + yflx + JC 2 
and evaluating the appropriate integrals with the substitution 


) 
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1.6 Augustin-Louis Cauchy 

Cauchy (1789-1857) is considered to be the founder of integration theory. 
In 1823 Cauchy formulated a constructive defmition of an integral. Given 
a general function / on an interval [a,b], in contrast to ax 2 , (1 + x 2 )( 
(1 + x 4 ), and so on, partition the interval [a, b] into subintervals Jf*], 
with a = jc d < jci < ■ - ■ < x n -i < x n = b, and form the sum 

/(*o)(*l - *o) + /(*l )(*2 -*i) + * ■ • + f(Xn-l)(x n - x n - i). 

See Figure 17. 



Figure 17. Cauchy’s integral 


The integral of Cauchy was to be the limit of such sums as the length of 
the largest subinterval, || A.x||, approaches zero: 


C 



dx 


lim 

|[Ax||-K> 


n 

Y -1 )(*k - Xjt-l). 

k - 1 


Cauchy argued that for continuous functions this limit always exists. 

As for an evaluative procedure, recovering a function from its derivative 
(a fundamental result), we have 


C 



dx — F(b ) - F(a ) 


for any function F with a continuous derivative. For example, let 


Fix) = 


x 3 sin(7r/x) x ^ 0, 
0 x = 0. 


Then 


F'(x) 



—irx cos(tt/x) + 3,x 2 sin(7r/:c) x 0, 
0 x = 0 
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is continuous on the interval [0, 1]. Consequently 

C J ^ F\x) dx = F(l) - F(0 ) = 0. 

Apparently a finite number of “jump” discontinuities would not cause 
difficulties. How about a countable number, or even a dense set, of jump 
discontinuities? Just how discontinuous can a function be and still have an 
integral? 

1.7 Bernhard Riemann 

Riemann (1826-1866), having investigated Fourier series, convergence is- 
sues, and Dirichlet-type functions (1 on the rationals, 0 on the irrationals, 
for example), was motivated to develop another constructive definition of 
an integral (1854). 

Beginning with a bounded function / on the interval [a, b ], we partition 
(& la Cauchy) into subintervals [xjt-i,**], where a — xq < xi < < 

x n ~ b. Next we “tag” each subinterval with an arbitrary point c k , where 
Xk-i < Ck < Xk, and we form the sum 

/M(*l - xo) + /(c 2 )(*2 - *l) + ■ • • + f{fin){x n ~ 

See Figure 18, 



a~x Q C[ x x 


X/c-l c k x k 

Figure 18 , Riemann’ s integral 


*«-i x,~b 


Whereas the tag c k was the left-hand endpoint in the Cauchy definition 
(c k ~ Xk-i), in Riemann’ s definition we have more variability. Again, as 
the length of the largest subinterval approaches zero, the limit yields the 
Riemann integral: 


R 


/: 


f{x)dx 


n 


lira 

||A*H-*0 


f{c k )(x k - x k -i). 
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In 1902 Lebesgue showed that for bounded functions, continuity is both 
necessary and sufficient for the existence of the Riemann integral (with the 
possible exception of a set of measure 0). For example, the function 


m = 


1 jq x — p/q (p,q relatively prime natural numbers), 
0 otherwise, 


is continuous on the irrationals, discontinuous on the rationals, and thus 
Riemann integrable. In fact, R fj f(x)dx = 0. Riemann also constructed 
a function with a dense set of discontinuities that was Riemann integrable. 
(See Exercise 3.4.3.) 

Every Cauchy integrable function is Riemann integrable and has the same 
value. We have a more general Fundamental Theorem of Calculus for re- 
covering a function from its derivative. 

Theorem 1.7.1 (General FTC for Riemann Integrability). The integral 


R 



F\x) dx = F(b)-F(a) 


for any function with a derivative that is bounded and continuous almost 
everywhere. 


For example, 


_ ( x 2 sin (*/*) x ± °> 

0 x = 0, 


has the derivative 
F'{x) = 


—si cos {n/x) 4- 2x sin(jr/.r) 

0 x = 0, 


bounded and continuous except at x = 0. Thus, the Riemann integral of 
F' exists and 


R f F'{: 
J o 


(x)dx = F(l) — F(0) = 0. 

In 1881 Vito Volterra gave an example of a differentiable function with 
a bounded derivative that was discontinuous on a set of positive measure 
and thus not Riemann integrable. (See Section 3.12.) Again, the function 
x 2 sin(n/x), modified on a Cantor set of positive measure, sufficed. 

This example prompted Lebesgue to develop an integral to remedy this 
defect. It turns out that 

L f b F'(x)dx = F(b)~ F(a) 

Ja 



14 


A Garden of Integrals 


for a differentiable function F with a bounded derivative. More about this 
later. 


1.8 Thomas Stieltjes 

Stieltjes (1856-1894) was interested in mathematically modelling mass dis- 
tributions on the real line. Suppose we have point masses distributed as 

■N 

indicated in Figure 19. If <p(x ) denotes the total mass less than or equal to 
x, then the graph of (f> appears as shown in Figure 20. In general, <p is a 
nondecreasing function. 



«i 

deMk 

m 2 

. 

_ 

wmm 











a=x 0 

*i 

*2 

*n-l 

w 

3 

II 

o 


Figure 19. Masses on the real line 


ntj + ” , +m n 

o 



a=jc 0 jq x 2 *„_1 x„ = b 

Figure 20. Mass distribution 


Now consider the moment of such a mass distribution. The “mass” of 
[jrjfc-i, Jr*] is <p{x k ) - <f>(x k -i) with “arm” c k , for x k -i < c k < x k . This 
leads to sums of the form 

cinii + c 2 m 2 -I h c n m„ or 

Ci[0(jC L ) - 0(x o)] + ■•■ + c n [(f}(x n ) - <£(*„- 1 )]. 

More generally, Stieltjes was led to consider sums — Riemami-Stieltjes 

sums — like f{c\)m\ -I 1- f(c„)m n . We have a “weighted” sum. The 

value of the function at c l5 f(ci) is weighted by mi; ... ; the value of the 
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function at c„, f{c n ), is weighted by m n . The average would be 

E f(ck)m k = E/( c *)[0(**) 1)] 

T, m k 

_ E f(ckW(£k)(xk ~ *k- 1) 

la P( x ) dx 

fa f (*)<!>' (*) dx 


fa Vi*) dx 

for “nice” / and 0. 

What conditions may we impose on / and 0 to make these suggestive 
manipulations legitimate? Heuristics has suggested 

R-S f f(x)d(l>(x) - R f f(x)<f>'(x)dx. 

Ja Ja 

The RiemaniLintegral makes sense Jbr.functions.that are bounded and.con^. 
tinuous almost everywhere. So, / continuous and 0' Riemann integrable 
should work — and it does: see Theorem 4.3.1. 

Do we have anything new here? Formally, 

R-S f f(x)d<p(x)= lim J]/(c k )[(j>(x k ) - <p(x k -i)]. 

We can show this limit makes sense for / continuous and 0 monotone 
(Theorem 4.4.1). Of course, functions of bounded variation are differences 
of two monotone functions, so it is true for 0 a function of bounded varia- 
tion. 

Another question: Does the series E! C0S (V”)/ 77 converge? This is an 
amusing application of the Euler Summation Formula (Section 4.5). The 
Riemann-Stieltjes integral is very convenient for step functions. 

By the way, evaluate R [jc — (Jc — 1) — \]f{x) dx by parts (for 
2 < k < n), sum the results, and note that x — [.x] — \ differs from 
.v — (Jc — 1) — ^ at a finite number of points. Try f(x) = Inx for a 
“Stirling” result. 

1.9 Henri Lebesgue 

Where to begin? The Lebesgue integral has affected many areas of mathe- 
matics during the past century. Let’s begin as Henri Lebesgue (1875-1941) 
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did, with Volterra’s example of a function with a bounded derivative that 
was not Riemann integrable (see Section 3.12), for it was this example that 
prompted Lebesgue to develop an integral (1902) that would recover any 
function from its bounded derivative. That is, L j ^ F'(x ) dx = F{b)—F{a) 
should be true whenever the derivative F' is bounded. 

Lebesgue’ s integral construction was fundamentally different from his 
predecessors. His simple, but brilliant, idea was to partition the range of 
the function rather than its domain. 

Assume a < f < on the interval [a, b]. In place of a = xq < x\ < 

• ■ • < x„ = b, we have a = ya < y\ < • • • < y n ~ ft. The sets 

/“HlVJfc-i. y*)) = {x e [a, b] | y k - Y < f(x) < y k } 

are disjoint with union [a,b]. Disregarding the empty sets (relabelling if 
necessary), pick a tag (point c k ) in each nonempty set, and form the sum 
(motivated by areas of rectangles as the height times the length of the base) 
as follows (see Figure 21): 

/(ci)- {length of / -1 ([yo, yi))R- ■ -+f(c n y {length of /^(LVn-i. y„))}. 

We then have 

X Vk - 1 ' Uengtb of f~ l ([yk-u yk))} 

~ X f( Ck ^ * { len gt h of /“ l (tyjk-i . yk))} 

< X yk * of /“Hlyjfc-i - y*))} 

P=y„ 

yk 
y^-i 


y i 
a=y Q 



Figure 21. Lebesgue’s integral construction 
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and 


(yk -yk-i) - {length of / Hb/c-i.y*))} < I! Ay II (b -a). 

What do we mean by the “length” of f~ l ([yk-h yk))'? Partitioning the 
range forces us to assign a length, or measure, to possibly unusual sets. 

For example, suppose we are dealing with the Dirichlet function on the 
interval [0, 1] (assign a functional value of 1 whenever x is irrational and 
a value of —1 whenever x is rational). A partitioning of the range, say 
— 1|, ", would compel us to assign a length to the sets of ratio- 

nal, / -1 ([— 1^, — !)), and irrational / -1 ([|, l|)), numbers in the interval 
[0, 1]. Both sets, being subsets of [0, 1], should have length less than or 
equal to 1. Since their union is the interval [0, 1], the sum of their lengths 
should be 1 . 

Let’s see, we could enumerate the rationals, r\, i’2, . . . , r w , . . . , and cover 
each rational with an interval ( r n — e/2 n ,r„ + e/2"), which covers all the 
rationals with an open set of length less than e. Fine; the rationals will have 
length 0, the irrationals will have length 1 . It happens that this Dirichlet 
function is Lebesgue integrable (not Riemann integrable) and 

r 1 -* 

L / /( jc) dx = [l ■ (length of irrationals in [0, 1])] 

Jo 

+ [ — 1 • (length of rationals in [0, 1])] 

= 1. 

What should the “length” of the numbers in [0, 1] without a 5 in their dec- 
imal expansion be? How about the Cantor set? Removing intervals would 
suggest that the Cantor set, even though uncountable, has measure 0. 

A “measure” theory must be developed that is logical and consistent. This 
integral of Lebesgue, if it is to have any power, suggests that we should be 
able to measure most sets of real numbers. Through the efforts of Jordan, 
Borel, Lebesgue, and CarathSodory, to name a few, a nonnegative countably 
additive measure was developed — the Lebesgue measure — that measures, 
in particular, all Borel sets of real numbers (countable unions of countable 
intersections of . . . open sets). 

In short, nonmeasurable sets are difficult to construct, so sets without 
“length” will seldom occur. 

So, we want / -1 ([yjt-i, yk)) to be a measurable set. We want inverse 
images of intervals to be measurable. We therefore define a measurable 
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function to be a function for which inverse images of intervals are measur- 
able. Again, “most" functions are measurable, and because the limit of a 
sequence of measurable functions is measurable, we have some beautiful 
convergence theorems. 

For example, enumerate the rationals in the interval [0, 1], and define a se- 
quence of measurable and Riemann integrable functions {/*} by fk(x) = 1, 

x = ri, ri rjt, and fk(x) = 0 otherwise. This sequence is nonnegative, 

monotone increasing, uniformly bounded by 1; lim/* is a Dirichlet func- 
tion, and thus it is not Riemann integrable: clearly -lim R f£ /*(x) dx = 0, 
and R J a lim /* (x) dx is not defined, but 


L 



dx — 0 = L f lim /t(x) 


dx. 


Finally, in answer to Volterra, all functions with a bounded derivative 
are Lebesgue integrable and L /q 1 F'(x) dx — F(b) — F(a). (See Theo- 
rem 6.4.2.) 


1.10 The Lebesgue-Stieitjes Integral 

The construction of Lebesgue measure begins with the assignment of a 
measure to an interval, namely its length: the measure of (a, b\ is b — a. 
Just as in the Riemann-Stieltjes integral, where we weighted the interval 
(a, b) by 0(b) — 0(a), a particularly fruitful approach to the construction 
of Lebesgue-Stieitjes measure is to assign a measure of 0(h) — 0(a) to 
the interval (a, h] where 0 is a nonnegative, monotone increasing, right- 
continuous function on the reals, with 

lim 0 (x) = 0, lim 0(x) = 1. 
x-*~oq jc-v+oa 

It turns out, just as with ordinary Lebesgue measure, that a nonnega- 
tive, countably additive measure, is generated on the Borel sets of real 
numbers. From this so-called Lebesgue-Stieitjes measure , we proceed to 
measurable functions and Lebesgue-Stieitjes integrals. 

For example, if 

0(x) = < 


0 x < 0, 

x 2 0 < x < 1, 

1 1 < X, 
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and if / is the Dirichlet function, what is L-S J R f(x)d(j. ^ It would be 
helpful if 


-~S f mdfxt = L f f(x)(x 2 )'dij. 

Jr J o 

= L f f{x)2xdx 
Jo 

= L [ 1 • 2xdx 4- L I 0 ■ 2xdx 

•/irrationals Jraticnals 

= lf 

Jo 


1 ■ 2 xdx — 1. 


(See Theorem 7.7.1.) 

As it happens, the Lebesgue-Stieltjes integral is crucial in probability. 


1.11 Ralph Henstock and JarosBav Kurzweil 

Working independently, Henstock (1923-) and Kurzweil (1926-) discovered 
the generalized Riemann integral in 1961 and 1957, respectively. Their dis- 
covery, which is referred to as the H-K integral, is an extension of the 
Lebesgue integral. All Lebesgue integrable functions are H-K integrable 
functions, to the same value. What’s more, there are H-IC integrable func- 
tions that are not Lebesgue integrable. 

If a function is Lebesgue integrable then its absolute value must be 
Lebesgue integrable. 

Consider the iunction 


F(x) = 


x z sm(n/x 2 ) x ^ 0, 

0 x = 0, 


and its derivative 


F‘[x) 


-2tc/x cos(jt/a" 2 ) 4- 2x sm(7t/x 2 ) x ^ 0, 
0 x = 0. 


The Lebesgue integral of \F l \ does not exist. 
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Consider the intervals [.y/2/(4/c -f- 3), y/2/(4k +1)]: 

L f l \F\x)\dx 
Jo 

jl r b * JL 

1 •/a* 1 


= Eini*)-m)i 

l 



It turns out that every derivative is H-K integrable. 

Thus in this example H-IC /J = F(l) — F(G) = 0. (Think 

about the graph of F J .) 

This very powerful integral results from an apparently simple modifi- 
cation of the Riemann integral construction. Rather than partitioning the 
interval [ a , b] into a collection of subintervals of fairly uniform length, and 
then selecting a tag (point) c k from each subinterval at which to evaluate 
the function, we will be guided by the behavior of the function in the as- 
signment of a subinterval. If the function oscillates, or behaves unpleasantly 
about a point c, we associate a small subinterval with c. If the function is 
better behaved, we associate a larger subinterval. 

With the Riemann integral, to obtain accurate approximations by sums of 

the form /(ci)(jci— xo)-i 1- f(c n )(x n —x n - i),we required the maximum 

lengths of the subintervals, |[Ajc||, to be less than some constant 5. With 
the H-K integral, however, the 5 that regulates lengths of subintervals will 
be a function. A subinterval [u, v] with a tag c must satisfy c — 5(c) < u < 
c < v < c + 5(c). A partition of [a,b] will be determined by a positive 
function 50 so that a = x q < x\ < ■ - • < x n — b, with the requirement 
that c k - 5(c fc ) < < c k <x k <c k + 8(c k ). 

The H-K sums exhibit the same appearance as the ordinary Riemann 

sums /(ci)(.x i — xo) H 1- f{c n ){x n — x„_i), but with the H-K integral 5 

is a positive function on [fl, b], where x k —x k -i < 2 8{c k ), x k ~\ <c k <x k . 
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Example 1.1 1.1. For an example, let’s begin with the Lebesgue integrable 
Dirichlet function on the interval [0, 1] that is 1 on the rationals and 0 on 
the irrationals. 

Consider any Riemann sum Ylf(. c k)( x k ~ x k- 1)- There will be no con- 
tribution to this sura unless the tag c ^ is a rational number. We want any 
interval associated with such a tag to be “small.” Enumerate the rationals 
in [0, 1]: i’i, T 2 , . . . , r„, Define a positive function 5(-) on [0, 1] by 

3(c) = | e C = ri ' r2 r ” 

( 1 otherwise. 


Then any Riemann sum is nonnegative and £ /(cfc)(*& — x k-i) < ]Li° 1 • 

2e. ~ 


We want convergence here. Redefine 

2 " 

1 


*) = i e/2 " +1 


€ — r, (l 
otherwise. 


Then we may conclude 

53 f(c k )(x k - **_,) < 53 1 • ^ = e- 


We have glossed over two difficulties. First, just because we have a 
positive function 5(-) on the interval [a,b\, how do we know there is a 
partition of [a, b] so that c* — <5(c/t) < + 5(cfc)7 

(This was settled by Cousin in 1885.) 

Second, to use this integral effectively, we need to be able to construct 
suitable positive functions 5(0 for a particular function /, from the vague 
idea that erratic behavior of the function at a point generally requires small 
subintervals about that point. 

But in the end we are rewarded handsomely: we have better “Fundamental 
Theorems,” better convergence theorems, and so on, than we have with the 
Lebesgue integral. Whereas the Lebesgue integral was the integral of the 
twentieth century, the H-K integral may lead to new developments in the 
twenty-first century. In fact, R Muldowney (1987) treats two of the integrals 
we discuss later — the Wiener integral and the Feynman integral — as 
special cases of the H-K integral over function spaces. 

On the other hand, the Lebesgue integral is particularly suited for L p 
spaces. Recall L. Carleson’s result that the Fourier series of an L 1 function 
converges almost everywhere. 
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1.12 Norberf Wiener 

The Wiener integral, developed by Norbert Wiener (1894—1964) in the 
1920s, was a spectacular advance in the theory of integration. Wiener con- 
structed a measure on a function space — in fact, the Banach space of 
continuous functions — on the interval [0, 1] beginning at the origin, with 
11*11 = sup 0 ^< 1 |jc(/)|. See Figure 22. 


position 



Figure 22. Wiener’s continuous functions 


This measure arose when Wiener was trying to understand Brownian 
motion (e.g., that of pollen grains in suspension, moving erratically). Think 
of a collection of particles at position jc(0) = 0 at time 0, moving to position 
jc( 1) at time 1 (see Figure 23). 


position 



Now suppose 0 < t\ < 1 and a\ < x(fi) < b\. We may think of the set 
of continuous functions (particles) on [0, l] that pass through the “window” 
(fli, b\] at time t\, a quasi-interval in Wiener’s terms (see Figure 24). 

We want to measure the fraction of the particles that begin at position 0 
at time 0 and pass through the window (ai, fei] at time t\. From physical 
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position* 



time t 


considerations and genius, Wiener assigned a measure, m: 

w ({*(•) e C 0 | £7i < x(/i) <b u O<ti < 1}) 

~L f ' (2jzt\)- l,2 e~^/ 2tl dtji . 

Ja\ 

We have, for example, 

<p = ({x(-) e C 0 | 0 < x(tj) < 0, 0 < t\ < 1}) and 

w((P) = L f (2;rri)” 1/2 e _ ^ /2r, ^^i = 0. 

J Q 

Certainly all the particles will pass through the large window (— oo, oo] at 
/l. So, 

io(Co) — u>^{x(-) e C 0 | — co < x(t\) < oo, 0 < ti < 1}^ 

= L /’ OO (27rr0" 1/2 e“ f ? /2f, ^fi = 1. 

J — OO 

Now, suppose we have two windows, («i,&i] at ?i and (< 32 , £> 2 ] at h, 
where 0 < t\ < f 2 < 1. See Figure 25. 

We have 

{*(■) G Co I Qi < X'(ti) < bi, 02 < x(t 2 ) < b 2 , 0 < ti < t 2 < 1}. 
Wiener assigned a measure of 

L f b ~dl=2 / ,6, rf^(2jrf 1 )-2e-^/ 2/1 [27r(t 2 -fi)]"ie-^-^ )2/2C,2 - r ^. 

Ja 2 Ja\ 

If the window at time ti is large, (— co, co], no real restriction is imposed 
on the number of particles, and the measure of 

{x(-) g C 0 | - co < x(ti) < oo, a 2 < x(t 2 ) < £> 2 } 
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position x 



Figure 25. 


should be the same as the measure of {jc(-) € Co | a 2 < *(* 2 ) 5 b 2 ). Show 
that 

nbi r 00 

L / dh dhilTthr 1 ' 1 

Ja 2 J — 00 

. e ~%\ /2(f2-ti)[2^( f2 _ ri )]-i/2 e -«2-?i) 2 /2(ra-f2) 

= L [ ~ d$ 2 (2nt 2 )- ll2 e-£ l2t2 . 

Ja% 

Similarly if (a 2 » b 2 ] — (— oc, 00 ]. Also, 

ui({x (0 € Cq [ — 00 < jc(fi) < 00, —00 < x(t 2 ) < OO ,0 < fi < t 2 < 1 }) 

= 1 . 

Finally, let = (2jrf)~ ly,2 e"* 2 '' :i1 , with 0 < f* < t 2 < - < t n < 


1. See Figure 26. Consider 

{*(•) € C 0 | a k < x{t k ) < b k , 1 < k < n, 0 < ti < t 2 < ■ • ■ < t n < 1}. 
position x 



Figure 26. The n-dlmensionaL quasi-interval 
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This quasi- interval will be assigned a measure, 

u;({x(-) € C 0 \aic < x(tk) < Ajt, 1 < k < n, 0 < ti < ■ ■ ■ < t 2 < 1}) 

= L f b "dS n .: f bl dhKQuttiKfa-Zuh-ti) 

Ja n Jai 

■ ■ ■ K(% n — 1. t n ~ t n -l). 

Wiener was able to extend this measure it) on the quasi-intervals (finite 
number of restrictions) to a measure ii w on the sigma- algebra generated by 
the quasi-intervals. For example, if S = {*(•) 6 Co 1 — 1 5 *(f) < 1, 0 < 
t < 1), let 

51 = {*(■) € Co | — 2 < x(l) < 1}, 

5 2 = {*(■) g C 0 | - | < x (|) , jc(1) < 1} , 

■ 

Sn = |*(0 eC 0 | -l-± <* < 1. fc = 1,2 2 n - 1 | . 

Then S\ D S 2 D D 5„ D and 5 = HS,,. The set 5 is thus 
measurable as a countable intersection of quasi-intervals. 

From the measure we have measurable functionals and, finally, Wiener 
integrals — “path” integrals. For example, suppose we have the functional 
F[xtf] = jc(r 0 ); that is, to each element x(-) of the function space C 0 we 
assign its value at t — ta,x(to). What should J Cq F[x(/)]dfji, w be? 
Formally, 

f *(t 0 )dfi w = r t(2xt 0 r ,/ 2 e- (2/z '°dt = 0. 

J Cq J — co 

The expected value of its position at any t, for 0 < t < 1, should be 0. 
Suppose F[.t(-)] = x z (fo) for 0 < fo < 1. Formally, 

f x 2 (t 0 )dfj, w = f £ z (27rf 0 ) -1/2 e _f2/z '° d% = t 0 . 

J Cq J — OQ 

The variance is t for 0 < t <1. It would be convenient if F [*(■)] = 
L /J x 2 {z)dx, and 



Such is the case. 
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1.13 Richard Feynman 


Consider a quantum mechanical system ^ that satisfies SchrOdinger’s equa- 
tion, 


S'P _ ifi 9 2 ^r i 
dt 2m dt 2 fi 


for — oo < x < oo, t > 0 


with = f(x)i —oo < x < oo, and dx = 1 for all t > 0. 

To explain the evolution in time of ty, Feynman (1918-1988) developed an 
integral interpretation of 'P as a limit of Riemann-type sums (1948). 

It was understood that j’i'p is a probability density function, and Feyn- 
man concluded that the total probability amplitude 4' is the sum, over all 
continuous paths from position xo at time 0 to position x at time /, of the 
individual probability amplitudes. That is, 


vp _ £ 

all connecting 
continuous paths 


with j4[jcQ] = Jq [|mr{ t) — V(x(t))] dz and K a normalizing constant. 
His idea was to approximate this expression with Riemann sums and take 
the limit. Thus, 


V Ke i/hA[x] 


all connecting 
continuous paths 


lira K 

n-Hx> 


L 


dx n —i 



exp 


| 

2h(t/h) 


n 

~ x k-l) 2 

1 


i 

h 



n 

E 


/(* o), 


where 



We have an integral over a function space, Cq[ 0, 1], the same function 
space as the Wiener integral. The integrand is different, however. The ex- 
ponential term has modulus 1 and becomes highly oscillatory as n -> oo. 
Furthermore, for the normalizing constant K, |JC| -»■ oo as n — >• oo. 

Interpretation of this limit, and an explanation of the convergence issues 
involved, has occupied physicists and mathematicians for over fifty years. 
In the chapter on the Feynman integral, we will see a brilliant explanation 
due to Edward Nelson, discovered in the 1960s. 
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CHAPTER 2 


The Cauchy Bntegra! 


The sole aim of science is the honor of the human mind, and from this 
point of view a question about numbeis is as important as a question 
about the system of the world. — C. G. J. Jacobi 


2.1 Exploring integration 

Augustin-Louis Cauchy (1789-1857) was the founder of integration the- 
ory. Before Cauchy, the emphasis was on calculating integrals of specific 
functions. For example, in our calculus courses we use the formulae 


1 + 2 -+■ • • • + n — 
l 2 +2 2 + --- + » 2 = 


n(n + 1) 


and 


2 _ n(n 4- l)(2n + 1) 
6 


to show, using approximation by interior and exterior rectangles, that the 
areas of the regions between the x-axis and the curves y = x and y — x 1 
for 0 < x < b are given by x dx = b 2 /2 and f£ x 2 dx = £> 3 /3 — 
results obtained much earlier by Archimedes (287-212 B.C.E). 

Such beautiful results begged for extension, most accomplished by sheer 
ingenuity. Here are some examples, formulae owing to Fermat, Wallis, Stir- 
ling, and Stieltjes. 


2.1.1 Fermat's Formula 

From Pierre de Fermat (1601-1665) we have 


I. 


b Jj?+1 

x«dx = 

o (7 + 1 


for q a positive rational number, b > 0. 


This formula may be justified as follows. 
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Divide [0, b] into an infinite sequence of subintervals of varying widths 
with endpoints hr”, 0 < r < 1 , n = 0, 1 , . . . , and erect a rectangle of height 
(hr n ) q over the subinterval [br n+1 ,br n ]. Sum the areas of the "exterior” 
rectangles, and show that this sum is b q+1 (1 — r)/(l — r 9+1 ). Evaluate the 
limit of this sum as r approaches 1. 

Exercise 2.1.1. Show 

I sin(x) dx — 2, 

Jo 

using the familiar limit, lim^^oCsiu 9)/d — 1, and Lagrange’s identity, 


S m(I)+sm(^ + ... + sm(^) 

cos (jr/2n) — cos ([(2n ~h l)jr]/2n) 
2 sin (?r/2 n) 


2.1.2 Wallis's Formula 

John Wallis (1616-1703) gave us this formula: 

2 n 2 n 


i r 
2 


2 2 4 4 
l‘ 3 ' 3 ‘ 5 


2n — 1 2n + 1 

Using integration by parts, show that 

f n n 4 - 1 C n 

I sin n+2 (x)dx = I sin”(j c)dx. 

Jo n + 2 Jo 

Next, since f* sin 2 ” +2 (x)dx < So sin 2 " +l (x) dx < f* sin 2 ”(x )dx, we 
conclude 

2n + 1 < Jo sin 2n+1 (x) dx ^ 

2n + 2 “ f* sin 2n (x)dx ~ 


Show 


r • 

I S1I 

Jo 

f* sin 2 " 
Jo 


2n, 



m 

(^h\ 


and 


Substituting terms, we have 
k Jo sin z,,+1 (x) dx 


2 So sin 2 ” (x) dx 


2 2 4 4 
I ‘ 3 ' 3 ' 5 


2 n 


2 n 


2 n — 1 2u + 1 * 
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Taking the limit as n ->■ oo, the result follows. 


It is interesting to note that 

„2 /■jr/2 pit( 2 


nX/J. rX/J. 

-~ = I x dx = I [sin -1 (sin(jc))] dx 
O JO J 0 

■ r f sin(j) + 6) - 


si °p + g) g) + 


, i i 

- i+ ^+p+ 


2.1.3 Stirling's Formula 

James Stirling (1692-1770) provides the formula 

nl 


V27rn(n/e) n 


l 


as n — > oo. 


Let f[x) — hut, where 1 < x < n. Using the trapezoidal rule, show 
that 

/ « 1 

\nxdx?— — {(In 1 + In 2) + (In 2 + In 3) H |-[ln(/i - 1) + Inn]} 

= “error terms.” 

Because /” In x dx = n In n — n + 1, we have ln(/z !) = (n + In n —n 4- £„ , 

where E n has a limit as n ->■ oo. Conclude that 


i?l 


Sti — 


C, as ?i oo, C > 0. 


Vn(nje) n 
Then by Wallis’s formula, we have 

^ 2 » Jn(2n)\ 

Thus n\f |^V27rn(/i/e)"j 1 as 77 — oo. 

2.1.4 Stieltjes' Formula 

From Thomas Stieltjes (1856-1894) we have that 


7o 2 
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Using integration by parts, show that 


j°° dx = !L±1 J“ x " 


e * 2 dx. 


Thus, 


L 


oo 


OQ to 

x 2,, e~* 2 dx = — 


(2« - 1) 


„2rt+l -jc 2 


e dx = 


2 ” 

1-2 n 


l 


oo 


e <fx and 


/. 

Given 4 = / 0 °° x k e~ x2 dx, we have 

/■OO 

Qr 2 4-i + 2a/fc + 4+i = / x* -1 ^ + x) 2 t~ x ~ dx > 0 

Ja 

for all real a. Letting a = — 4/4+1 > conclude that 


4n < 4n— l * 4n+l 


and 
2n + l 


Thus 


hn+\ < 7 2n ■ 4n+2 = « hn‘ 


2 2 t 

■4n+l < 4n < 4«-l ' 4n+l- 


2n + 1 

The argument can be completed by using Stirling’s and Wallis’s formulae. 
See Young (1992). 


2.2 Cauchy's Integral 

What exactly did Cauchy accomplish regarding integration? First, he de- 
fined a constructive process (an algorithm, if you will) for calculating inte- 
grals, and second, he investigated requirements on the function to be inte- 
grated that would make his algorithm meaningful. Here is Cauchy’s 1823 
definition of the integral. 

Given a bounded function / on the interval [a, b], divide [a, b] into a 
finite number of contiguous subintervals [xfc-i,Xfc] with a < x q < x\ < 
■ ■ • < x n = h. We shall use the following terminology. 

o The collection of point intervals (xo, [xq.xi.]), (xi, [xi, X 2 ]),. . . , 
(x„_i , [x„_i , x n ]) is called a Cauchy partition of [a, b], denoted by P . 

® We call the points xo, x \, . . . , x n the division points of P. 
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o The points * 0 , * 1 , . . . , x n -\ are called the tags of P . 

Form the Cauchy sum, that is, / evaluated at the tags, 
n 

^2 fix Jt-i)(*fe E/A- 

Jt=l p 

The limit (provided it exists) of such sums, as the lengths of the subinter- 
vals approach 0, is said to be the Cauchy integral of f over [ a,b ], written 
C /j 5 f(x) dx. That is, a bounded function / on the interval [n, b] is said 
to be Cauchy integi-able on [a, b] iff there is a number A with the property 
that for each e > 0 there exists a positive constant 8 such that, for any 
Cauchy partition P of [a, b] whose sub intervals have length less than 8, 


J2 /fafc-i)(*Jfc - A 

p 


< €. 


We write C f* f(x) dx = A. 


2.2.1 Cauchy's Theorem (1823) 

This definition of the Cauchy integral raises an obvious question: Is bound- 
edness of / sufficient to guarantee the existence of d? In a first-of-its-kind 
theorem, Cauchy argued that continuity of the function would guarantee a 
successful outcome to this complicated limiting process, a number A. 

Theorem 2.2.1 (Cauchy, 1823). If f is continuous on the interval [a,h\, 
then f is Cauchy integrable on [a, b}. 

Pwof The argument hinges on two ideas: 

1. Continuous functions on closed bounded intervals are uniformly con- 
tinuous. 

2. Cauchy sequences are useful when we do not have a limit in hand, in 
this case, the number A in the definition for Cauchy integrability. 

From these ideas, we will show that the Cauchy sums, 'jTp f Ax, converge 
to a limit A, and that this limit does not depend on the particular choice of 
partitions, except for the requirement that the lengths of the subintervals of 
the partitions approach 0. 

We will compare Cauchy sums of any two partitions. 
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Begin with an easier problem: Compare the Cauchy sums of a partition 

A 

P and another partition P obtained by adding a finite number of additional 
division points to P , a so-called refinement of P . 

Suppose a — jcq < X\ < - - ■ < x n = b are the division points of P with 

xq — yio. yu.yu, . ■ ■ , yifi = *1. 

*1 = yio, > 21 , > 22 , . ■ ■ , > 2(2 = * 2 . 


x n -\ = y rt o , >»i , >b2 . ■ ■ • . ym„ = x n , the division points of P . 


Then, 

£)/**-]£ /a? 

r P 

n n ik 

= )(** “ **-i) - 52 H f(ykj-i)(ykj - >jt/-i) 

A=l k = 1 y=l 

= X) 1] [/(**-i) - /C>fc;-i)](>*y - ykj-i) . 

t=i j=i 

Because the function / is uniformly continuous on the interval [a, b], 
given an e > 0 we have a positive number 8 so that |/(x) - /(y)l < e 
when x and > are any points of the interval [a, b] within 5 of each other. 
By requiring that the subintervals of P have length less than this 8, we may 
now conclude that 


J2f Ax ~1 2f A y 

* P 


< e(b — a). 


Cauchy sums for refinements are within e{b~a) of each other whenever 
the subintervals of the partition all have length less than the 8 determined 
by uniform continuity. 


Back to the original problem. Suppose that Pi and P 2 are any partitions 
of the interval [a, b) whose subintervals have length less than 8. Together, 
Pi U P 2 , we have a refinement of each, whose subintervals have length less 
than 8. Thus the associated sums, Yp^ /Ax and Yp 2 /Ax, are within 
e{b — a ) of Yp x up^ f Ax ^ hence within 2 e(b — a) of each other. 
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Any two Cauchy sums differ arbitrarily little from each other iff the 
lengths of the associated partitions’ subintervals are sufficiently small. So 
take any sequence of partitions P„ of the interval [a, b], with the length 
of the longest subintervals approaching 0 as n ->-0. The sequence of 
Cauchy sums, {X]p„ /A n .x}, are all within 2 e(b — a) of each other, for n 
sufficiently large: fk n x A. Show that this limit does not depend 

on the particular choice of partitions as long as the requirement of the length 
of the largest subinterval approaching 0 is met. 

We have shown that the Cauchy process for continuous functions is well 
defined. □ 


2.2.2 Cauchy Criteria for Cauchy infegrability 

In the preceding argument, we actually have the following result. 

Theorem 2.2.2. A continuous function f on the intei-val [a, b] is Cauchy 
integrable iff for each € > 0 there exists a positive constant 8 so that, if Pi 
and P 2 a>v any Cauchy partitions of [a, b] whose subintervals have length 
less than 8, the associated Cauchy sums are within e of each other: 


]T/A;c-]r/Ay 

Pi Pi 


< 6 . 


If / is continuous on [a, b], then |/| is continuous on [a,b], so Cauchy 
integrability of / implies Cauchy integrabilityof |/|. The converse is false: 


If 


m = 


1 x rational, 

— 1 x irrational, 


then |/| is continuous and C / 0 l |/(*)l dx = 1. 


23 Recovering Functions by Integration 

Now that we have an integration process for continuous functions, is there 
some means of calculating the Cauchy integral that does not require the 
genius of Fermat, Stieltjes, et ah? 

In many cases the answer is yes: The first part of the so-called Funda- 
mental Theorem of Calculus (FTC) recovers a function from its derivative 
by integration. 

Theorem 2.3.1 (FTC for the Cauchy Integral). If F is a differentiable 
function on the interval [a, b\, and F' is continuous on [a, b], then 
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1 . F' is Cauchy integrable on [a,b], and 


2. C /* F'(t)dt = F(x) — F(d) for each x in the internal [a t b]. 


Proof. The first conclusion follows from Theorem 2.2.1. 

To show the second conclusion involves the uniform continuity of F 
and the mean value theorem for derivatives. Suppose F(xk ) — F(xk-\) = 
F'{ck)(xk — for Xfc-i < Ck < xjc- Let e > 0 be given. From the 

Cauchy integrability'of F', we have a positive, number 5i so that if P is 
any Cauchy partition of the interval [a, x] with subintervals of length less 
than Sj, then 



F'Ax-C 



< €. 


Because the derivative F’ is continuous by assumption, and thus uni- 
formly continuous on the interval [a, b] } we have a positive number S 2 so 
that \F'(c) — F'(d) J < e whenever c and d are points of the interval [a, b] 
satisfying \c — d \ < 82 . 

Letting S be the smaller of the two numbers and we may conclude 

that 


F(x) — F(a) — C [ F\t)dt 
Ja 

n n 

X^*^ - F i x k~l)] - X F'(*fc-l)(*jk ~ *k-l) 

k = 1 

+ X F> ( x k-i)(xk ~ - C f F'(t)dt 

1 . , Ja 


k=l 


k = 1 


- X \ F '( c k) ~ (Xf ( ~ x k -. x ) + 

< e(b — a) 4- e, 


X^'Ax~C f F' 

a Ja 


(f)dt 


for all partitions P with subintervals of length less than 8 . The proof is 
complete. □ 


Compare Theorems 3.7.1, 6.4.2, and 8.7.3. 

Exercise 2.3.1. Redo Exercise 2.1.1 in light of this result, and conclude 
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a. Calculate F'. 

b. Show that F 1 is continuous on [0,1]. 

c. Calculate C f* F‘ (x) dx. 

Cauchy not only gave us the existence of the integral for a large class of 
functions (continuous), but also gave us a straightforward means of calcu- 
lating many integrals. 


2.4 Recovering Functions by Differentiation 

■* 

In addition to the idea of recovering a function from its derivative by in- 
tegration, we have the notion of recovering a function from its integral by 
differentiation, the second part of the Fundamental Theorem of Calculus. 
Let’s examine some properties of the Cauchy integral. Is it continuous? Is 
it differentiable?. . . 

Theorem 2.4.1 (Another FTC for the Cauchy Integral). If f is a continuous 
function on the interval [ a t b j, and we define a function F on [a,b] by 
F(x) = C /* /(f) dt, then 

1. F is differentiable on [a, b], 

2. F f = f on [a, b], and 

3. F is absolutely continuous on [a, b\ 

Pmof We have shown that the Cauchy integral of a continuous function is 
well defined, so F makes sense. To show that F is differentiable on [a, b ], 
and that the derivative of F, F\ is in fact equal to /, entails estimating 
the familiar expression 

F(x + h) - F(x) 
h 
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where h is small enough so that x + h belongs to the interval (a, b). 

Because / is continuous at x by assumption, we have a 5 > 0 so that 
|/(0 — f(x ) | < £ whenever ]/ ~x\ <8 and t belongs to the interval [a,b\. 
Then, 


F{x + h)- F(x) 
- 


-/(*) 



< e. 


In other words, (C f* = f{x), and this is what we wanted to 

show. 

As for the absolute continuity, see Definition 5,8.2 and note that F' is 
continuous and thus bounded on the interval [a,b]: 

I F(6t) - F(a k )\ = | F'(c k ){b k - a k )\ <B\b k -a k \. □ 


Compare Theorems 3.7.2, 6.4.1, and 8.8.1. 

Exercise 2.4.1. Given 

j 1-x 0 < x < 1, 

JKX) \2x-2 1 < x < 2. 

a. Determine F(jc) ~ CJq f(i)dt, G(*) = C Jq X f(t)dt, H(x) = 
Cfa /2x mdt. 

b. Using the definition of the derivative, show that F is differentiable at 
x = 1 and F'(l) = /( 1). 

c. Determine G' and H' . 

Integration is a smoothing process: Continuous functions become differ- 
entiable functions under the integration process. 

2.5 A Convergence Theorem 

Another means of calculating integrals is using convergence theorems, com- 
paring the integrals of a sequence of functions with the integral of the limit 
of the sequence of functions. This is valid with some restrictions. 

Theorem 2.5.1 (Convergence for Cauchy Integrable Functions), If {fk} 
is a sequence of continuous functions converging uniformly to the function 
f on [a, b\, then f is Cauchy integrable on [a,b] and C f(x)dx = 

limC /a fk{x) dx. 
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Proof. That the function f is continuous follows from Weierstrass’s Theo- 
rem: The uniform limit of a sequence of continuous functions is continuous: 

I/to - /to I < l/to - A 0)1 + I AO) - A to I + 1 AO) - /0)l. 


the first and third terms are “small” by uniform convergence, and the second 
term is “small" by continuity of /*. Thus f is Cauchy integrable on [a, b\. 
As for the second conclusion, 


t L L 

C f Mx) dx-cf f{x) dx < C f \Mx) - fix) I dx , 
Ja Ja Ja 


and the right-hand side of this inequality can be made arbitrarily small by 
uniform convergence: Given e > 0, we have a natural number K so that 
\fk — f | < € whenever k > K, throughout the interval [a,b]. □ 

Exercise 2.5.1. Consider a sequence of continuous functions {/*} given by 


Mx) - 


16.x 0 < x < 

< 8-16* | Mx) = 


0 


i < * < i; 


Mx) = 


Mx) 0<X< 
16jc — 12 | < x < 
14 — 16x || < x < 


11 

16 ' 


0 


1<X 
8 — "* 


< 1 ; 


u m. ujw 2 ; _ _ : g j 

16.x - 12 | < x < 

0 


}<x <1; 


a. Graph f u f 2 , and f 3 . 

b. Show that the sequence {/*} converges uniformly on [0, 1], where 

IA-A+il < 2 2 ~ k . 

c. Calculate C /q 1 lim fk(x) dx. 

Exercise 2.5.2. Let the function fk{x) = .x 1//fc , where k — 1,2,. . and 
0 < x < 1. 

a. Calculate lim fk — f . Is the convergence uniform? 

b. Calculate limC / q 1 fk{x) dx. 
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2.6 Joseph Fourier 

We now go back to the year 1822, in which year the book TMorie ana- 
lytique de la chaleur, by Joseph Fourier (1768-1830), appeared. Fourier 
was looking for a steady-state temperature function T(x,y) in the strip, 
0 < x < k, 0 < y, satisfying the partial differential equation, 

d 2 T d 2 T 

— + — = 0 for 0 < x < 7r, 0 < y, 

with temperature 0 when x = 0 or x = jr, and an initial temperature 
distribution 0 on the base where y = 0. 

Example 2.6.1. Assuming that T(x,y) — X(x)Y(y) (separation of vari- 
ables), we argue that T^ipc) = Xk(x)Y k (y) = e~ ky sin(kx), for k = 1,2, 
. . . , satisfies the partial differential equation and that 7^(0) = 7^(jr) = 0. 

Heuristically, T(x, y) = £ bkt~ ky sm(kx), the constants to be deter- 
mined. To satisfy the base condition at y = 0 we need 0(x) = J2bk sin(fcx) 
for 0 < x < n. Multiply both sides of the equality by sin(nx). Assuming 
that the integrals are meaningful and that we can integrate termwise, show 
that the coefficients b n are given by b n — 21 x (p(x) sm(nx) dx, for 
0 < x < jt. 


What kind of integral are we discussing here? Certainly if 0 is continuous, 
the Cauchy integral would be sufficient. But periodicity and sine suggest 
an odd extension of 0. If 0(0) ^ 0, we have problems at x — 0. 

Because Fourier series successfully model a wide variety of physical 
phenomena, we want to be able to deal with discontinuous behavior. 

Exercise 2.6.1. a. Suppose 

f 1 0<x<lorl<x<2, 
m -\2 x-l. 

Because / is discontinuous, / is not Cauchy integrable. On the other 
hand, show that for any Cauchy partition P of [0, 2], 


X! /(*fc-i)A* - 2 
p 


< 8 . 


b. Suppose 

j 1 0 <* < 1, 
(2 1 <x <2. 



Show that for any Cauchy partition of [0, 2], / Ax — 3| < 5. 
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Argue that for a bounded function with a finite number of jump discon- 
tinuities, obvious modifications to the Cauchy integral could be made. 


2.7 P. G. Lejeune DirichTet 

Several mathematicians tried to discover conditions that would guarantee 
convergence of the Fourier series. A successful argument was given by P.G. 
Lejeune Dirichlet (1805-1859). 

Theorem 2.7.1 (Dirichlet’s Convergence Theorem for Fourier Series, 1829). 
Suppose that f is a bounded function, piecewise continuous (finite number 
of jump discontinuities) and piecewise monotonic on the interval [— tu, jt], 
with period It:. The Fourier series representation of f at x, 


1 

2 


ca 

a 0 -I- cos a x 4- b n sin/ix) 

i 


with 


1 f* 

a„ = — f f(x)cos(nx)dx, n = 0, 1,2 and 

jt J~ n 

*;= i r 

n j„„ 


f{x)sin(nx)dx, 


n = 1,2,..., 


converges to 


f(? + 0) + fix - 0) 


where, as usual, \im y _+ x + f{y) = /(x4-0) and\im y -+ x - f{y) — f(x— 0) 

For a discussion and proof, see Bressoud (1994). 

Exercise 2.7.1. Assuming Dirichlet’s result, with fix) = |x( for — n < 
x <Ti, extended periodically, show the following: 


. , 7T 4. x cos(3x) cos(5x) 

w = ___ [cosW+ _j_j + _j_j + 

7t 2 _ 1 1 

T“ + v- + 52 +,, ‘ 1 

JT 2 1 1 

— = 14 4 1 . 

6 2 2 3 2 


'] for — Tt < x < TZ 


(Euler) 


Exercise 2.7.2. Suppose f(x) — cos(ax), for —it < x < 7 r and a not an 
integer, extended periodically (From Courant and John (1965).) 
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a. Show that 
cos(o:jc) 


2a sin(ajc) f 1 cos(jt) 

n \2o! 2 a 1 — l 2 ^ 


b. Let x = n and conclude 

, x 1 —2x ( 1 


cos (2.x) 
a 2 — 2 2 


1 



c. For 0 < jc < /J < 1, show that the series converges uniformly. Then 
integrate term by term to show 



So 

sin(jrx) 

JZX 

d. Show that 


H)K)K) 


f - (!) CD G) (1) 


for 0 < x < 1 . 


(Wallis) 


While studying convergence problems for Fourier series, Dirichlet began 
to consider functions that assumed one value on the rationals and a different 
value on the irrationals. For example, suppose 



x rational, 
x irrational, 


and 


g(x) = 


0 x rational, 

1 x irrational, 


Certainly 1 ~ C / Q l (/ + g){x) dx, and linearity of the integral would 
require that 1 = C f* f{x)dx + C g(x)dx. But these two Cauchy 
integrals are not defined. 

Dirichlet had discussions with Riemann to try to find an integration pro- 
cess that would overcome that difficulty. Riemann did not find such an 
integration process (that would be discovered by Lebesgue), but did de- 
velop another integration process more powerful than Cauchy’s. Riemann’s 
process is the subject of the next chapter. 
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2.8 Patrick Billingsley's Example 

Lest we become blasfi about results concerning continuous functions, here 
is Patrick Billingsley’s (1982) continuous nowhere diffewntiable function. 

Suppose 0(x) is the distance from x to the nearest integer. Define a 
function B by B(x) = £^L 0 0(2" jc)/ 2 /i . That B is continuous follows 
from the Weierstrass M-test. 

Exercise 2.8.1. Calculate C f 0 : B(x)dx . 

In Exercise 5.9.2 we shall see that if a function / has a derivative at xq, 
then for every e > 0 we may determine a positive number S so that 

\f(P) ~ /(«) “ /'(* o)(fi ~ “)| < ctf - a), 


ifaj^p and xq — S < a < x 0 < ft < *q 4- 5. 

To show B is not differentiable, we will pick a point xq in the interval 
[0, 1) and approximate it with binary expansions. Because xq is between 0 
and | or | and 1 , we have 


a l Oil 

< Xn < 1 , 

2 “ ° 2 2 


for a\ — 0 or 1. 


Now divide [0. 1] into four subintervals of equal length 1/2 2 . Then 

a i a 2 di a 2 1 » _ 

Y+22<JCo<y + ^j + ^2- for ai,fl2 = 0 or 1 . 

Continuing, 

°i . . a M ^ a\ . , on 1 P n , 

y H H y, < *0 < y H H yr + fW for a,- = 0 or 1. 

Let 

a\ qn a\ aw 1 n 

= y + ■*• + yr < -to < y + + yr + fN = $ N ' 

and form the difference quotient 


B{p H )-B{a N ) 4>(2 n fiN) — - 0(2"a!w) 

PN-UN “J 2 n p N -2 n CL N 2 n (fiN-0L N ) 

We have 2" /l /v = (m + l)/2 w-fl and2' 1 a^v — m/2 N '~ 1, ,form an integer. 
Also, 0 is linear with slope ±1 on the interval [m/2 N ~ n , (in + \)/2 N ~ n ] 
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as long as N — n > 1, that is, when 0 < n < N — 1. Thus the first sum is 
a sum of ±ls: 


0(2 n ^Af) — 0(2 n Q!jv) _ y-^ 

h 2 "^- 2 "“« ~ h ' 

The second sum vanishes because 2 n /3/y = (m + l)2 ,1_Ar and 2 n Q!Ar = 
m2 n ~ N are integers for n > N . 

Letting N -> oo> Pn — ocn -h>- 0, differentiability of B at x 0 would yield 
£'(*<)) = £±1. 


2.9 Summary 

Two Fundamental Theorems of Calculus for the Cauchy Integral: 

If F is differentiable on [a, b\ and if F' is continuous on [a, b], then 

1. F 1 is Cauchy integrable on [a, b] and 

2. C /* F\t)dt = F(x) - F(a), for a < x < b. 

If / is continuous on [a, b] and F(x) — C f* f(t)dt , then 

1. F is differentiable on [a,b], 

2. F' — f on [t a , b ], and 

3. F is absolutely continuous on [a, b\. 
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CHAPTER 3 


The Riemann Inteara! 


Reason with a capital R = Sweet Reason, the newest and rarest thing 
in human life, the most delicate child of human history. 

— Edward Abbey 

We are nature’s unique experiment to make the rational intelligence 
prove itself sounder than the reflex. Knowledge is our destiny. 

— Jacob Bronowski 


The Riemann integral (1854) — the familiar integral of calculus developed 
by Bernhard Riemann (1826-1866) — was a response to various questions 
raised by Dirichlet about just how discontinuous a function could be and 
still have a well-defined integral. 

3.1 Riemarm's integral 

Given a bounded function / on the interval [a, b], divide [a, b] into a finite 
number of contiguous subintervals [xjt-i, x*], with a = x q < x\ < • ■• < 
x„ = b, and pick a point c* in [jfjt-i.x*]. As with Cauchy integration, we 
begin by defining some terminology. 

The collection of point intervals 

(C 1 1 \Xq, ^l])i (.t-li [-^ 1 » ^2]) i • • ■ 1 ipn 1 [^n — 1 » ^h]) 

is called a Riemann partition of [a,b], to be denoted by P , the points 
* 0 . jci , . . . , x n are called the division points of P , and the points c\ , C 2 , . . . , c„ 
are called the tags of P . 

Form the Riemann sum £*=1 /(cjt)(xjt — Xjt-i), which we will write 
as Yip f Ax, The limit (provided it exists) of such sums, as the lengths 
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of the subintervals approach zero, is said to be the Riemann integral of f 
over [a, b\, written R /(x) dx. 

That is, a bounded function / on the interval [a, b] is said to be Riemann 
integrable on [a, b] if there is a number A with the property that for each 
e > 0 there exists a positive constant 8 such that for any Riemann partition 
P of [a, b ] whose subintervals have length less than 8, 


'Eft.x-A 


< €. 


We write R /* f(x) dx = A. 

Dirichlet-type functions — say, 1 on the irrationals and 0 on the rationals 
— show again that some restrictions must be imposed on / besides bound- 
edness. hi comparing Riemann’s and Cauchy’s integration processes, we 
notice that Riemann’s / may be evaluated at any point c k in the interval 
[xfc-i.xjfc], whereas Cauchy’s / is evaluated at the left-hand endpoint of 
that interval, x*_i. 

For a given partition P, how much variability can we have in the as- 
sociated Riemann sums as c k varies throughout the interval [xfc-i.xjt]? 
Certainly 



inf 

[jfc-l ,JCfc] 


/ a* < y /oo - 

p 


y j sup / Ax. 

p [**-l r*fc] 


Thus the absolute value of the difference of any two Riemann sums for 
the same partition is bounded above by £ p (sup / — inf/) Ax, where the 
quantity sup / - inf / denotes sup [jCjt _ l Tjfc] / - inf [jCjt _ lfXj j /. 

On the other hand, we have points c and d in the interval [x*-i , x*] so 
that 

sup / - inf / - 2e < /(c*) - f{d k ) < sup / - inf / 
for e an arbitrary positive number. Then 

7>up / - inf /) Ax — 2e(b — a) < ^ /(c) Ax — y f{d) Ax 
p p p 

< ^(snp/ - inf/) Ax. 
p 


Thus p ( SU P / — inf/) Ax is the smallest upper bound of the absolute 
value of the difference of any two Riemann s ums associated with the parti- 
tion P . (The reader may want to review the Cauchy integral discussion in 
Section 2.2.) 
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Proceeding in the same manner, but omitting most of the details, we again 

A 

have that for any refinement P of P, 

Y /(cfc) A* - Y 12 A y 

k = 1 k—1 j=l 

= E El/(ct) - /frij)] Ay 
*=u=i 

< VV I sup / - inf / 1 Ay 

n 

= X](stip/-inf/) A.t 

k=l 

= I>P/-inf/) Ax. 

p 

That is, for a partition P of [a, Z>] and any of its refinements, the absolute 
value of the difference of any two associated Riemann sums has a smallest 
upper bound of ^ P (sup / —inf/) Ax. Apparently we have an integrability 
condition. ' 

3.2 Criteria for Riemann Integrability 

Let us examine the criteria for what makes a function Riemann integrable. 

Theorem 3.2.1 (Riemann Integrability Criteria). A bounded function f 
on the inte>-val [ a , b] is Riemann integrable iff given an e > 0 we may 
determine a positive number 8 so that X] P (sup / — inf /) Ax < e for all 
partitions P whose subintervals have length less than 8. 

Pivof If we assume that / is Riemann integrable on the interval [a, b], then 
given an e > 0 we have a 8 > 0 and a number A so that for any partition 
of [a, b ] whose subintervals have length less than 5, every Riemann sum is 
between A — e/4 and A + e/4. But then the absolute value of the difference 
of any two Riemann sums is less than e/2, and YL p (sup / — inf /) Ax < e. 

On the other hand, suppose that given an e > 0 we have a 5 > 0 so that 
X!p(sup / — inf/) Ax < e/2 for all partitions P whose subintervals have 
lengths less than 8. Let Pi and P 2 be two such partitions: 

X>UP / - inf /) A* < | and ]T(sup / - inf f)Ay < = 

P\ Pj 
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Since Pi U P 2 is a refinement of Pi and P 2 , all of its subintervals will 
have lengths less than 8 . Furthermore, 

£fAx-]TfAy 

Pi P 2 

<£]/Ax-]r/Az+ ^2 f Az -^2 f Ay 

P\ PlU/S P1UP2 P2 

< £>up / — inf /) Ax •+- £>up / — inf /) Ay < e. 

Pi P 2 

Associated Riemann sums for partitions whose sub intervals have lengths 
less than S are "close.” Consider any sequence of partitions P n of the 
interval [a, b], with 8 n approaching 0 as n -+ 00 , and form a sequence of 
associated Riemann sums: / An*}* For n sufficiently large, 8 n < 8, 

and consequently 

A n x-J2f A m x <e. 

Pn Pm 

The sequence {Ylp n f A„x} is a Cauchy sequence. We have that 

]T/ A„x A. 

Pn 

Show that another sequence P„ of partitions with 8 n approaching 0 as 
n -* 00 leads to the same result. This completes the argument. □ 

Exercise 3.2.1. Suppose that /(x) = x 2 , 0 < x < 1. Show that / is Rie- 
mann integrable on [0, ]]. Hint: (x^ — Ax < 2x/ c AxAx < 

28. 

Exercise 3.2.2. If / is continuous on [a, b], then / is Riemann integrable 
on [ a,b ]. Also, if / is Cauchy integrable on [a, b\, then f is Riemann 
integrable on [a,b]. Hint: Let e > 0 be given. Because / is uniformly 
continuous on [a, b\, we have a 8 > 0, so that |/(c) — f(d)\ < e whenever 
| c—d\ <8. Let P be any partition of [a, b] whose subintervals have length 
less than 5. 
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Exercise 3.2.3. Cauchy integrable functions are Riemann integrable func- 
tions. Do the integrals have the same value? Hint: 

C f f{x ) dx — R f fix) dx= C f fix) dx - /(x*-i) Aj 

Ja Ja Ja 

+ []C f&k-d A * ~ Ck ) A * 

+ f(ck ) A.-c - R f fix) dx 

Ja 


and use the uniform continuity of / on [a, b\. 


3.3 Cauchy and Darboux Criteria for Riemann 
Integrability 


Just how discontinuous can a bounded function be and maintain Riemann 
integrability? We have more work to do before we can answer this question. 
First, we will somewhat improve the Riemann Integrability Criteria. 

Theorem ^.3.1 (Cauchy Criteria for Riemann Integrability). A bounded 
fiinction f on the interval [a, b] is Riemann integi-able iff for each €. > 0 
the iv exists a Riemann partition P of [a, b] so that (sup /—inf /) Ax < 
€. 

Proof. Let e > 0 be given, with P* a Riemann partition of [a, b], where 
a — Xq < x* < ■•• < x* M = b } so that X].p*(sup / — inf /) Ax < We 
will construct a positive constant 8 so that any partition P of [a, b\ whose 
subintervals have length less than 5 satisfies 5Zp( su P / ~ inf /) Ax < e. 

Suppose P has division points a = xq < X\ < ■ ■ • < x n = b. Form the 
refinement P U P* of P. Initially, suppose this refinement has one more 
division point than P, say Xk-i < x * < x k for some k. In this case. 


y; inf / Az — inf / Ax = 

PUP* p 


( inf 

yxjt-i./J] 


/- 


inf / 



+ 



inf / 

[Xk-t.Xk] 


(Xk ~ 




<2fi(xj t -x A _ 1 ). 


where |/| < B on the interval [a, b]. 
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Now, since P* consists of M + 1 division points, we can add at most 
M — 1 such points to P different from a and b. Thus for the partition P, 

inf / Az — inf / Ax 

pup* p 

< (M — 1)2 ff • (maximum length of the sub intervals of P). 
Since Yp* inf / Ax* < Ypup* inf / Az, we have 

J^inf / Ax'* — ^ inf/ Ax 

p* p 

< 2B{M — 1) • (maximum length of the subintervals of P). 

The reader may show 

J^sup / Ax - y sup / Ax'* 

p p* 

< 2 B(M — 1) • (maximum length of the subintervals of P). 

Adding, we have 

£(sup / — inf/) Ax < y>p / — inf/) Ax" + 4 B(M — 1) 

p p* 

■ (maximum length of the subintervais of P) 

< e +e, 

provided we choose 8 so that 4 B(M — 1)5 < e . This is not a problem, since 
we began with |/| < B and a partition P* with M + 1 division points. 
The proof in the other direction follows from Theorem 3.2.1. □ 

Exercise 3.3.1 . Use the preceding result to show that R x 2 dx = 
Hint: Consider 0, 1/n, 2 /?:, .... n/n. 

Theorem 3.3.1 suggests another approach to the Riemann integral (Dar- 
boux, 1875). For a function / bounded on [a, b] and any partition P of 

[a, b], 

inf f(b — a) < inf / Ax < sup / Ax < sup f(b — a). 

[a,b] ' *—* [ fli 2,] 

The lower (upper) sum of / with respect to the partition P is defined as 

L(f,P) s J^inf/Aj, 

(£/(/, P) = J^sup/ Ax). 
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The lower sums are bounded above by sup^j fib — a), and the upper 
sums are bounded below by inf[ fli 6] f(b — a). 

Define the lower Darboux integral of / on [a, b\ by 


f f{x)dx = supL(/, P) 
J „ P 


and the upper Darboux integral of / on [a, b] as 

r b 


f f(x)dx = infC/(/, P). 
J a * 


The bounded function / is said to be Darboux integrable on [a,b] if the 

1 ^ —b b 

numbers f f (x)dx, f a f (x)dx are equal. In this case we write D f a f{x)dx. 
Exercise 3.3.2. Show the following, 

a. For any partition P of [a, b], L(f P ) < U(f, P). 


b. Refinements do not decrease lower sums or increase upper sums: If P* 
is a refinement of P, L(f, P) < L(f, P U P *) and U(f, P U P*) < 
U(f, P). Hint: P* = P U {z}, xj-i < z < xj. 

c. Any lower sum does not exceed any upper sum: L(f P{) < U(f, P 2 ). 
Hint: Part b, Pi U Pi. 

d. f^f(x)dx < f a f(x)dx. Hint: L(f Pi) < U(f, P 2 ) for any parti- 
tions of [a t b\. “Fix” Pi and vary P 2 . Thus L(/, Pi) < f a f(x)dx. 
Vary Pi , and so on. 


Theorem 3.3.2 (Darboux Integrability Criteria). A bounded function f on 
the intei~val [a,b\ is Darboux integrable iff for each e > 0 there exists a 
Riemann partition P e of [a, b ] so that £]p e ( su P / — inf/) Ax < €. 

Proof Let e > 0 be given. Assume we have a partition P 6 of [a, b] so that 
I Zp € (sup / “ inf/) Ax < e; that is, £/(/, P £ ) - L(/, P f ) < e. However, 

Uf.P,)< J f(x)dx< 

— b ^ 

Thus J a f(x)dx — f^f(x)dx < e. We may conclude 

j f(x)dx = 
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We have Darboux integrability, 

Now assume we have Darboux integrability: 


/ b pb pb 

f(x)dx = / f(x)dx = D / f(x)dx. 
„ J a Ja 


Let e > 0 be given. Because 

*b pb 


/ b pb —f* 

f{x)dx = D / f(x)dx - / /(*)<** = inf !/(/, P ), 

fl Ja J a 

we have partitions Pi , P 2 of [a , b] so that 
f b e 

D j f(x)dx - - < L(/, PO < L(/, Pi U P 2 ) < U(f, Pi U P a ) 

f b e 

<U{f,P 2 )<Dj f{x)dx + -. 

We have a partition Pi U P 2 = P e of [a, b] with {/(/, P e ) - L(f P e ) < e, 
that is 

T>up / — inf /) Ax < e. □ 

Pe 

Note: Theorems 3.3.1 and 3.3.2 tell us that Riemann integrability is equiv- 
alent to Darboux integrability. 


3.4 Weakening Continuity 

To achieve smallness of the sum ^^(sup / — mf /) A.r we have required 
smallness of sup / — inf / on every subinterval of a partition. Is this nec- 
essary? 

For example, divide a given partition into two collections of subintervals. 
In the first collection, put the subintervals with “small” sup / — inf/. This, 
we hope, will be most of the subintervals in terms of total length close to 
b~ a. In the other collection, put the subintervals with “large” sup / — luff 
(although bounded by sup^] / — lnf[ a ,*] /). Their total length is, we hope, 
“small” in comparison with b — a. This sorting was Riemann' s idea. 

Theorem 3.4.1 (Riemann’ s Theorem). Let f be a bounded function on 
the interval [ a,b\ , and let 0) and l be any positive numbers. Then f is 
Riemann integrable on [a,b\ iff we have a positive constant & so that, for 
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any partition of [a, b ] into subintervals of length less than 8, the sum of the 
lengths of the subintei-vals [x k - U x k ] with sup [TJt _ liJCJ j / - inf^ / 
greater than co is less than l. 

Proof. We begin by assuming that / is Riemann integrable on [a,b\, with a) 
and / positive numbers. Apply the integrability criteria from Theorem 3.2.1 . 
Then, given an e > 0, we have a 5 > 0 so that if P is any partition of [a, b ] 
whose subintervals have lengths less than 8, then £p( su P / — inf/) Ax < 
€. 

Let e — col. We have a 5 for this e so that if P is any partition of [a, b] 

A 

whose subintervals have lengths less than 8, 

£(sup f ~ inf f) Ax 

p 

= Y (sup/ - inf/) Ax + Y (sup/ -inf/) Ax- 

sup /—inf f <oi sup /—inf / >w 

< col. 

But then 

co Y^, A x < Y^ ( SU P / — inf /) Ax < col. 

sup /—inf />co sup /—inf / >cu 


That is, the sum of the lengths of the subintervals with sup / — inf / > co 
is less than l. 

For the other direction, let e > 0 be given, and let 


2(b -af 2 (sup^j / - inf [fli6] /) ‘ 

The theorem is trivial if / is constant, so we may assume supj- fli ^ / — 
inf[ fl ,6] / > 0. 

By assumption we have a 8 > 0 so that for any partition of \a, b ] into 
subintervals whose lengths are less than 5 we can describe the sum of the 
lengths of the subintervals with sup / — inf / greater than e/[2(b —a)\. 


E 

sup/-inf /> 3IZ £ 57 


Ax < 


€ 

2 (sup [fli6] / - inf[ flj i] /) ' 
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But then 


5>up / - inf/) Ax 


(sup/ -inf/) Ax 

sup /-inf/< Mb t a) 

+ ^ (sup / — inf /) Ax 


sup f -inf 


< Ifh r A X>X+ (sup/- “£,/ 
2(b-a)^ 


£ Ax 

5up/-inf/> g^_a j 


e e 
< - + 

2 2 

This concludes the argument. □ 
Exercise 3.4.1. Given 


/(*) = 


' , 1 
1 ;r~ <* < 


1 


In ~ 2n- 1 
0 otherwise. 


,« = 1,2 


a. Use Riemann’ s Theorem to show that / is Riemann integrable on 
[0, 1]. Hint: Because sup / — inf/ < 1 on any subinterval of [0, 1] and 
52 Ax = 1, we assume 0 < co, l < 1. Divide [0, 1] into subintervals 
[0, f/2], [1/2, 1]; choose N > 3 so that 1 / N < 1/ 2; and define 8 — 
l/N 2 : 

H 1 1 h 

0 Vtf ^2 1 

Because / has Af — 1 "jumps” on [l/N, 1], we have' fewer than N 
subintervals on [1/2, 1] where / jumps by 1. Since each subinterval 
has length less than 8 = l/N 1 , the sum of the lengths of the subin- 
tervals with sup / — inf / > cd is less than N{l/N 2 ) = 1/JV < 1/2. 

Of course we have an infinite number of jumps on [0 , 1 /2], but the 
total length of such subintervals cannot exceed 1/ 2, Thus, the total 
length of subintervals, for any partition of [0, 1] with 8 = l/N 2 having 
sup / — inf / > a), is less than l . 

b. Use Theorem 3.3.1 to show / is Riemann integrable on [0, 1]. Hint: 
l/N < e, 
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„ j 1 1 1 1 1 1 1 1 I i 1 1 

>e ~\ 0 'N~2N 2 '~N'~N + 2N 2 '"" 3 + 2 N 2 ' 2~2N 2'2 + 2N 2,1 
Exercise 3.4.2. Given 

. . _ | 0 x = 0, 1, or irrational for 0 < x < 1, 

J K [ 1 /47 x = p/q , for p,q relatively prime numbers, 

with / > ^ at one point, / > j at three points, and / > l/n at most ? 
points. 

a. Show that / is continuous at the irrational numbers and discontinuous 
at the rational numbers. Hint: J = {x | f(x) > e } is a finite set. For 
a irrational, choose an interval about a that contains no points of J. 


b. Using Riemann’s Theorem, show that / is Riemann integrable on 
[0, 1], Hint: Choose N so that 1 JN < a> and 1 J N < l. Define 5 = 
l/N 2 . The jumps of / exceed l/N on fewer than N 2 /2 intervals, 
each having length less than 1/ N 3 . What is the value of R f (x) dxl 

Despite a dense set of discontinuities, / is Riemann integrable. 


Exercise 3.4.3. In this exercise we construct Riemann’s example of a func- 
tion with a dense set of discontinuities that is Riemann integrable. Let 


l 


l 


m = 


X <x < f, 
0 x = 


be extended periodically by /(x) — f(x + 1). 
Riemann’s function 


OO 


R(x) = J2 


f{nx) 


n=l 


n 1 


R is bounded by l/2» 2 - 

Because f(x ) is discontinuous iff x is an odd multiple of f(nx ) is 
discontinuous iff nx is an odd multiple of that is, iff x = (2 1 — l)/2n 
is a rational number with an odd numerator and even denominator. 
Restricting our attention to [0, 1], we have discontinuities at 


113 13 5. 1 3 277 — 1 

2’4’4’ 6’ 6’6’"* , 2ii , 2i7 2 n ' 


and so on. We have odd multiples of odd multiples of odd multiples 
of odd multiples of 1/2 a dense subset of [0, 1]. The set 

{. x | x = (2i — l)/2u; i,n = ±1, ±2, . . .} is a dense subset of the reals. 
Riemann’s function has a dense set of discontinuities. Again, consider [0, lj. 
(The periodic nature of / extends the discussion to the real line.) 



56 


A Garden of Integrals 


a. Suppose x is an odd multiple of Then (/ex) is an odd multiple of 

| iff k = 1, 3, 5, So f(Jcx + ) — f(kx~) = — | j = — 1 iff 

k = 1,3,5, Because we have uniform convergence (Weierstrass 

M- test), 

R(x + ) - R(x ) = - “ 32 " 52 ” g~* 


b. Suppose x is an odd multiple of Then (£x) is an odd multiple 

of \ iff k = 2 • 1, 2 • 3, 2 ■ 5 So /(/cx+) - /(fcx“) = -1 iff 

£ = 2, 6, 10, 


£(x+) -R(x ) = 


1 

102 


1 

2 2 8 ’ 


c. Suppose x is an odd multiple of Then ( kx ) is an odd multiple 

of \ iff k = 3 • 1, 3 • 3, 3 • 5 So f(kx + ) - f(kx ~ ) = -1 iff 

k = 3, 9, 15, 


fl(x+) - R(x~) = -p - P 


1 1 7T 2 

152 3 2 ' 8 ‘ 


d. Suppose x is an odd multiple of l/2n. Then ( [kx ) is an odd multiple 

of \ iff/: = n • l,n • 3,« ■ 5, So /(fcx + ) — f(kx ~ ) = —1 iff 

/c = n,3n,5n 


i?(x + ) HC) 32n2 52;z 2 •** /i 2 ^ 8 ) 

In summary, R is a bounded function with a dense set of discontinu- 
ities. 


e. Show R is Riemann integrable on [0, 1]. Hint: The interval [0, 1] has 
a finite number of points (rational numbers of the form (2i — l)/2 71) 
where R “jumps” by 7r/8n 2 > co: 0 < r\ < r2 < • • • < r*- < 1. 

We have shown that continuous functions are Riemann integrable. These 
last exercises show that, in some cases, a countable number of discontinu- 
ities may not prevent Riemann integrability. 


3.5 Monotomec Functions Are Riemann integrable 

We begin by reviewing some characteristics of monotonic functions perti- 
nent to Riemann integrability. 
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Exercise 3.5.1. Show that monotonic functions have right- and left-hand 
limits at each point of their domain. 

Exercise 3.5,2. Show that monotonic functions have a countable number 
of discontinuities. Hint: f(x~) < r < f{x + ), for r a rational number. 
Noting that J2p (sup /—inf /) Lx < \f{b)— f(a) |<5, conclude the Riemann 
integrability of monotone functions. 

In spite of this relatively straightforward argument for integrability, mono- 
tonic functions may be very interesting. 

For the following exercises, let ri, r 2 , . . . be any enumeration of the 

rational numbers in (0, 1). Define / on [0, 1] by f(x) — 52{n|r n< .x} 1/2”, 
where 0 < x < 1, /( 0) = 0, and /( 1) = 1. Clearly / is monotone 
increasing and thus Riemann integrable on [0, 1]. 

Exercise 3.5.3. Show that lim*-^ f(x) = /(r£) = /(r k)- Hint: Fix a 
rational number rjc in (0, 1). Since monotonic functions have right- and left- 
hand limits, certainly /(rj£) < /O'jr). If /(rj^) < /(rjr), choose e > 0 
so that /(rj£) + e < f(rx), and then choose a natural number N so that 

1/2^ < e/2. Now select 5 > 0 so that (r^— <5, rje)n{ri, r^} = cf>. 

For rjc - S < x < r*-, 

f(r K )-f(x)= £ ±<_J_ + ... = J-<1, or 

{n\x<r„<rjc) 

f O’Jf) - | < /(*) < fi r K) < firs) 

and we have a contradiction. 

Exercise 3.5.4. Show that f{r k ) + 1/2* = /(r^) for all k. Hint: For 
r k < X , f{x) - f(r k ) = E{ n [r k <r n <x} !/ 2 ” and 

lim f{x) = /(;>) + lim £ ~ = f(r k ) + 

That is, / has a jump of 1/2* at each rational r k . 

Exercise 3.5.5. Show that / is continuous on the irrationals.Hint: Suppose 
a is an irrational number in (0, 1), and let e > 0 be given. Choose N so 
that 1/2 n < e. Construct an open interval about a that does not contain 
/'i , j‘ 2 , . . . , }'N‘ Every rational in this subinterval has a subscript larger than 
N. If x is a point of this interval, | f(x) — f(a) \ < ]T^v+i 1/2" < e, and 
/ is a strictly increasing function that is continuous on the irrationals and 
has a jump of 1/2* at ;■*. 
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Again, a countable number of discontinuities does not prevent Riemann 
integrability. 

3.6 Lebesgue's Criteria 

Finally, in 1902, the French mathematician Henri Lesbesgue determined 
necessary and sufficient conditions for a bounded function to be Riemann 
integrable. (See Section 6.1.2.) 

Theorem 3.6.1 (Lebesgue, 1902). Suppose f is a bounded function of 
[a,b\. Then f is Riemann integrable on [a,b] iff f is continuous almost 
eveiywhene. 

Proof To say / is continuous almost everywhere on [a , b] means we can 
“cover” the discontinuities of / with a countable collection of open intervals 
hthf’t whose length (/*) can be made arbitrarily small — that is, 
a set of measure zero. 

The idea here is that where / is continuous (“most” of the interval [a, b] 
by length), sup / — inf / will be small. Where / is discontinuous such 
intervals comprise a “small” subset of [a, b\. Integrability is determined by 
the behavior of / on “most” of the interval. 

We begin with the assumption that the bounded function / is Riemann 
integrable on [a, b}. We will show that the set of discontinuities of / is a 
set of measure zero. Show the set of discontinuities of / is the union of 
the sets 


j lim j sup /(z)- inf /(z) j > , 

[ 5-G \^ S ,x+8) Cx-5.x+S) J n ) 

for n = 1, 2, It will be sufficient to show that such sets have measure 

zero. 

Let € > 0 be given and fix n. From Cauchy’s Criteria for Riemann 
integrability (Theorem 3.3,1) we have a partition P of [a,b] so that 

J](sup / - inf /) Ax < ^-. 

If the subinterval [xk~i,Xk] contains a point d with 


lim 
S— >o 


( sup 
\W-5,rf+3) 


/(*) - 


inf 

(d-M+3) 



> 


1 

n 
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in its interior, then 


sup / — inf / > — 
[**- , ,x k J [xfc - 1 ] 2 n 


and (sup / — inf /) A* > 


Ajc 
2 n 


on this sub interval. But 

] T ) (sup / - inf/) Ax + ( SU P f “ inf /) A x < 

"interior" otherwise 


We may conclude that X] “intenor" Ax < e / 2 ’ Otherwise, such points are 
division points — a finite set — and can be covered by a finite number of 
intervals whose total length is less than e/2. 

We have covered the set 


d 6 [a, b\ 


lim 

S-»o 


sup 
Ad— 8,d+S) 


f 


inf 

{d-S.d+S) 



with a finite set of intervals of total length less than e. By the arbitrary 
nature of e, we conclude that this set and the points of discontinuity of the 
bounded function / have measure zero. 

For the other direction, we assume the set of discontinuities of the 
bounded function / has measure zero (/ is continuous almost everywhere). 
We will show that / is Riemann integrable on [a, b]. 

We have a cover of the discontinuities of / by open intervals , I 2 

with < e - At each point x of continuity of /, we have an open 

interval J x containing x so that sup / — inf / over the closure of this open 
interval is less than e. The collection of open intervals /i, h, . . . , J x is an 
open cover of the compact set [a,b]. 

By the Heine-Borel Theorem, we have a finite subcollection that covers 
[a, 6]. The endpoints of these subintervals (that are in [a, h]) and {a, b} are 
division points for a partition P of [a, b\. Thus, 


j: (sup / — inf /) Ajc < 
p 


sup / - inf / 
Jo.ft] Ml 




< 


j sup / - inf / ] e + e(b - a). 

\M1 Ml J 


Appealing to Cauchy’s Criteria for Riemann Integrability (Theorem 3.3.1), 
we may conclude that / is Riemann integrable on [a, b]. The proof is com- 
plete. □ 
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The reader should compare this result with the corresponding result for 
Cauchy integrals (Theorem 2.2.1). 

Exercise 3.6.1. 

a. Settle the Riemann integrability of the functions of Exercises 3.4.1, 
3.4.2, and 3.4.3 using this result of Lebesgue. 

b. If / is Riemann integrable on [a, 6], then |/| is Riemann integrable 
on [a,b]. Show that the converse is false. Hint: Let 

f \ _ f * x rat i° na l> 

-'W-j _i jc irrational, 
and consider the interval [0, 1]. 

3.7 Evaluating a la Riemann 

Now that we have existence of the Riemann integral for bounded, con- 
tinuous almost everywhere functions, may we recover a function from its 
derivative using the Riemann integration process, as with the Cauchy inte- 
gral? A Fundamental Theorem of Calculus offers some answers. 

Theorem 3.7.1 (FTC for the Riemann Integral). If F is a differentiable 
function on the interval [a, b\, and F' is bounded and continuous almost 
everywhere on [a, b\, then 

1. F' is Riemann integrable on [a , b], and 

2. R f* F'{t ) dt = F(x) — F(a) for each x in the interval [a, b\. 

Proof The first conclusion follows from Lebesgue’s result (Theorem 3.6.1). 

For the second part, existence of the Riemann integral of F' means that, 
given an € > 0, we have a partition P of [a, x] so that Yp SU P F' Ax and 
Y p F' Ax are within € of each other. By the mean value theorem for 
derivatives, 

F(x) - F(a) = F(x k ) - F(x k -i) = F'(c k ) Ax. 

P 

Since Yp F'{c k ) Ax is between ^pinfPAx and J^supPAx, we 
have that F(x)—F(a) is between Yp inf F' Ax and Yp SU P F 1 Ax, along 
with R f* F f (t) dt. 

Thus | F(x) - F(a) - R f* F'{t)dt\ < 2e. □ 
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Compare this with Theorem 2.3.1. The conditions on the derivative have 
been weakened from continuous to bounded and continuous almost every- 
where. Look also at Theorems 6.4.2 and 8.7.3. 

Exercise 3.7.1. 


a. Given 

F(x) = 

{ 

show that R / 0 ! F'{x ) dx = 0. 

b. Given 

FO 0 = 


x 1 s'm(x/x) 0 < x < 1, 


0 


x = 0, 


x 2 sm(n/x 2 ) 0 < x < 1, 
0 x = 0, 


show that F' exists but F' is not Riemann integrable. 


What are some of the properties of the Riemann integral? Can we recover 
a function from its integral using differentiation? Let’s look at another 
Fundamental Theorem of Calculus for the Riemann integral. 


Theorem 3,7-2 (Another FTC for the Riemann Integral). Suppose f is a 
bounded and continuous almost everywheie function on the interval [a, b]. 
Define F on [a, b ] by F(;c) = R /* /(f) dt. 

1. Then F is continuous (in fact, absolutely continuous) on [a, b]. 

2. If f is continuous at a point Xq in [ a,b ], then F is differentiable at 
xq and F'(x 0 ) = /(xq). 


3 F' = f almost eveiywhei'e. 


Proof The function F is well defined by Lebesgue’s result (Theorem 3 .6. 1 ). 
To show continuity of F, select B so that \ f\ < B on the interval [a,b\. 
Then 


IfOO 


- f Ml = R jf fit) 


dt 


< B\y - x 


Absolute continuity follows easily (see Definition 5.8.2). 

Now we assume that / is continuous at x 0 . Then given an e > 0, we 
have a S > 0 so that /( jc 0 ) - € < f(t) < f(x o) + e, for t 6 (,\- 0 - 8, ,to + 
5) FI [a, b\. Constants are Riemann integrable, and / is Riemann integrable 
by assumption. 
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From integration, then, 


R 


Jx o Jxq 

< R f [/(xo) + c] dt, 

Jxt 


tXQ 

for x G [xo. *o + S) n [a, b]. Thus 

_ ^(*) - F(x 0 ) 

“ X - X 0 

Argue x G (x 0 — <5, jc 0 ] IH [a, b], and the conclusion follows. 


-/(* a) < €• 


□ 


Compare with Theorems 2.4.1, 6.4.1, and 8.8.1. 

Exercise 3.7,2. Given lnx = /f (1/0 dt for x > 0, show the following. 

a. (lnx)' — 1/x, for x > 0. 

b. lnx < 0 for 0 < x < 1, In 1 = 0, and lnx > 0 for x > 1. 

c. ln(l/x) = — lnx. 

d. ln(xy) = lnx + lny for x, y > 0. 

e. As x — > oo, In x —> oo. As x — ► 0 + , lnx -> — co. 

f. As x oo, (lnx)/x -> 0. As x ->■ 0 + , x lnx -*■ 0. 

Exercise 3,7.3. Given 


/(*) = 


r 


< 


0 

1 


-1 < x < 0, 

0 < x < 1, 

1 < x < 3. 


a. Calculate R /(f) dt, R / * f(t)dt,Rj f(t)dt, andR/^* f(t)dl 

b. Using the definition of continuity, investigate the continuity of these 
functions at x = 0 and x — 1. Calculate their derivatives where 
appropriate. 

Exercise 3.7.4. Proceed as in the previous exercise, given 




x 


m = 


V 


1 

3 — x 


-1 <x < 1, 

1 < x < 2, 

2 < x < 3. 
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Exercise 3.7.5. Given 


m = 


0 x = 0, 

sin(jr/jc) 0 < x < 1. 


a. Sketch F{x) = R /* /(f) Hint: /* = / 0 l + /*. 

b. Is F continuous from the right at jr = 0? Hint: \F(x)\ < x. 

c. Is F differentiable from the right at x = 0? Hint: Write 

R f sin ( T) rft=R i ( _,2)sin (7) (-£)* 

and integrate by parts. 

d. Suppose 


/(*) = 


0 x = 0, 

sin(jr/x“) 0 < x < l, a > 0. 


What now? 

Exercise 3.7.6. Let f(x ) = — x for -1 < x < 1 and fix + 2) = 2 fix) 
for all x. 

a. Calculate 


F(x) = R j 

r no dt 

-1 

for t in [—1.4] 

Pi 

II 

/ — \ 

r m dt, 

1 

and 

w 

1 

r M2x 


H(x) = R j 

1 m dt. 



b. Discuss continuity and differentiability of F, G, and H. 


3.3 Sequences of Riemann IntegrabSe Functions 

What about convergence theorems for sequences of Riemann integiable 
functions? We would like lim /„ = / to imply lim j f n — / lira /,. Let’s 
explore this with some exercises. 
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Exercise 3.8.1. Given 


fk(x) = | 


kx 

—k(x — 2/k) 
0 


0 <x < l/k, 

1 fk < x < 2//c, 

2/fc < jc < 1. 


Show that limR fk{x) dx ^ R (lim fk)(x) dx. 

Exercise 3.8.2. If n, r 2l ... is an enumeration of the rational numbers in 
(0, 1), define a sequence of functions {fk} by 


fk(x) = 


1 x=zri,r 2 ,...,rk, 

0 otherwise, 


for 0 < x < 1. 


Show that limR /J fk (x) dx ^ R (lim fk)(x) dx, even though the se- 
quence {_/*;} is monotonic and uniformly bounded. 

In general, 


R f fk(x)dx -R f f(x) dx 
Ja J a 


= R f [fk(x) - f{x)] dx 
Ja 

<R f \fk(x)- f(x)\dx 
Ja 

<{b-a) sup | A - / 1 < - a), 

[a,b] 


provided \fk — f\ < £ throughout the interval [a, b]. This would suggest 
uniform convergence — assuming, of course, the limit function / is Rie- 
mann integrable. 


Theorem 3.8.1 (Convergence for Riemann Integrable Functions). Ififk} 
is a sequence of Riemann integrable functions converging uniformly to the 
function f on \a , b\, then f is Riemann integrable and R f a f(x)dx = 
limR /* f k (x) dx. 

Proof We will show that / is Riemann integrable on [ a,b \ . Let e > 0. 
From the uniform convergence of fk on [a, b), given e > 0, we have K > 0, 
so that 


fk{x) - 


e 

A{b — a) 


- /w - Mx) + mF^T) 


( 1 ) 


for all x in [a, b], when k > K. 
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So f is bounded on [a, b], and because fk is Rieraann integrable on [a, b] 
we have a partition P of [n, b] so that )T p C SU P fk — inf fk) Ax < e/2 (see 
Theorem 3.3.1). However, from (3.1) we have 

52 inf , fk “ 7 < 5Z inf ^ A ' r - 1] SU P/ Aa ‘ 

p 4 P p 

< ^ sup fk Ax + ^ , for k > K. 


That is, ]Tp(sup f ~ inf /) Aj: < We may conclude that / is Riemann 
integrable on [a,b], and then by integrating (3.1), the second conclusion 
follows. □ 


Exercise 3.8.3. 


a. Given fk(x) = 


lx 

1 + k 3 x 3 ’ 


for 0 < x < 1, ca lculate 


limR f 
k Jo 


2x 

1 + k 3 x 3 


dx. 


b. Calculate R /JCRiemann’s Function) dx. 

c. Calculate the Riemann integral of the function in Exercise 3.4.1 by 
defining an appropriate sequence of functions {fk}- 

We are now in a position to give (in slightly modified form) an exam- 
ple due to Volterra (1881) of a function with a bounded derivative whose 
derivative is not Riemann integrable. This example prompted Lebesgue to 
develop an integration process so that such functions would be (Lebesgue) 
integrable. Gordon (1994) supplies a complete explanation in his book. 

Our approach to the example has tliree stages; construction of the Cantor 
set, construction of a modified Cantor set, and a return to x 2 sin(l/x). 


3.9 The Cantor Set (1883) 

On a list of famous mathematical objects, the Cantor set would appear early. 
(I dare say we can all remember our first encounter with it.) It is the origin 
of many examples and counterexamples in analysis. We begin with these 
steps. 

1. Divide [0, 1] into three equal parts and remove the middle third, the 
open interval (j, |). We are left with the closed set F\ = [0. y]U[|, 1], 
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2. Divide each of the two closed subintervals of Fi into three equal parts 
and remove the middle thirds, the open intervals (^, |) and (|, |). 
The closed set F 2 = [0, £] U [§, \] U [§, ~\ U [f , 1] remains. 

3. Continuing in this way, after n steps we have deleted 1 + 2 1 4 h 

2 n ~ 1 = 2” — 1 open intervals and have left the closed set F n , consisting 
of 2” closed intervals, each of length 1/3”. 

The Cantor set C is the intersection of the closed sets F n \ 

c = r\Fn. 


For comparison, here is an equivalent formulation: The Cantor set is the 
points of [0, 1] that have a base 3 expansion without the digit 1. That is, 
for x e C, 

a.\ a 2 CL3 . _ 

= + ^ + — H , where a„ = 0 or 2. 

Example 3.9.1. The Cantor set C has measure zero (Exercise 5.5.2). We 
will show that C is uncountable. 


This statement may seem unreasonable. After all, the only obvious mem- 
bers of the Cantor set are 0, 1, f , . . . , the countable set of 

endpoints of the open intervals that we removed. But we have something 
besides endpoints in this set, for example 


.020202 • ■ • = 


2 2 2 

- ■ 4 - - — - 4 — — ■ - 4 — ■ ■ ■ 

3 2 3 4 3 6 


2/9 _ 1 

1-1/9 ~ 4’ 


It is appropriate that Cantor’s diagonalization process can be used effec- 
tively. Assume that C is countable and make a list of base 3 expansions: 


Xl = .^ 11 ^ 12^13 . ■ ■ 

x 2 = M 2 ia 22 a 2 3 . . . 


x n — M n ict n2 a n 2 . . . , 


with a nm = 0 or 2. Let x = .aia 2 a 2 . . . , where 


j 0 a nn — 2, 

( 2 a n n ~ 0 . 
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The number x is not on our list. We have an uncountable set of measure 
zero. 

The Cantor set, a closed set, contains no intervals. It is nowhere dense: 

j C (a,b) C (0,1) for n sufficiently large. 

Every point of the Cantor set is a limit of points in C (so it is a perfect 
set) and points not in C. For example, suppose x o e C = nT*), and /„ is 
a closed interval of F n that contains xq. Since the length of I n is 1/3”, 
we may choose n so large, say N, such that for any open interval (a, b) 
continuing x 0 , In C {a, b). At least one of the endpoints is different from 
-to- 

Thus, given any open interval about a point of the Cantor set, it contains 
a different point of the Cantor set and a point not in the Cantor set. The 
Cantor set is a nowhere dense perfect set of measure zew. 

For Volterra’s example, we want a nowhere dense perfect set of positive 
measure. We will construct a modified Cantor set where we do not remove 
as much at each stage. 

3.10 A Nowhere Dense Set of Positive Measure 

Our construction of a modified Cantor set occurs in a series of steps, as 
follows. 

1. Let a i be positive and less than Remove the open interval (a lt 1 — 
ai) from [0, 1]. We are left with the closed sets T^x : [0, a\] and 
F h2 ' [1 — fli, 1], each of length a\. See Figure 1(a). 

2. Let a 2 be positive and less than ^a\. Remove the open intervals 

(a 2 , o.\ — af) atid (1 — a\ + a 2 , 1 — a 2 ). We are left with the closed 
sets F 2li = [0, a 2 ], 7*2,2 = [^i — 7*2,3 = [1 — flit 1 — ni +a 2 ], 

and 7*2,4 = [1 — a 2 , 1], each of length a 2 . See Figure 1(b). 

3. At step n - 1 we have dosed intervals T^-^i 7 ? n _ 1 Z h-i , each of 

length a„- 1 . 

4. At step n each of these closed intervals F,,^^ is divided into two 
closed intervals and one open interval; see Figure 1(c). We have 

/ n,k = Ffi — \ t k ~ {F, lt 2k— 1 LI F ni 2k)t 


( 3 Jfc + 1 3k + 2 

\ 3 n ’ 3 n 


and /„ k has length a „- 1 — la, 
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0 3 ) -P* 2,1s ^2,2 > ^2,3»^*2 t 4 


Figure 1 , Constructing the modified Cantor set 
What have we constructed? Let 

c — [o, i] n (Fi,i u ^1,2) n (i^,! u f 2,2 u ^2,3 u ^2,4) n • ■ • . 

Let = [(1/2”) 4- (l/3")]/2. Then 

a 0 ~2fli = i and 

o. o 

ai — la 2 = — and ((h,i) + ((.ha) = 2 J , 

fla -2n 3 = L and f(/ 3 ,0 + Wa*) + Wa.a) + = 4 fi) 

The sum of the lengths of the open intervals removed is j? + 2(yg) + 
4(^) H = This modified Cantor set has measure In general, 

1 — [(^o 2 qi)+2(qi — 2fl2)4"4(fl2 2 03) -I \- 2 n 1 (a n —i—‘ 2a, j)] = 1—2 n a n 

We claim that this modified Cantor set is a nowhere dense perfect set of 
measure For suppose that p e C. Since F n> *) = o-n -*■ 0, given any 
neighborhood of p we have N and K so that p e Fn,k C {p — 8, p + 5). 
In fact, every neighborhood of p contains points of C and points not in C, 
namely those in (In+i,k)- See Figure 2. 

In the next section, we introduce the remarkable Cantor function, devel- 
oped as the uniform limit of a sequence of continuous functions. 
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Fn.k 

I s— 1 1 1 

Fn+\,2X-\ P ?n+\ ,k f n+\,ik 

Figure 2. F NiK 


3.1 1 Cantor Functions 


We will construct a sequence {e„} of continuous, monotone increasing func- 
tions on [0, 1]. The Cantor function will be the uniform limit of this se- 
quence. Here are the steps: 

1. cj(0) = 0, ci(jO = | < x < |, ci(l) = 1, Ci{x) is linear 

otherwise and continuous. 


2 . 


c 2 (0) = 0, c 2 (x) = £ifj<x<§, §if^<x<f, | if | 
c 2 (l) = 1, c 2 (x) linear otherwise and continuous. 


< * < §, 


3. After n steps we have the deleted 2" — 1 open intervals. On them c n 

assumes the values 1/2", 2/2” (2” - l)/2” left to right. c n (0) = 

0, c„(l) = 1, and c n (x) is linear on the 2" closed intervals and 
continuous. 


The Cantor function C is the pointwise limit of this sequence of increas- 
ing continuous functions. Clearly C(0) = 0, C(l) = 1. We claim C is 
continuous. Show that 


ki -c 2 \ <~- 

\Cl-C 3 \ < - - 




27’ 


\° n c »+ 1 l - 2»+i 



1 

3 • 2" +1 ' 


Consequently, limc„ = C uniformly on [0, 1], Furthermore, C' = 0 on the 
intervals (£, §), (^. f) U (J, |) u a set of measure 1. 

The continuous function C is 0 at 0, 1 at 1, but has a derivative equal to 
0 almost everywhere. C is a monotone function on [0, 1] whose derivative 
vanishes almost everywhere. 

Exercise 3.11.1. Calculate the integrals C f* C(x) dx and C /q 1 xC(x) dx. 
Hint: Theorem 3 8.1. 
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The next section develops Volterra’s example of a function with a bounded 
but not Riemann integrable derivative. As mentioned before, Volterra’s ex- 
ample prompted development of the Lebesgue integral. 


3.12 Volterra's Example 

Vito Volterra’s example dates from 1881. 

Let C denote a Cantor set of positive measure, say Suppose /„& — 
(a, b) is one of the open intervals removed in the construction process for 
C. Let 

1 I a + b r, . / 1 \T j 


(x — a) 2 sin ( — - — ^ 

II 

o 

L \x-a). 

J 1 


c = sup jx j a < x < — — — , — a) sin^ JJ = 

and define a function f n ,k on = {a,b) by 

(x -a) 2 sin(^) a < x < c, 
fn,k(x ) = ■ (o - a ) 2 sin (^) c <x <b + a~c, 
( x — b ) 2 sin ( b + a — c < b. 


(x-af {x-bf 



~&~ a ? -{x-bf 

Figure 3. 


The function is differentiable on I„ t k, the derivative is bounded by 
3 on I n ,k, and 

ft * ( a+ m) = ( 6 ~ = ±L 

We define Volterra’s function V on [0, 1] as follows: 

( fn,k (-'O ^ ^ $n,k i ^ , fc 1,2,..., 

^ ( 0 otherwise. 


The Riemann Integral 


71 


We claim function V is differentiable on [0, 1]. Certainly the open inter- 
vals do not pose a problem. Suppose xq belongs to C and x > * 0 . 
If x also belongs to C, then V(x) = V{xq) = 0. Otherwise, x belongs to 
some I n ,k = (<2. b), and x 0 < a < x < b. But 

V(x ) - V(xq) = V(x) < max{(,v - af , (b - x) 7 } < {x - jc 0 ) 2 


and 

V(x ) - V(x Q ) ^ 

< X — Xq. 

x-x 0 

Thus V' = 0 on C. So V is differentiable on [0, 1], and \V'\ < 3 on [0, 1], 
We claim V' is not continuous onC, a set of positive measure L, and thus 
is not Riemann integrable on the interval [0, 1]. 

Let x 0 e C. If.r 0 is an endpoint of some /„j t = (a, b), x Q = a or b, 
we have a sequence of points {a + \/nit} or {b — l/nn} with V' = ±1, 
whereas V'(a) = V\b) = 0. 

If xq e C and x Q is not an endpoint of then we have a sequence of 
endpoints converging to jc 0 (nowhere dense), and thus jcq will again have 
points arbitrarily close to jc 0 with V' = ±1, whereas /'(au) = 0. 

This concludes Volterra’s example. 

So the Riemann integral does not necessarily integrate bounded deriva- 
tives. We will show in Chapter 6 that the Lebesgue integral does not have 
this defect. In fact, L /J F'(x) dx = F(l) — F(0) in this example. 

3.13 Lengths of Graphs and the Cantor Function 

Does the graph of the Cantor function have a length? The Cantor function 
has a nice graph, continuous and nondecreasing. The length would be 

sup j [to “ **-i ) 2 + [CM - ccxt-Ol 2 ] ! | i 

where P is any partition of [0, 1], Because 

£ [(A*) 2 + (AC) 2 ] 1/2 < £(Ajc + AC) = 2 

p 

for any partition, the length of the graph of C is at most 2. 

We claim that the length of the graph of C is actually 2. Let’s analyze 
this claim. 
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1. At the first stage of the process, we have a horizontal line segment 
of length and what remains exceeds 2(i): Use the partition Pi = 

{0, |, n. 

2. At the second stage, we have three horizontal line segments of length 

j+ 2(£), and what remains exceeds 4(J): P 2 = {0, f , J, | , 1} 

is the appropriate partition. 

3. At the third stage, we have seven horizontal line segments of length 
j + 2(^) + 4(^) and what remains exceeds 8(|), and so on. 

4. Thus, at the nth stage, the length of the graph of the Cantor function 
exceeds (i) + 2(j) + 4(^> + • ■ . + 2 n ~ 1 (l/3 n ) + 2 n (l/2 n ), and this 
quantity converges to 2. 

A complete description of the Cantor function and other remarkable func- 
tions may be found in the beautiful books by Sagan (1994) and by Kannan 
and Krueger (1996). 

3.14 Summary 

7Vvo Fundamental Theorems of Calculus for the Riemann Integral 

If F is differentiable on [a,b], and F' is bounded and continuous almost 
everywhere on [a, b), then 

1. F' is Riemann integrable on [a, b], and 

2. R/* F'(t) dt = F{ x) - F(fl), where a < x < b. 

If / is bounded and continuous almost everywhere on [a, b] and F(x) = 
R/; /(f) dr, then 

1. F is absolutely continuous on [a, b], 

2. F is differentiable almost everywhere on [a,b], and 

3. F' — f at points of continuity of / (almost everywhere). 


Cauchy 


Riemann 


Figure 4. Cauchy integrability implies Riemann integrability 
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CHAPTER 4 






Neglect of mathematics works injury to all knowledge, since he who is 
ignorant of it cannot know the other sciences or things of this world. 
And what is worse, men who are thus ignorant aie unable to perceive 
their own ignorance and so do not seek a remedy. — Roger Bacon 


4.1 Generalizing the Riemann Integral 

After Riemann’s formulation of the integral, various generalizations were 
attempted. One of the most successful, the so-called Riemann-Stieltjes in- 
tegral , was obtained by Thomas Stieltjes (1856-1894). Stieltjes was trying 
to model mathematically the physical problem of computing moments for 
various mass distributions on the x-axis, with masses m,- at distances d t 
from the origin (Birkhoff, 1973): 

“Such a distribution will be perfectly determined if one knows how to 
calculate the total mass distributed over each segment Ox [of OX]. 

This evidently will be an increasing function of x Accordingly, 

let (pix) be an increasing function defined on the interval (a, b) 

It is convenient always to regard <p(b) - 0(a) as the mass contained 

in the interval (a, b) Let us now consider the moment of such a 

mass distribution wrt [with respect to] the origin. Let us set a = Xq, 
b = x„, and let us intercalate n — 1 values between x a and x n : 


Xq < Xi < X 2 < * ' ■ < X n - \ < X„. 


Next, let us take n numbers fi, £ 2 , such that < f* < 

A'*. The limit of the sum £1 [0(*i) - (£(* 0 )] + £2 [<£(* 2 ) - 0(*i)] + 
1- £« [<P {*n ) — 0(*>,-i)j will be the moment, by definition. More 
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generally, Let us consider the sum 


/(£ l) [ 0 (*i) ~ *(*«.)] + /(? 2) [0(*2) — 0 (*i)] 

-f 1- /(£n) [0C*n) ~ 0(*n-l)] • 

This will still have a limit, which we shall denote by /(jc) dtp (jc).” 


So calculation of moments for mass distributions has led us to consider 
sums, Riemann-Stieltjes sums, of the form 

n 

/( c *) 

fc-i p 


These are Riemann sums when 0(jt) = x. 

The optimism expressed by Stieltjes — "this will still have a limit” — is 
what we want to investigate. But first, a more formal definition is needed. 

Definition 4.1 .1 (The Riemann-Stieltjes Integral). (Stieltjes, 1894) Suppose 
that we have two bounded functions / and 0 defined on the interval [a, b], 
and we have a number A such that for each e > 0 there exists a positive 
constant 8 for which 


52 / ( c *) ~ 0(*k- 0] ~ A 

k-l 


< e, 


where x^-i < c k < x k , 


for every partition P of [a, b] whose subintervals have length less than 8 . 
We say / is Riemann-Stieltjes integrable with respect to 0 on [a,b], and 
we write 

R~S f f(x)d<p(x) = A. 

Ja 

Exercise 4.1.1. 


a. Suppose / is constant on [a, b] with f(x) = k. Then for any partition 
of [a, b\, 


~ k W) -0(a)]- 

p 



kd<p{x) ~ k[(p{b) —0(a)]. 


b. Suppose 0 is constant on [a, b] with (p(x) — k. Then for any partition 
of [a,b] t 


Y = 0. 


R-S f f(x)d<p(x) =0. 
Ja 
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4.2 Discontinuities 

Thinking back to the mass distribution problem that Stieltjes was trying 
to solve, and the possibility of point masses, suppose that <p has a jump 
discontinuity, and / is “nice.” 

Exercise 4.2.1. Assume / is continuous on [a,b\ and 

(• 0, a < x < x, 

<P 00 = \ P X = X, 

[ X < X < b. 

That is, 0 is a step function with one step at jc, for a < x < b. Let P be 
a partition of [a, b\. 

a. What happens if x is a partition point, say x = xk for 0 < K < nl 
In this case, xk-i < ck S x = xk < ck+\ < xk+\- Show 

E / ^ = [/(<*) - /(*)] os - Pi) 

p 

+ [ficx+i) - m\ g0 2 - p) + mwi - A). 

Hint: As the subintervals of P become small, the continuity of / makes 
the first two terms approach zero, suggesting that the Riemann-Stieltjes 
integral has the value /(x)(/3 2 - Pi) ~ fix) [$(.x + ) - 0(,v“)]. 

b. What if x is not a partition point? Hint: We have xk-i < x < xk 
and xk - i <ck< xk ■ Show 

E = rrccjc) - m\ ip 2 -po + fmh - p,y, 

p 

and the continuity of / suggests that the R-S integral has the value 

/C*)fe(* + ) -*(*-)]. 

c. Show that R-S f{x)d${x) = /(£)[$ (x + ) — (f?(x~ )]. Generalize 
to x = a, x = b, and n steps for 0. 

The preceding exercise results in the following theorem. 

Theorem 4.2.1. Suppose that f is continuous on [t a , b] and that <p is a step 
function with jumps at xj , x 2t . . . , x n in [a, b]. Then the Riemann-Stieltjes 
integ)'al of f with respect to <p exists, and 

R-S f f{x) dfiix) = E fUkMixt) ~ <P(K)l 

Ja k= 1 
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where (j>(a + ) — 0(a ) means 0(a + ) — 0(a), and <p(b + ) — 0(h ) means 

m-w-y 

Exercise 4.2.2. Suppose that /( x) = x 2 and 0(x) = [x], the greatest 
integer function , where 0 < x < n. Show that 


R-S 



l 2 + 2 2 H \- n 2 = 


n(n + 1)(2» + 1) 
6 


What happens if / and <fi have a co mm on point of discontinuity? If 
x 


/(*) = 


1 

2 


2 1 
JC = i 


and 0(x) — 


1 

3 


0 < x < ±, 


both are discontinuous at x = ~. Suppose P is a partition of [0, 1] and ^ 
is the partition point x^. Then 

= /(c*) j^0 Q j 

+f(Pk+i) |V(**+i) - 0 Q) j = 2/(cjfc). 

If | is not a partition point, /A0 = 2 /(<:*). Whether | is a partition 
point or not, the result is the same. 

We have problems since f (cjt) could be 2 or 1 according as c* is ~ or 
is different from The Riemann-Stieltjes integral does not exist. So, in 
all that follows, we will be assuming that / and 0 are real-valued bounded 
functions on [a, b] with no common point of discontinuity. 

Exercise 4.2.3. Suppose /(x) = x and 0(x) = x 2 on [0, I.]. Let P be 
any partition of [0, 1], and form the Riemann-Stieltjes sum Yp f(c)A<j) = 
13=1 c k [ x k Then, 


5>— ![X 2 -X 2 _i] <J2 C ^k~ X k-l] Z 5^X*[xJ-x|_ 1 ]. 


Subtracting Y § [x% — x|_J from each term, we have 




- ^2i x k ~ x k-if <5. 


We conclude R-S Jq xd(x 2 ) = ~ = R x2x dx. 

You may wonder: where did Y §[*£ come from? We have “fun- 

damental theorems” relating Riemann-Stieltjes integrals to Riemann inte- 
grals. 
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4.3 Existence of Riemann-Stieltjes Integrals 

Theorem 4.3.1. Suppose f is continuous and <p is differentiable, with ft 
being Riemann integrable, on the interval [a, b]. Then the Riemann-Stieltjes 
integral of f with respect to <p exists, and 


R-S f f(x)d(p(x) = R f f(x)ft(x)dx. 
Ja Ja 


Proof. Since fft is Riemann integrable, we are trying to show that the 
number A as defined earlier (Section 4.1.1) equals R f a f(x)ft(x) dx. An 
estimate for — R f(x)ft(x) dx is needed. 

However, with the observation that A# = R f* k ft lx) dx, by the Fun- 
damental Theorem of Calculus for the Riemann Integral (Theorem 3.7.1), 
we have that, for any partition P , 


]T /Atf> — R f f(x)ft(x) dx = ]T R f [f{c k ) - f{x)]ft{x) dx. 

P Ja k = i 


The uniform continuity of / and the boundedness of ft will now complete 
the argument. □ 

Exercise 4.3.1. 

a. Looking at Exercise 4.2.3, calculate R-S xd(x 2 ) in light of the 
theorem we just proved. 

b. Calculate R-S xd(x 2 ). 

c. Calculate R-S |jc|flf(x |a|). 

We have a theorem that can be helpful in some evaluations. 

Theorem 4.3.2. Suppose f and (f> are bounded functions with no common 
discontinuities on the interval [a, b\, and the Riemann-Stieltjes integ)-al of 
f with lespect to $ exists. Then the Riemann-Stieltjes integral of $ with 
respect to f exists, and 

r-s \\{x)df{ X ) = s t /(*wco. 

Ja Ja 

Proof A partition of [a, b] with cs between as may be viewed as a partition 
of [a, b ] with as between cs. 

Let e > 0 be given. Since by assumption / is Riemann-Stieltjes inte- 
grable with respect to <f>, we have a positive 5 so that, for any partition of 
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[a, b } whose subintervals have length less than 8, the associated Riemann- 
Stieltjes sura is within e of R-S f a fix) d<p(x). 

Let P be a partition of [a,b] whose subintervals have length less than 
8/2. If Co = n and c n + 1 = b, then {co, cj, C 2 , c„,c n+ i} is a partition 
of [a, b\, for c k <x k < c k + ii and c k — c k -\ < 8 . 

Then 


X <H c *)[/(*Jfc) - f(x k - 1 )] 

fc=i 

- f/cw(i) - mm - r-s £ f(x)d<p(x) 


k = 1 


-[f{x„)<p(c n+ 1 ) - /(x o )0(c o )] + R-S f f(x)d<p(x) 

Ja 

X - X 0( c *)/(**-o + R -s / /ww 

fc=0 fc=l Ja 

R-S f f(x)d(f>(x ) - X /(*fc)[0fafc+i) ~ 0(cfc)l 

«/a 


because the Riemann-Stieltjes sum £ f{ x k)&<t> is associated with a par- 
tition of [a, fc] whose subintervals, [c*, c^-h], have length less than 8. □ 

Exercise 4.3.2. 

a. Evaluate R-S /_^ x jccf(|x|). 

b. Evaluate R-S / 0 3 x z d([x]). 

We now are well positioned to deal with monotonicity of tp, the motivation 
for Stieltjes as he modelled mass distributions. 


4.4 Monotonicity of <p 

We begin with a Fundamental Theorem of Calculus for the R-S integrals. 

Theorem 4.4.1 (FTC for Riemann-Stieltjes Integrals). If f is continu- 
ous on the interval [a,b], and (f> is monotone increasing on [a,b], then 
R-S fg f(x) dtp (x) exists. 
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Defining a new function F on the interval [a, b) by 

F(x) = R-S J* f(t) 

then 

1. F is continuous at any point where 0 is continuous, and 

2. F is differentiable at each point where 0 is differentiable (almost 
everywhere), and at such a point F‘ = /0' 

Proof. We may assume <p(b ) — 0(n) > 0 (recall Exercise 4.1.1). For ex- 
istence, we may mimic the arguments of Riemann’s Integrability Criteria 
(Section 3.2.1). 

We have inf/A0 < /A0 < sup / A0 since A 0 is non- 

negative, and we may conclude that any two Riemann-Stieltjes sums for a 
partition P are within £]/>( su P / — inf /)A0 of each other, a quantity that 
can be made small due to the uniform continuity of the function /. 

As for refinements, suppose we add a point Jc with Xk-i < x < Xk. 
Then 

inf /[0(*A:)~0(i) -F0(i)-0(.r fc — i)] 

[jCfc-I.-T*] 

< r inf /[0(jcjt) - 0(*)] + inf /[0(*) - 0C**-i]- 

As we add points to P, the associated Riemann-Stieltjes sums for the 
refinements are still within fip ( su P f ~ inf /)A0 of each other. For dif- 
ferent partitions, P\, P 2 , Pi U P 2 is again a refinement of each and 

Complete the argument for existence. 

As for continuity, we may assume |/| < B on the interval [a,b]. 
Thus, recalling Exercise 4.1.1(a), \F(y) — F(x)| — |R-S J* /(f)d0(f)| < 
B |0(y) — 0(x) j implies continuity of F. 

Finally, suppose 0 is differentiable at a point x in the interval (a,b). 
Because / is continuous on the interval [a, b], 

rx+h 

min f[(p(x + h) - 0(x)] < R-S / f{t) dtf>(t ) 

[*,*+/(] J x 

< max /[0(x 4- h) — 0(x)]. 

[x,x+h] 

Application of the intermediate value theorem to / yields 

fX+ll 

R-S J f /(r) d0(t) = f(cmx + h)~ 0(x)] 
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for h sufficiently small and positive, and c between x and x + h. Thus, 


F (x + h)~ F(x) 


-f(x)<p f (x) 


r-s s? h mw) 

— 7 




f(c) 


4>(x + h) ~ 4>(x) 




+ KC*)[/W-/(c)]|- 


The conclusion follows from differentiability of 0 and continuity of /, 
at x. Argue when h is small negative. □ 

Exercise 4.4.1. 

a. With C the Cantor function (Section 3.11), calculate 

R-S f C(x)dC(x ) and R-S f xdC(x). 

Jo Jo 

b. Assuming that / is continuous and monotone increasing, show that 


R-S j f(x)df(x) = i/ 2 (fc) - i/ 2 (a). 


4.5 Euler's Summation Formula 

A beautiful application of Riemann-Stieltjes integration is given by the 
Euler Summation Formula. 

Theorem 4.5.1 (The Euler Summation Formula). Suppose f and f atv 
continuous on the interval [0, oc). Then 

'Em = R^'/W^+ / - 1) -- + z /W + R f"(x - [X] - i) f(x)dx. 

As usual, [ ] denotes the greatest integer function. 

Proof. The Riemann-Stieltjes integral R-S /(,r)d([x]) exists, and by 
Theorem 4.2.1 it is equal to £ fc=2 / (k), since [x] is a step function on 
[1, N] with jumps at 2, 3, . . . , N. 
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On the other hand, application of Theorem 4.3.2 tells us that 

R-S f" /(x)d(lxl) = f{N) • N - /( 1) • 1 -R-S f [x)d/(x) 

r N 

= NfW - /(I) - R J [x]f(x) dx 

by Theorem 4.3.1. Thus, 

R L (* ~ ^ _ 2 ) dx 

= R fi (* _ 5) f' '(*) dx ~ M /'W dx 

= (n - t) f(N) - i/(l)-R J" f{x) dx 

r >f 

- Nf(N) + /Cl) + R-S / f(x)d([x}) 

= -i/0) - \f(N) - R r fix) dx + T f{k). 
2 2 J, 

Solving for Ya / (^)i we have 

E /w = R /to** + i/0) + ^/W 
& h 22 

+ R / (* - M - fix) dx. □ 

Exercise 4.5,1, Do the following series converge or diverge? 


E sin(Vn) 

— — • L 


sin(ln/i) , tt— > sinfln/i) 

■ and L ~ 'P >1 ■ 


n 


n p 


Exercise 4.5.2. Let f(x) = l/x and form the sequence {y„} } y„ = 1 + 

5 -I 1- l/;z — In/? Show \ < y n < 1. Hint: Tangent lines at 2, 3 /?. 

The limit y = limy,, is called Euler’s constant. 


4.6 Uniform Convergence and R-S Integration 

We conclude our treatment of the Riemann-Stieltjes integral with a conver- 
gence theorem. 
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Theorem 4.6.1 (Convergence Theorem for R-S Integrals). Given that {fk} 
is a sequence of continuous functions converging uniformly to f on the 
interval [a, i] and that (f) is monotone increasing on [a, b]. Then 

1. the Riemann—Stieltjes integral of fk with respect to (p exists for all k, 

2. the Riemann—Stieltjes integral of f with respect to (p exists, and 

3. R-S/j 1 f(x)d<p(x) = limR-S /* 

Proof 


R-S \ b A (*) d(p(x) ~ R-S f* fix) dcPix) 

J a J a 

<R-S f \Mx)-f(x)\d<Hx). □ 

J a 

Exercise 4.6.1. Calculate limR-S (l — (;c/w)) n rf(sin(jc)). 


4.7 References 
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The scientist does not study nature because it is useful; he studies it 
because he delights in it, and he delights in it because it is beautiful If 
nature were not beautiful, it would not be worth blowing, and if nature 
were not worth /mowing, life would not be worth living. Of course I 
do not here speak of that beauty that strikes the senses, the beauty of 
qualities and appearances, not that I undei'value such beauty, far from 
it, but it has nothing to do with science; 1 mean that profounder beauty 
which comes fixnn the harmonious order of the parts, and which a pwe 
intelligence can gi-asp. — Henri Poincar6 


Vito Volterra’s 1881 example of a function having a bounded derivative that 
was not Riemann integrable (Section 3.12) prompted Henri Lebesgue to 
develop a method of integration to remedy this shortcoming: The Lebesgue 
integral of a bounded derivative returns the original function. 

5.1 Lebesgue's Sdea 

Lebesgue’s integration process was- fundamentally different from that of 
his predecessors. His simple but brilliant idea: Partition the range of the 
function rather than its domain. 

How does this work? Suppose the function / is bounded on the interval 
[a, £>], say a < f < j0. Partition the interval [a, f}\. 


a - yo < yi < yz < • ■ • < j'm-i < y,i = P, 


with Ef c denoting the points of the interval [a, b] for which yk~\ < f < 3'*. 
We have partitioned the interval [a,b] into disjoint sets Ek with [ a,b ] = 
U E k . 
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In each nonempty set Ek, pick a point e* and form the sum Y1 fiPk) ■ 
(length of Ek). Observe that 

52 Tfc-i ' (length of E k ) < ^2 /( c *) * Gength of £*) 

< 52 ^ ' ( len e th of 

and that the absolute value of the difference of any two such sums, 

f(c k ) • (length of E k ) - £ Rh) - 0®gth of B k ) 

\ 

is bounded by maxfc ==lj . ift (y* — yjt-i) • ( b — a). Apparently. . . 

What do we mean by the length of Certainly if Ek is an inter- 
val, there’s no problem. But suppose, for example, the function / under 
discussion is the absolute value function on the interval [—1, 1]. Well, Ek 
could be [y*-i,yjt) U (— y*,— yjt- 1 ]- No problem, then: the length of Ek 
is 2(yjt — y*-i)- 

But then we have Dirichlet’s function on the interval [0, 1], one on the 
rationals and zero on the irrationals. We would have to calculate the length 
of the rational numbers in [0, 1] and the length of the irrational numbers in 
[ 0 , 1 ]. 

The sets Ek may be very complicated. This integral, if it is to have any 
power, requires us to assign a length, to assign a measure, to a large variety 
of sets. 


5.2 Measurable Sets 

Let’s think about what to put on a Measuring Wish List. . . 

1. We want to measure all sets of real numbers. 

2. The measure of a subset must not exceed the measure of the set. 

3. A point should have measure zero. 

4. The measure of an interval should be its length. 

5. Translation of a set of real numbers should not alter its measure. 

6. The measure of the whole must be the sum of the measures of its parts. 

Unfortunately, we cannot define a measure that meets all these requirements. 
For one thing. Wishes 3 and 6 would imply that the measure of any set of 
real numbers is zero. 
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Yet linearity of the integral demands Wish 6, and Wish 6 seems so rea- 
sonable (with appropriate modification) that we will back off on the first 
item on our list. We will keep additivity at the expense of measuring not 
all — but as it turns out, enough — sets of real numbers. The idea here is 
that we will define a measure, commonly referred to as the Lebesgue outer 
measure, that measures all sets of real numbers (not always in an additive 
fashion); we will discard those sets where additivity fails. 

Recall that every set of real numbers may be covered by a countable 
collection of open intervals. In fact, a set has many such coverings, whose 
lengths are easily calculated; the length of- a cover will be the sum of the 
lengths of the open intervals making up the cover. The infimum of this set 
of extended real numbers is called the Lebesgue outer measure of the set. 
Formally, for any set A of real numbers, the Lebesgue outer measure of A, 
written }L*(A), is given by 

M*G4) = inf{£ t(Ik) I ^4 C U/jfe, 7/ c open intervals j . 

5.2.1 The Wish List and Lebesgue Outer Measure 

What do we have if we adapt our Wish List to the Lebesgue outer measure? 

1 . Every set of real numbers has a Lebesgue outer measure. 

2. Since any cover of a set will be a cover of a subset, the infimum 
property yields monotonicity. 

3. The empty set is a subset of every set; {a} C (a — e, a + e); and the 
Lebesgue outer measure of the empty set, or a singleton set, is zero. 

4. Because ( a,b ) is a cover for (a, b), /z*((a,b)) < b — a. (In fact, 
generally the outer measure of an interval is its length.) 

5. Translation invariance is not a problem. 

6. Additivity remains. 

The last three points require some explanation. 

Adapted Wish 4. We will show that ^*((n,h)) = b — a. If U/* is a 
cover of (a, b ), then U /*, with (a — e, a + 6) and (b — e, b 4- e), is a cover 
of [a, b]. We have an open cover of a compact set. By the Heine-Borel 
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Theorem, a ni < a < b ni , a n2 < b ni < b „ 2 , . . . , a nk < b < b nk , and 

b — a = (b ~ a nic ) + (a nk — J H f (Cn 2 — a) 

— ) ~b 1 ““ 1 ) d" * ' ’ d" (Pn 1 ) 

<£*(4) + 4 «. 

That is, b— a is a lower bound for the length of any cover of (a, b), and since 
the outer measure of (a, b ) is the largest lower bound, 6 )) > b'— a. 

Thus, the outer measure of the interval (a, b ) is simply its length. 

For unbounded intervals, say (a, 00), the open interval ( a , c) is a subset of 
(a, 00) for every real number c larger than a, and monotonicity completes 
the argument. Show /i,*( 7 ) = 1 ( 1 ) for other kinds of intervals, such as 
[a, b ) and (— 00, b]. 

Adapted Wish 5 . Why is translation invariance not a problem? Because 
the length of an interval does not change under translation. If A C U/jt, 
then c + A C U(c + I k) and 

n'(c + A)<]Tl(c + I k ) = £*(/*). 

That is, p*(c + A) is a lower bound for the length of any cover of A. In 
other words, p*(c + A) < p*(A) by the infimum property. 

Starting with a cover of c + A 1 U Ik, argue the other direction. 

Adapted Wish 6. Additivity remains. But is the Lebesgue outer measure 
additive? Is the Lebesgue outer measure of a collection of disjoint sets the 
sum of the Lebesgue outer measures of the individual sets? If so, our quest 
would be over. 

In 1905 , Vitali constructed a Lebesgue nonmeasurable set of real num- 
bers; additivity does not always hold. What we can show, though, is that the 
Lebesgue outer measure of any countable collection of sets of real numbers 
(not necessarily disjoint) is at most the sum of Lebesgue outer measures of 
the individual sets: 

/t’OJA*) < ]T>*o 4*). 

If p*(Ak) = 00 for any k, we are done. Assume p*(Ak) < 00 for all 
k. We have an open cover U„/jfc n of each Ak with 

/r*(AjQ < YAhn) < f^*(Ak) + e/2 A , for € > 0. (infimum property) 



Lebesgue Measure 


39 


The collection of open intervals /&„, for k, n == 1, 2, , . . , is a cover of 
and 

m" Mt) < x; £*('*») < + e - 

k rs fc 


Thus 

fi*(UAk) < (subadditivity) 

Vitali’s example is particularly upsetting. We are so close with this 
Lebesgue outer measure. What to do? We need an ingenious way around 
this. 


5.3 Lebesgue Measurable Sets and CairatJheodory 

Here is an ingenious idea: Any set A of real numbers can be decomposed, 
relative to a set E, into two disjoint sets, its intersections with E and 
the complement of E, A fl E and A D E e . Additivity would suggest that 
fi r (A ) = ii\a n E) + fi\A n E c y 

Let us then select from the collection of all subsets of real numbers 
precisely those sets E that interact in this fashion. Such sets E will be 
called Lebesgue measurable sets. 

Definition 5.3.1 (Carathdodory’s Measurability Criterion, 1914). A set of 
real numbers E is Lebesgue measurable if 

fi* (A) = fi* {A HE) Arfi* {A n E c ) 

holds for every set of real numbers A. 

So we have a criterion for measurability: Select a set E, and check 
whether it “splits” every set A of real numbers in an additive fashion. If the 
answer is yes, keep E. Otherwise, discard E. This seems straightforward 
enough. But we may end up discarding most of our collection of subsets of 
the real numbers. 

Exercise 5.3.1. Show that the empty set and the set of all real numbers 
satisfy Carathdodory’s measurability criterion. If E is Lebesgue measurable, 
show that the complement of E is Lebesgue measurable. 

5.3.1 Intervals 

Are intervals Lebesgue measurable? We know that the Lebesgue outer mea- 
sure of an interval is its length. We want to show that intervals satisfy 
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Carath6odory’s measurability criterion. Of course, for an interval that can 
be written as the union of two disjoint intervals, length is additive; as it 
turns out, this observation will yield measurability of intervals. 

Because (a, b ) = (a, oo) fl (— co, b) when a < b — and because we have 
to start somewhere — we will show that (a,oo) is Lebesgue measurable. 
Actually, we need only show 

j i*(A) > fjL*(A n (fl,oo)) 4- ii*(A n (-oo.a]), 

since the reverse inequality holds by the subadditivity of the Lebesgue outer 
measure. We may also assume < oo. By the infimum property, we 

may select a*‘tight” open cover U Ijc of A; that is, /x*(/4) < < 

li* {A) 4- €, for € > 0. Thus 

li* (A fl (fl, oo)) + ii* (Af\ (— oo, n]) 

< /^((U/jt) fl (fl, oo)) 4- ii*((UIk) fl (—oo, a]) (monotonicity) 

< ^ li*(h H (fl, oo)) + ^ \i*(h n ( — oo, a]) (subadditivity) 

= £ [l(h n (a, oo)) + l{h n (-oo, fl ])] = 

< /x*(/l) +e. 

and we have 


li* (A n (a, oo)) A- (i* (A PI ( — oo, a]) < ii* (A). 

This is what we wanted to show. 

Demonstrate the Lebesgue measurability of (— oo, b ), (fl, b), and so on. 

Intervals are Lebesgue measurable. We have devised a complicated mea- 
sure, an infinitum of infinite sums, to measure something we already knew 
the measure of — the length of an interval. Isn’t mathematics humbling? 

We know a few Lebesgue measurable sets — the empty set, its comple- 
ment, and intervals and their complements. How about unions and intersec- 
tions of measurable sets? Most important of all, if {Ek} is a sequence of 
mutually disjoint Lebesgue measurable sets, is UEk Lebesgue measurable? 
Furthermore, does additivity hold: fji*(UEk) — £ li*{EkV I s the Lebesgue 
outer measure, when restricted to Lebesgue measurable sets, countably ad- 
ditive? 

It is time to discuss sigma algebras and investigate why they are impor- 
tant in the context of measure theory. 
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5.4 Sigma Algebras 

Definition 5.4,1 (A Sigma Algebra). Given a space a collection O of 
subsets of Q is said to be a sigma algebra provided the following properties 
hold: 

1. The empty set belongs to this collection. 

2. If a set is in this collection, its complement is in the collection. 

3. Given any sequence of sets in this collection, tlieir union is in the 
collection. 

CarathSodory showed that the collection of subsets of real numbers that 
satisfy his measurability criterion forms a sigma algebra and, moreover, that 
the Lebesgue outer measure is countably additive on this sigma algebra. This 
is the essence of the next theorem, one of the two most important results 
regarding Lebesgue measure. The other crucial result is Theorem 5.5.1. 

Theorem 5.4.1 (Carath6odory, 1914). Define the Lebesgue outer measure 
fJL* of any set of real numbers E as follows: 

H\E) = inf {£<(/*) | E C U 4, Ik open intervalsj , 

where £{lk) — bk — ak, ak, bk are extended real numbers, ak < bk. Then 

1. The collection of sets E of real numbers that satisfy Carathiodoiy’s 
measurability criterion, fi*(A) = fi* (A C\ E) -L (i* (A fl E c ) for eveiy 
set of real numbers A, forms a sigma algebra M. 

2. The Lebesgue outer measure is countably additive on A4: For any 
sequence {£*} of mutually disjoint Lebesgue measurable sets, 

CO 

f {U ?°£i) = £>'(£*). 

1 

Proof Show the first two requirements for a collection of sets to form a 
sigma algebra are met. The third requirement, that U Ek be a member of 
M , may be demonstrated as follows. 

Start with an easier problem: The intersection of two measurable sets, 
and the union of two measurable sets, is measurable. Show that 


A n (El U El) = (An El) U (A n E\ n E z ) and 
A fl (Ef nE$) = An (El U Eff. 
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Then 

/z*(/4) = }i*(A fl Ei) + i±*(A fl E^) measurability of Ei 

= n‘(A n £ 1 ) + ix* {(A n £f) n e 2 ) + h*((a n E\) n £f) 
measurability of E 2 

> n*((A n Ei) u 04 n £0 n e 2 ) + h*{(a n El) n e c 2 ) 

subadditivity 

= ii* (A n (Ei U £ 2 )) + li*{A n (Ei U E-if ) subadditivity 

> H*(A). 

The union of two Lebesgue measurable sets is Lebesgue measurable. 
Complementation shows the intersection of two measurable sets is measur- 
able: (Ei PI E 2 ) = (El U ££) c . Measurability of finite unions and finite 
intersections follows by induction. 

As for (Li™ Ek), we may assume the Ek are mutually disjoint. In this 
case, 

(jl*(Ei U Ei) = n*((E i U Ei) n Ei) + ijl*{(Ei U E 2 ) fl JEj) 

= { jl*(E 2 ) + (jl*(E 1 ), 

since E i and E 2 are disjoint. By induction, we have finite additivity and 
h*(a n (£/f Et)) =u,*(a n (c/{* E k ) n e k ) + n* (-4 n (U, n E k ) n E ‘ ) 

n— 1 

= *i %4 n £„) + £>* 04 n £*) 

1 

n 

= £>"04 nsj. 

1 

Since 

n*(A) = a* [a n (uf E k ) ) + h*(a n (u» E k ) c ) 

n 

> £>*04 n £*) + m*(- 4 n (uf E k y ), 

l 

independent of n, we have 

00 

fi'(A) > £>*04 H El o + 11* (ad (U f £*)') 

l 

> ii* n (uf E k ) ) + n* (4 n (uf E k ) c ) , 
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and U fEk is a member of M, U“£)t is Lebesgue measurable. 

We have shown that the collection of sets of real numbers satisfying 
Carathdodory’s measurability criterion, M } is a sigma algebra. The task of 
showing countable additivity remains. 

We have [i*([JEic) < by the subadditivity of Lebesgue outer 

measure. For the other direction, we have finite additivity, 

n do 

E M*(ft) = M*(U f ft) < M* (Ufft) < E M*(ft). 

1 1 

independent of n, and hence 

00 oa 

Em* ( ft) < m* ( ufft) < Em* (ft). 

1 1 

This completes the proof. □ 

5.5 Borel Sets 

The Lebesgue outer measure is countably additive when restricted to the 
sigma algebra of sets M satisfying Carathfiodory’s measurability criterion. 
For E e M, we will write il{E) for ii*(E). It is to be understood that 
writing /i, assumes the set is Lebesgue measurable. This measure /j, may be 
the measure needed for the Lebesgue integral 

Recall that the only sets that we know are measurable (i.e., are in M.) 
are 0, R, intervals, and their complements. 

Not quite. We have just shown that we can measure countable unions 
(rational numbers, for example), their complements (irrational numbers), 
and so on — some very complicated sets. It is time to introduce Boi'el sets. 

We have shown that open intervals are Lebesgue measurable; open in- 
tervals are in the sigma algebra M. Show that the intersection of all sigma 
algebras that contain a given collection of sets of real numbers is again 
a sigma algebra. This sigma algebra is said to be generated by the given 
collection. We give a special name, the Borel sigma algebra, to that sigma 
algebra generated by the collection of open intervals, and we write B. 

Since we have shown that open intervals are Lebesgue measurable, evi- 
dently B c M. We have, almost unexpectedly, arrived at a very important 
result. 

Theorem 5.5.1. Every Borel set of real numbers is Lebesgue measurable 
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We can measure the Borel sets (we axe hard-pressed to find non-Borel 
Lebesgue measurable sets), and measuring works as expected for measur- 
able sets: When the whole is decomposed into a countable number of dis- 
joint measurable parts, the measure of the whole is the sum of the measures 
of its parts. Here are some exercises in measuring. 


Exercise 5.5.1. Show that the following assertions are true. 

a. i±{i) = t{I). Hint: (a,b) c (a,f>). So /j,*((< 2 ,h)) < b — a, and, Sec- 
tion 5.2.1. 


b. M((0. 1]) = £m((^ T ,^]). 


c. ^Singleton sets are measurable and have measure zero. Hint: {a} = 
n(a - l/k,a + \/k). 


d. Any countable set is measurable and has measure zero. Hint: 

... ...} = Uajt, and < fi (ajc — + ^-Y 

e. The nationals are measurable and have measure zero. 


f. The irrational numbers in [0, 1] are measurable. What is their measure? 

(A set of positive measure containing no intervals.) 

g. Any set with fi*(E) = 0 is Lebesgue measurable. Hint: fi*(A ) < 

fi*(A n E) + n*(A n E c ) < 11 +(E) + n*(A) = /z*(i4). 

In fact, there are uncountable sets of Lebesgue measure zero. 

Exercise 5.5.2. Show that the measure of the Cantor set is zero. 


5.6 Approximating Measurable Sets 

We are familiar with the ideas of open sets, closed sets, compact sets, and 
so on. Do we have relationships between these topological notions and 
measurability of sets? It turns out that Lebesgue measurable sets may be 
closely approximated by open sets “from the outside” and closed sets “from 
the inside.” 

Theorem 5.6.1. For any set E of real numbers the following statements 
are equivalent: 

1 . E is Lebesgue measurable in the sense of Carathiodoiy. 
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2. Given e > 0, we have an open set G containing E so that j±*{G—E ) < 
€. 

3. Given € > 0, we have a closed set F contained in E so that 

<€. 

Proof. Assume E is measurable. We will show that the measure of E may 
be approximated by the measure of an open set. By the infimum property, 
we have an open cover U/* so that fi(E) < jiOJh) < /x(£") + e; and 
because E is measurable, 

At(u Ik) = ju((U/jO n E) + /x((U/ A ) - E) = n(E) + /i((U/0 - £). 

If the measure of E is finite, subtraction yields the desired result. Otherwise, 
let E n = E fl [— ?j, n] and argue as before. So statement 1 implies statement 
2. 

Show, using complementation, that open set approximation yields closed 
set approximation. So statement 2 implies statement 3. 

As for the third conclusion, suppose we have a closed subset F of E with 
( i*(E — F ) < e. It is sufficient to show pf{A) > p* (A H E) + p*(Af\E c ) 
with ijl*(A) being finite. We have 

p*{A 0 E) = p,*(A H ((£ -F) U F)) 

< p,* (An (E — F)) + n*(A n F) 

<e + fl* {A Pi F) 

and 

H*{A n E c ) = il*(a fl ((£ - F) U F) c ) 

= /x"(4n(£-F) c nF c ) 

< I 1 *(A n F c ). 

Because closed sets are measurable, /z* (A fl F) + \i*{A Pi F c ) = 
so addition yields 

II* (A n E) + II '{A D E c ) < € + n\A) 

and we have the desired conclusion. Thus statement 3 implies statement 1, 
and the equivalence of 1, 2, and 3 follows. □ 

We return to Borel sets and some exercises “completing” B. 
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Exercise 5.6.1. 

a. Show that for any measurable set E, we have a Borel set B i so that E 
is a subset of fix and /z(Bi — E) = 0. Hint: From the previous result 
we have an open set G n so that ii(G n — E) < 1/m; B\ = flG n . 

b. Show that for any measurable set E we have a Borel set B 2 so that 
B 2 is a subset of E and [i(E — B 2 ) = 0. Hint: B 2 — U F n . 

c. Show that every Lebesgue measurable set of real numbers is the union 
of a Borel set and a set of Lebesgue measure zero. Hint: E — B 2 U 
(E - B 2 ). 

Adjoining the sets of Lebesgue measure zero to the Borel sets creates the 
Lebesgue measurable sets. 


5.6.1 Vitali's Covering Theorem 

Here is a result by Giuseppe Vitali (1875-1932) that we will find very 
useful. We begin with a definition. 

Definition 5.6.1 (Vitali Cover). Let A be a nonempty set of real numbers. 
A Vitali cover of A is a collection of closed intervals of arbitrarily small 
length that cover each point of A. 

Thus every point of A is in an arbitrarily small closed interval from this 
collection. 

Theorem 5.6.2 (Vitali, 1908). Given a set of real numbers A whose Lebesgue 
outer measure is finite and a Vitali cover of this set A. Then given one > 0, 
there exists a finite, disjoint collection of closed intervals h, h. • ■ - , In 
from this Vitali cover of A so that 

II* (A — U£ =1 /jt) < €. 

This finite collection can be extended to a countable collection of mutu- 
ally disjoint, closed intervals 1 \ , I 2 , . . . , / n , . . . from this Vitali cover of A 
so that /i.*(/l - U 'fljc) ~ 0. 

An outline of the argument for this result may be found in the wonderful 
book by Stromberg (1981). 
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5.7 Measurable Functions 

Recall that Cauchy’s integration process was very effective for contin- 
uous functions, functions that preserve openness under inverse images. 
Since every open set of real numbers is the union of a countable collec- 
tion of disjoint open intervals, and since inverse images behave nicely — 
/ -1 (U/jk) = U — why not try measurement of inverse images of 
intervals? This was Lebesgue’s idea (Section 5.1). 


Definition 5.7.1 (Lebesgue Measurable Functions). A real-valued function 
/ that is defined on a measurable set E is said to be Lebesgue measur- 
able on E if the inverse images under / of intervals of real numbers are 
measurable subsets of E. 

How would we check to see if a function is Lebesgue measurable? Do 
we have to argue all types of intervals? 

Exercise 5.7.1. 

a. Assume o)) is Lebesgue measurable for every real number 

c Show that the inverse images of [a, oo), (-oo, a), (— oo.a], (a, b ), 
(a, b]? [a, b ), [a, b], are Lebesgue measurable. Hint: [a, oo) = fl(n — 
(1 /k), oo) and oo)) = fl f~ l [a — (1/A:), oo). 

b. Show that the following function is Lebesgue measurable on [—1,2]: 


m = 


x J 


2 

( 2 — x 


x < 1, 
x = l, 

X > 1 . 


Just what kind of functions are Lebesgue measurable? 


5.7.1 Continuous Functions Defined on Measurable Sets 

We will show that continuous functions defined on measurable sets 
are Lebesgue measurable. Consider the equation A — co)) = 

{x 6 E | f(x) > c}. 

If A is empty, we are done. Otherwise, for each x in Z, we have 5(,v) > 0 
so that for z belonging to the interval {x — <5(.x ), x + 5(a'))> /(-) > c: 


A = li xsA ((* ~8(x), x + 8(x)) n j e) = (x ~8(x), x + 5(*))) fl E. 
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5.7.2 Riemann Integrate Functions 

Cauchy integrable functions are Lebesgue measurable functions. How about 
Riemann integrable functions? We will show that Riemann integrable func- 
tions are Lebesgue measurable functions. 

As a first step, we will suppose / and g are defined on a measurable 
set E, that / is Lebesgue measurable on E , and that g = / except on a 
subset Z of E of Lebesgue measure zero (almost everywhere). We claim 
that g is Lebesgue measurable on E. 

Consider the following relationships: 

{x e E | g(x ) > c) = {x g Z l /(x) > s(x) > c} 

U {.X e E - Z I /(x) = g(x) > c} 
u {x e Z | g(x) > /(x) > c} 

U {x G Z I g(x) > c = /(x)} 

U {x G Z I g(x) > C > fix)} 

= (x G E \ fix) > c) U (x G Z I g(x) > c} 
u{xez\g{x)>c> fix)}. 

If / is Riemann integrable in [a,b\, then /’ s discontinuities form a set 
of measure zero, f is continuous on [a,b\ — Z, and / is measurable on 
[a, b] — Z. 

Let g — f on [a, b] — Z and 0 on A. Then g — f almost everywhere, 
g is measurable on [a, h], and thus / is measurable on [a, b]. 


Lebesgue measurable functions may not be Riemann integrable. 
Exercise 5.7.2. Let 


m = 


1 x rational, 

0 x irrational. 


0 < x < 1. 


Show that / is Lebesgue measurable on [0, 1]. 


5.7.3 Limiting Operations and Measurability 

An important property of sequences of measurable functions is that mea- 
surability is preserved under many limiting operations. 

Theorem 5.7.1 (Limiting Operations and Measurability). If {fk} is a se- 
quence of Lebesgue measurable functions defined on a measurable set E 
with lim f} c = / pointwise on E, then f is Lebesgue measurable on E. 
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For example, if 


gk(x ) a sup {fk(x), f k+ i(x), . . . } = U n > k {x e E\f n {x) > c}, 


then gk is measurable. 

If h k {x) = inf{/ fc (x) t /fc +1 (x), ...} = U„>*{x e E\f n (x) < c}, then 
h k is measurable. 

If limsup fk = lim g k , then {x e E\ limsup fkix) < c} = Uj^L^x e 
E\ g k {x) < c), and so on. 

However, Riemann integrable functions do not share this property. Lim- 
iting operations may not preserve Riemann integrability. For example, let 
ri, r 2 , . . - be any enumeration of the rational numbers in (0, 1), and define 
a sequence {fk} of Riemann integrable functions by 


fkix) = 


1 X = ri,r 2 l ...,ri, 
0 otherwise. 


Then R fk(x)dx = 0, but the pointwise limit of the sequence {fk} is 
the Dirichlet function, which is not Riemann integrable. 


5.7.4 Simple Functions 

Simple functions have a finite number of values. That is, for a measurable 
set E , a simple function <p can be written as a finite linear combination of 
characteristic functions: 

n 

4>(x) = J2 C kXE k (x) 

k=l 

where c k are real numbers, E k are mutually disjoint measurable sets with 
E = UJ =1 E k , and XE k {x) is the characteristic function 


XE k (x) = 


1 * e E k , 
0 x 0 E k . 


The reader may show that simple functions are measurable functions. 

Theorem 5.7.2 (Approximating Measurable Functions by Simple Func- 
tions). For any measurable function f defined on a measurable set E, 
there exists a sequence of simple junctions {<pj t } on E so that lim^ = / 
for all E. 

If f is bounded on E, then ]im<pk = / uniformly on E. If f is nonneg- 
ative, the sequence {<pk} wa)> be constntcted so that it is a monotomcally 
increasing sequence. 
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Proof. We follow Lebesgue’s idea: partition the range of / . We may assume 
that / is nonnegative; that is, we have 

. 1/1 + / i/I-/ 

1 2 2 

for L /+/ , — measurable and nonnegative. Let [0, oo) = [0, 1) U [1, 2)U 

■ • • U [n — 1, n) U [n, oo), and partition [0, oo) into 2 n +2 n -\ b 2” + 1 = 

n2 n + 1 disjoint subintervals. 

Define (p n by 


n2 n 


Mx) = -^-XEnkW + n XF„(x) 


, 2 " 

*=i 

with E n k ~ I x G E 


k—l „ k ) „ 

<f(x)<—\, F n = [n,o o). 


2 n 


2 n 


Note that E n k = E n+12 k-i U E n +\ 2 k • The reader may complete the 
argument. □ 


5.7.5 Pointwise Convergence Is 

Almost Uniform Convergence 

Because uniform convergence transfers many nice properties to the limit 
function, we look for conditions that generate uniform convergence. For 
sequences of measurable functions, we have a remarkable theorem showing 
that pointwise convergence is almost uniform convergence. The theorem is 
due to Dimitri Egoroff. 

Theorem 5.7.3 (Egoroff, 1911). Suppose { fk } is a sequence of measurable 
functions that converges to a real-valued function f almost everywhere on 
the interval [ a,b \ . Then for any S > 0, we have a measurable subset E of 
[a,&] so that p(E) < S and the sequence {fk} converges uniformly to f 
on [a, b] — E. 


5.8 More Measureable Functions 

In addition to continuous functions, differentiable functions, monotone func- 
tions, and Riemann integrable functions, two other classes of measurable 
functions — functions of bounded variation and absolutely continuous func- 
tions — will be of interest as we develop the Fundamental Theorems of 
Calculus for Lebesgue integrals. 
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5.8.1 Functions of Bounded Variation 

Camille Jordan (1838-1922) offered the following definition in 1881. 

Definition 5.8.1 (Bounded Variation). A function is said to be of bounded 
variation on an interval [a, b] provided J^p l/Crifc) “ /C**-i)l is bounded 
for all possible partitions P of [a, b], a = xq < x\ < ■ ■ ■ < x n = b. 

Exercise 5.8,1. 

a. Show that continuous functions may not be of bounded variation, for 
example 

xsm(n/x) 0 < x < 1, 

■' W “( 0 0 = x. 

Hint: x k = 2/(2 k + 1), k = 1, 2, 

b. Show that monotonic functions are of bounded variation. 

Hint: | f(x k ) - < \f(b) - f(a) |. 

5.8.2 Functions of Bounded Variation and 
Monotone Functions 

Theorem 5.8.1 (Jordan, 1894). Functions of bounded variation atv the 
difference £>f two monotone increasing functions. 

Clearly the difference of two monotone functions is a function of bounded 
variation. Now suppose / is a function of bounded variation on [a,b\. 
Define a new function V, the variation of / on [a, b], by 

V(X) = SUp |/(Xjfc) - f{x k - 1 )| 

p 

over all partitions P of [a, jc], with a < x < b. The function V is certainly 
monotone increasing. Since / = V — [V ~ f), we need only show that 
V — f is monotone increasing, that is, for x < y, 

V(x) - f(x) < V(y) - f(y ) or - fix) < V(y) - V(x). 

But the variation on [x,y] is at least as laj^e as \f(x) — f(y) \ (trivial 
partition). 

It will be shown (Theorem 5.10.1) that monotone functions are differen- 
tiable almost everywhere. Thus functions of bounded variation are differ- 
entiable almost everywhere. 

This seems simple enough, the difference of two monotonic functions 
characterizing functions of bounded variations. What else is known? ICan- 
nan and Krueger (1996) offered the following observation. 
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Example 5.8.1. A function of bounded variation is the difference of two 
monotone functions, but it need not be monotonic on any subinterval of its 
domain. 

This needs a closer look. 

Let ri, rj, . . . be an enumeration of the rational numbers in (0, 1), and 
let 0 < o' < 1. Define / on [0, 1] by 

_ ( <* k x = r kl k = 1,2 

0 x^r k . 

We claim that the total variation of / on the interval [0, A] is 2a/(l — a). 
Construct a partition P = {0, jci, X 2 , . . - , * 2 n-i, 1}. with the “odds” being 
{*ii * 3 , . - . , * 2 n-i} = {d, r 2i • • • i rii} and the “evens” irrational numbers 
in [0, 1]. Then 

~ /(*&- i)l = 2(a 1 + a 2 4- ■ • • 4- a n ) and 

P 

n 

7(1) >2^V, n = 1.2 

l 


Thus 7(1) > 2a/(l — a). 

On the other hand, for any partition P = {0, x\, xn , . . . , x n -i , 1}, ri will 
be in one of these subintervals or will be an endpoint. Regardless, ri will 
be in exactly one of the with fc = l,2,...,n — 1, and n 

makes a contribution to the variation only if it is an endpoint, an evaluation 
point of /. Similarly for r 2 , r-$, r n -i. 

So the worst case occurs when the n — 1 rational numbers n, r 2 , . . . , r n _ i 
occur as partition points. Thus the variation for any partition is bounded by 

2 (a 1 4- a 2 4- *-■ 4- a” -1 ) < 

1 - a 

5.8,3 Absolutely Continuous Functions 

Vito Vitali developed this definition in 1904. 

Definition 5.8.2 (Absolutely Continuous Function). A function / on [a, b] 
is said to be absolutely continuous on [a, b] if, given any € > 0, we can find 
a positive number S such that for any finite collection of pairwise disjoint 
intervals (a&, b k ) C [a, b], k = 1, 2, . . . , n, with EX^jfc ~ a k) < 5, we have 

El /(**)- /(**)!<*. 
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The stipulation finite may be replaced by finite or countable. 

Exercise 5.8.2. Verify the following statements. 

a. Absolutely continuous functions are uniformly continuous. Hint: Show 
that f is continuous on the interval [a, b\. 

b. Absolutely continuous functions are functions of bounded variation and 
thus differentiable almost everywhere. Hint: The variation of / over 
an interval of length 8 is less than e. Partition [a, b\ into subintervals 
of length less than 5. 

c. Continuous functions are not necessarily absolutely continuous. Hint: 
Recall Billingsley’s function (Section 2.8), a continuous nowhere dif- 
ferentiable function. 


d. Differentiable functions are not necessarily absolutely continuous, for 
example, 

f i x 2 sin(n/x 2 ) 0<x<l, 

3 1 ] 0 x = 0. 


Hint: x k = ^2/(2 k + 1), k = 1,2 

e. Differentiable functions with a bounded derivative are absolutely con- 
tinuous. Hint: 


E i /(*o - /(**)i = E l/'M p* -«k)<s Etf* - “*)■ 


f. Absolutely continuous functions are differentiable almost everywhere. 
If /' = 0 almost everywhere and / is absolutely continuous, then / 
is constant. 

Theorem 5.8.2. If f is absolutely continuous on [ a,b\ (and thus diffemn- 
tiable almost everywhere), and the derivative of f vanishes almost every- 
where on [a, b\, then f is constant on [ a,b ]. 

Pmof We will show that /(c) = f(a) for any c in the interval {a,b\. 

Because / is absolutely continuous on [c, b\, given an e > 0 there is a 
8 > 0 so that for any finite or countable collection of pairwise disjoint inter- 
vals (a/c , bk ) with length E^-a*) < 8 , we have E I f(b k ) - f{a k ) \ < e. 

Let E — {x e (a, c) | f'(x) = 0}, the interval [ a,c ] except for a set 
of measure zero. For each x G E we have arbitrarily small closed intervals 
[x, x -f h\ for which |/(x + h) — f(x)\ < eh because /'(.*) = 0. This 
collection of closed intervals is a Vitali cover of E (Section 5.6.1). 
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We have a finite collection of disjoint closed intervals [xi, x x + hi ], . . . , 
[. x n ,x n + h n l ordered as a < x\ < X\ + h\ < x 2 < x 2 + h 2 < • • ■ < 
x n + h n < c. That is, 

(a,c) = (a,x x ) U [xi.Xi + hi] U (xi +h\,x 2 ) U [x 2l x 2 + h 2 ] 

U - • • U [x nt x n + h n ] U (x„ +h n ,c ) 

and (i{E — U[xt, x k + h k ]) < 8, the S of absolute continuity. Because 

(a, c) - U[x fc , x k + h k ] Q ((a, c) — E) U {E - U[x*. x k + h k ]) 

and because (a, c) — E is a set of measure zero, we have 

c) - U[xjt, x k + h k ]) 

= fi((ai , Xi) U (xi + hi , x 2 ) U • • ■ U (x„ + h n , c )) 
<8. 


Thus 

i m-m\ 

= I \f(fi) - /(*» + hn)] + [/(*„ + hn) - /(*„)] 

+ • ■ ■ + [/(X! + hi) - fix x )\ + [/(xO - f(a)]\ 

< ( I m - fix n + hn) | + ■ ' ■ ■ ■ + |/(* X ) - m\ ) 

+ ( \f( x i + ^l) — /C*i)l H h \f( x n + h n ) — /(x H )| ) 

<€ + e(hi+h 2 -\ b h n ) < e(l + c — a). □ 

Since the derivative of the Cantor function is zero almost everywhere, 
and C(0) = 0, C(l) = 1, the Cantor function — even though continuous 
and differentiable almost everywhere — is not absolutely continuous. 

5.9 What Does Monotonicity Tell Us? 

A remarkable theorem (Theorem 5.10.1, whose proof will appear later) tells 
us that monotone functions are differentiable almost everywhere. To appre- 
ciate that monotonicity implies differentiability almost everywhere requires 
a more detailed analysis of difference quotients 

/(y) - m 

y-x 

The Dini derivates have proved to be invaluable for such analysis. 
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5.9.1 Dini Derivates of a Function 

Suppose / is defined on an interval containing the point x. We are interested 
in the four quantities illustrated in Figure 1. They are the limits of the 
difference quotients at x: 

D + f(x) = lim sup 1 — f^- ,x < y < x + ft} , 

0+/(.x) = lim inf I MzM , x <y< x + h \, 
h-+ o+ { y — x ) 

f( x ) — lim sup | ^ ^ , x — ft < y < x) , 

A— *-o+ ( y — x } 

n . * \ /O) - /(*) 7 ) 

D-f (x) = lim mf l , x — ft < y < x } . 

/ i - m )+ ( y-x 


The limits always exist (in the extended reals). 



Exercise 5,9.1. Calculate the Dini derivatives for these functions at x = 0. 

0 x = 0, 


a. f(x) = 

b. f[x) = 


1 x = 0, 
0 x ^ 0, 


g(x) = 


1 x^0. 


h{x) = \x 


0 x = 0, 
x sin(jr/x) x ^ 0. 
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c. Letting / (0) = 0, 


/(*) = 


/(*) = 


x x rational, 

— 3x x irrational, 

—Ax x rational, 

2x x irrational, 


for x > 0, 
for x < 0. 


Exercise 5.9.2. 

a. A function is differentiable at x in (a, b) iff all four derivates are finite 
and equal. Demonstrate. 

b. The Straddle Lemma. Suppose / is differentiable at a point jc in [a, b\. 
Show that for every e > 0 there exists a S £ (jc) > 0 so that if u ^ v 
and jc — 5 e (;t) <u<jc<u<jc + S e (x), then 

|/(t')-/(w)-/ , (Jc)(v-u)| <e(v-M). 

Theorem 5.9.1. If f is monotone increasing on [a, b\, then all four derivates 
are nonnegative and finite almost everywhere. 

Proof. Because 0 < D+ f < D + f and 0 < D-f < D~f, it is suf- 
ficient to show that D~f and D + f are finite almost everywhere. Let 
E = {* G [a, b)\D + f(x) = oo}, and assume fi*{E) = a > 0. We will 
arrive at a contradiction after an application of Vitali’s Covering Theorem 
(Section 5.6.1). 

For jc G E, 

lira wp ( /M- _ /W ;x < + J =+0Q 

fc-+o+ ( y — x j 

Then for any constant K we have a sequence y n — > jc + so that 

/On ) ~ fix) „ 

> A- 

yn-x 

That is, ([jc, y„]j;c e E} is a Vitali cover of E. 

Thus, we have a finite, disjoint collection, [*i, yi], [* 2 . ya], • . • , [x n , y n ], 
so that 


l 


(S {E-^ =l [x k ,y k ]) < | 


or 
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Then 


n n 

Kb) - f(ci ) > ^2 [f(y k ) - f(x k )\ > K Y2 fa “ x k) > K ~- 

k=l k=l 

By choosing K larger than ^2 (f(b) — f(a)) j fa. we have a contradiction. 
Complete the argument by showing that D~ f is finite almost everywhere. 

□ 

5.10 Lebesgue's Differentiatiosi Theorem 

Finally, as promised, Lebesgue’s Differentiation Theorem. 

Theorem 5.10.1 (Lebesgue, 1904). If f is nondeci-easing on [ci,b\, then 
f is differentiable almost everywhere. 

The proof may be found in Gordon (1994). We include it here as a 
testament to human ingenuity, 

Proof Since / is nondecreasing, the four Dini derivates are nonnegative, 
and (by the previous theorem) finite almost everywhere. It will be sufficient 
to show that the four derivates are equal almost everywhere. Because 0 < 
D+ f < D + f, we will show that the set E — {x e {a, b ) | D+ f{x) < 
D + /(jc)} has Lebesgue outer measure zero. 

In fact, we may reduce the problem further with the observation that 

E = ^dp,q rational numbers!-* ^ (flib) | E+f(x) < p < Cj < D^f(x)}. 

It will be sufficient, then, to show that 

p*({x G (a,b)\D+f(x) < P <q < D + f(x)}) = 0 

for each pair of rational numbers p, q. Denoting this set by E pq , we assume 
p.*(E pq ) — a > 0 for some pair of rational numbers p and q. We will 
arrive at a contradiction. 

Given an e > 0, we have an open set O containing E pq . (We may as 
well assume O C ( a,b ), since ( a,b ) is an open interval containing E pq .) 
So jj,*(E pq ) < p.(0) < pL*( E pq ) + €; that is, n(O) < a + e. 

For x G E pq , where D+f(x) < p, we have intervals [a:, y] with y — »■ x + 
and [/ (y) - f{x)\f (y — a) < p. The collection of such intervals forms 
a Vitali cover of E pq . Thus, we have a finite number of disjoint intervals 
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from this collection, say [x lf yj], [x 2 , yi], • • ■ . yw], all belonging to O 
(with x e E pq C O, O open), so that ^{E pq — Uj^Jx*, y*]) < e, and 

N N 

J2 [/(yO “ /fool < p bk - *k) < pti{0) < p(a + €). (i) 

k= i k=i 

Now consider the set E pq D (Uj^Jx*. y*]). Because 
a - n*{E pq ) 

< II* ( E pq n (uJLjjfjfc, y fc ])) + At* ( Epq - (ujEL,! [jcjfc, yjt])) 

we have /z* n (u£L Jx fc , y fe ])) > a - e. 

A point x in this set belongs to E pq and belongs to exactly one of 
the disjoint intervals [x*,yjt], with k — 1,2,..., A. We have problems 
if x = yjt, since we want to approach from the right. But there are no 
such problems if we consider the set E pq H (UjtL^Cxfc. y*)). Furthermore, 
deletion of the endpoints does not alter the outer measure. 

A point in E pq n (Ufc=i(^fc. y^)) belongs to E pq and exactly one of the 
open intervals (x^, yt), say (xjc, yx)- Again we have intervals [u, u] with 
v -* u+, [u, u] C (xx, ytc), and [/(u) — /(u)]/(u-i0 > q. The collection 
of such intervals forms a Vitali cover of E pq n (u^ =1 (Xfc,yfc))- 

Thus we have a finite number of disjoint intervals from this collection, 
say [mi, ui], [u 2 , v 2 ], ■ • ■ . vm], so that 

At* (jE pq n (u^LjCx^.yjk))) < € 

and 

M M 

- /(«*:) 3 > q ~ u k)- ( 2 ) 

jfc-i fc=i 

Since / is nondecreasing, and since each [«j t, u fc] C (x,-,yf) for k = 
1,2,..., Af and some i = 1,2, ..., N, 

M N 

53[/o>fc) - /(wfc)] < ~ /(**)]• 

fe=l fe=I 

From equations 1 and 2 we have 

M 

4 Yl ~ Ufc ) < p( a + *)• 

Jfc«i 
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We observe that 

Ar M 

^2(y k -u k ) = - ju (ujfijuft, v*]) 

k=l k = l 

> V* pq n (uf =1 (. x k , >>*))) - 6 > a - 2e 

Hence, ^(a - 2e) < p(a + e), and since e was arbitrary ga < pa, or 
q < p. We have a contradiction to p < q. This completes the proof. □ 

Having an understanding of measurable sets and measurable functions, 
we are in position to define the Lebesgue integral and discuss Lebesgue 
integration. 
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CHAPTER 6 


gofeoraE 


As the drill will not penetrate the granite unless kept to the work hour 
after hour, so the mind will not penetrate the secrets of mathematics 
unless held long and vigorously to the work As the sun l s rays bum 
only when concentrated, so the mind achieves mastery in mathematics , 
and indeed in every branch of knowledge, only when its possessor 
hurls all his forces upon it. Mathematics, like all the other sciences , 
opens its doors to those only who knock long and hard. — B. F. Finkel 

6.1 Introduction 

The culmination of our efforts regarding measure theory, Lebesgue integra- 
tion, is a mathematical idea with numerous and far-reaching applications. 
We will confine our remarks to the essential concepts, but the interested 
reader will be well rewarded by additional efforts. 

6.1.1 Lebesgue's Integral 

We begin our exploration of Lebesgue’s integral (1902) by defining what 
it means to be Lebesgue integrable. 

Suppose / is a bounded measurable function on the interval [a, b], so 
a < f < /L Partition the range of /: ot = yo < yi < ■ ■ ■ < y n = P, and 
let Ek = {x e [a,b\ | y^i < f < y*}, for* = 1,2, 

Form the lower sum £fc=i yk~\}i(Ek) and the upper sum 'ffk-i y/cAi(-Sfc) 
(The terms fi(Ek) make sense because / is measurable by assumption.) 
All such sums are between a {b — a) and fi{b — a). 

Now compare the supremum of the lower sums with the infimum of the 
upper sums over all possible partitions of [a, f}]. If these two numbers are 
equal, say A, we say / is Lebesgue integrable on [a,b], and we write 
A=Lf°fdn. 


Ill 



112 


A Garden of Integrals 


Proposition 6.1.1, For bounded measurable functions on [a, b\, the supre- 
mum of the lower sums equals the infimum of the upper sums. The Lebesgue 
integral always exists . 

We will prove this proposition in four steps. 

A 

Step 1. Adding a Finite set of points to a partition P of [a, /3] does not 

A 

decrease the lower sum or increase the upper sum for P. (So-called “refine- 
ments” of [a, /3] generally increase lower sums and decrease upper sums:) 

Step 2. No lower sum can exceed an upper sum. Hint: 

Y]yk-i^(E k ) < Y Y <Y S JP( G J)- 

Py P\ UP2 P]\JP 2 P2 

Step 3. The supremum of the collection of all numbers associated with 
lower sums is less than or equal to the infimum of the collection of all 
numbers associated with upper sums. 

Step 4. Let e > 0 be given. Construct a partition P* of [a, fi] so that 

“ = yo < yl < < y* n = b > with yZ - y \- 1 < e /(* ~ a ). for 

k = 1, 2, . . . t n. Then 

n n 

a(b-a) < Y yZ-i^Ek) < Y ykP( E k) < 

k=l 1 


and 

o i < E (^rr) ^ = f - 

k = 1 k = 1 

The lower and upper sums for this partition are within e of each other. 
Thus the supremum of the lower sums and the infimum of the upper sums 
are within e of each other, and thus because e is arbitrary these numbers 
are the same. 

For a bounded measurable function on an interval [a, b\ the Lebesgue 
integral always exists. 

Exercise 6.1.1. Let L f dp be the Lebesgue integral of the bounded 
measurable function /. Then for any e > 0 we may construct a partition P 
of [a, jS] so that the difference of the upper and lower sums for this partition 
is less than e. Hint: Properties of supremum and infimum. 
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6.1.2 Young's Approach 

Another common approach to the Lebesgue integral is that of William H. 
Young (1863-1942), Young’s method (1905) closely parallels the develop- 
ment of the Riemann integral, where / is assumed only to be bounded and 
we work with the domain [a, b] instead of the range [a, /}]. Again, we will 
explore this approach in stages. 


First, suppose / is a bounded function on [n,h] with a < f < f$. 
Partition the domain of f, [a, b], into a finite number of non-overlapping 
measurable sets E k , where ^(£f n Ej) = 0 and E k ^ cp, a so-called 
measurable partition of [a, b\. Pick a point c k in the measurable set E k , 
and form the Lebesgue sums 


E f(c k ME k ), 

k = l 


written E /(«)/*<*)• 

p 


( 1 ) 


These sums satisfy 

a (4 - a) < E inf M*) < E /(<*)/*(£) 

p E P 

< E SU P M-E) 5 P (ft - «)■ 

p E 


Now compare the supremum of the lower Lebesgue sums with the infi- 
mum of the upper Lebesgue sums over all measurable partitions of [a, 6]. 
If these numbers are the same, say A , we say / is Lebesgue integrable on 
[a, b ], and we write A = L f dfx. For E, a measurable subset of [a, b ], 


L 




Before continuing with Young’s approach to Lebesgue integrability, some 
exercises will help clarify a few concepts. 

Exercise 6.1.2. Demonstrate the following assertions. 

a. Measurable refinements of [a, b] do not decrease lower sums or in- 
crease upper sums. Hint: E k ~ F\ U ■ ■ • U Fj k , all sets nonempty 
measurable subsets of [a, b], 


inf ME k ) < Y inf fp{Fj) < V sup fjx(Fj) < sup f/i(E k ). 
E k Fj Fj E k 
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b. No lower sum can exceed an upper sum. Hint: P = U "Ek, Q = 
U^ 1 Fj ; form nm measurable sets Ek H Fj. Show 

J2 i“ f /M( £ ) < ]T] pi n F ) - J2 su p n F ) 

p E PUQ EnF PUQ EnF 

< V sup//i(F). 

a F 

f 

c. Let € > 0 be given. If we have a partition of [a, b\ with the upper and 
lower sums within e of each other, then the supremum of the upper 
sums and the infimum of the lower sums are within e of each other. 
The bounded function / is Lebesgue integrable on [a,b\. 

d. If the bounded function / is Lebesgue integrable on [a, b], then for 
any e > 0 we have a partition of [a, b ] so that the associated upper 
and lower sums are within e of each other. Hint: The supremum and 
infimum properties. 

Recall that f's being bounded did not guarantee existence of the Rie- 
mann integral — the additional, and sufficient, condition of continuous al- 
most everywhere had to be imposed (Theorem 3.6.1). Likewise, in Young’s 
approach an additional and sufficient condition, measurability of /, is im- 
posed. 

We claim that the bounded function / on [a, b] is Lebesgue integrable 
on [a,b] iff / is Lebesgue measurable. For the bounded (a < / < /?) 
measurable function /, we can simply use Section 6.1.1. Hint: 

Y^yk-ip{f~ l (\yk-uyk))) <sup]Tinf fn(E) < inf]Psup//iOF) 

p p Q Q 

5 £ yk^f-'ibk-u >*)))■ 

For the other direction, suppose the bounded function / is Lebesgue 
integrable on [a,b\. We claim that / is Lebesgue measurable on [a,b]. 
From Exercise 6.1.2, we have partitions P n of [a t b], with P n a refinement 
of jP„-i , so that Ylp n ( SU P / — inf /)//.(£) < 1 /« ■ 

Let <p„ — inf / and p-„ = sup / on ? fl . Note that < <p„ < p- n < 
p - n ~ 1 on [a, b\. We have monotone sequences of measurable functions, ( p „ ), 
(-pn) with p n < f < p n °n fci b]. Thus lim0„ = p < / < p = lim p n ; 
p and p are measurable functions on [a t b]. We claim <p = p almost 
everywhere, in which case / — p almost everywhere and measurability of 
/ follows (Section 5.7.2). 
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Let 

E = {x g [a, b] | i jr{x) - <f>{x) > 0] 

= U„ j x g [a, b ] \ f{x) - <p{x) > J-| 

C U,„ J* G [a,b] | fn 00 - 4>n(x) > ~ 

It will be sufficient to show that [jl({x G [a, b] | ir a (x) — $ n (x) > 1/m} 
has measure zero. 

By construction, L (\jf n — (p n ) d/i < l/? 2 . That is, 

x g [a,b] | f n {x)-4> n (x) >-})<-, or 

m)J n 

M ^ j x g [a, b] \ \jf n (x) - (f> n (x) > i | ^ ^ for all n . 

The argument is complete. 

We conclude, for bounded functions on [a,b], 
o Riemaun integrability iff continuity exists almost everywhere; 
o Lebesgue integrability iff measurability holds. 

6.1.3 And Another Approach 

The reader might prefer a blend of the two approaches just sketched. As- 
sume / is a bounded and measurable function in the interval [a,b], and 
use measurable partitions of [a, b] the domain of / as in Young’s approach: 
]T /( c *)M(£fc)- Complete the details. 

6.2 IntegrabiSity: Riemnann Ensures Lebesgue 

We now have an important result to explore. In all that follows, we will as- 
sume / is Lebesgue measurable whenever we refer to the Lebesgue integral 
of /. 

Theorem 6.2.1. AH Riemann integrable Junctions are Lebesgue integrable, 
and 
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We begin by recalling that bounded, continuous almost everywhere func- 
tions are measurable. The nonoverlapping intervals [xjt-i, form a mea- 
surable partition P of [a, b\. We have 

J2 inf fAx < sup ^inf//i(£)j < inf^Tsup//i(£)^ 

p 

where V is the collection of all measurable partitions of [a, b\. Complete 
the argument. 

Exercise 6.2.1. Show that Dirichlet’s function 


m = 


1 x rational, 

0 x irrational, 


is Lebesgue integrable on the interval [0, 1]. 

The problem, posed by Dirichlet and considered by Riemann, of devel- 
oping an integration process to “integrate” such functions, was solved by 
Lebesgue approximately 75 years later. We frequently write L f{x)dx 
forL ft f dpi.. 

For example, consider the function. 

f . _ ( 1 jq x = p/q, p,q relatively prime natural numbers, p < g, 

( 0 x = 0, 1, or x irrational. 


We can show that / is Riemann integrable (Exercise 3.4.2) by Theo- 
rem 3.6.1, because / is bounded and continuous on the irrationals, that 
is, almost everywhere. Thus, / is Lebesgue integrable. Finally, because 
/ = 0 almost everywhere, 


L 



= 0 =R 



dx. 


Some Riemann integrals can be calculated by using the power of the 
Lebesgue integral. 

Exercise 6.2.2. 

a. Consider the function (Exercise 3.4.1) 

- . . _ ( 1 l/2n < x < l/(2n — 1), n = 1,2, . . 

( 0 otherwise. 

Show that R f{x) dx = L f(x) dx = In 2. 
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b. For 0 < x < 1, use Lebesgue’s idea of partitioning the range [0, 1] 
of Jx with = [( k — 1 )/n,!c/n), k = 1, 2 , + 1 , and show 
L Jq *Jx dx — 2 R /q 1 x~ dx by noting that 





6.2.1 Nonnegative Unbounded Measurable Functions 


We may extend Lebesgue integrability to nonnegative unbounded measur- 
able functions on [a, b\ in several ways. A particularly straightforward ap- 
proach for nonnegative measurable functions / is to work with “trunca- 
tions” of / : 


k 



f 0 < f <k, 
k f > k. 


Thus the sequence {*/} of bounded measurable functions converges mono- 
tonically to /, and we define the Lebesgue integral of / to be the limit of 
the monotone sequence |l k f d/xj:. 


L 




Of course the limit may be infinite, but we are not interested in this 
case. We will say that / is Lebesgue integrable on [a, b ] provided that 
Urn* Lf% k f d}i is a real number. 

Exercise 6.2.3. 


a. Show that / is Lebesgue integrable on [0, 1] and L f Q f dfi = 
given 


m = 


0 x = 0, 

1 / Jx 0 < x < 1 , 


2 , 


7M = 


and so 


0 x ~ 0, 
l/*Jx \/k 2 < x < 1, 
Jc 0 < x < l//c 2 . 
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b. Show that / is not Lebesgue integrable on [0,1], given 



x = 0, 

0 < x < 1. 


c. Show that / is unbounded on every subinterval of [0, 1], that / is 
Lebesgue integrable, and that L /J f dp = 0, given 


m * 


V 


q 

o 


x = p/q, p,q natural numbers, no common 
factors, 0 < x < 1, 
otherwise, x = 0, jc = 1. 


6.2.2 Positive and Negative Measurable Functions 

What about the case when the measurable function / is both positive and 
negative? Observe that 


/ = 


1/1 + / I/I-/ 


and 


This allows us to write / as the difference and |/| as the sum of two 
nonnegative measurable functions. Each of the integrals 


may be calculated by truncation if necessary. If both integrals are finite, we 
say / is Lebesgue integrable on [a, 6]. 

Note that / is Lebesgue integrable iff |/| is Lebesgue integrable. 

Exercise 6.2.4. 

a. For 

. _ | — 1 x rational, 

X ) [ 1 x irrational, 

show R f Q |/0O | dx ~ 1 and R Jq f(x) dx does not exist. However, 
both LJq | /| dp and L / 0 l f dp exist. The function / is Lebesgue 
integrable iff |/| is Lebesgue integrable. This is not true for Riemann 
integrals in general. 

b. Show that L f Q f dp ~ 0, given 


/(*) = 


1/V* 0 < x < 1, 

— 1/ V2 — x \<x<2. 
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c. Show that / is differentiable on [0, 1], given 



x 1 sin(7r/x 2 ) 
0 


0 < x < 1, 
x = 0. 


d. For the previous function, show that L f* f dfi does not exist. Hint: 


L /'II co, (4) 

Jo \x \x 2 ' x J{N- 1)JT 


cosCy) 




dy. 


6.2.3 Arbitrary Measurable Subsets 

For an arbitrary measurable subset E of [a, b\, we may define the Lebesgue 
integral of / over E, written L J E f dfi, as L E dfi, the Lebesgue 
integral of / times the characteristic function on E, over [a,b]. 

If / is Lebesgue integrable on [a, 6] and g equals / almost everywhere 
on [a, b\, then we claim g is Lebesgue integrable on [a, 6] and L g dfi — 

L Jtf dn. 

(We frequently say “sets of measure zero do not affect Lebesgue in- 
tegrals.”) Suppose f and g are nonnegative, and consider their trunca- 
tions {*/}, {*g}. The functions k f, k g are bounded measurable functions, 
Lebesgue integrable; k f = k g almost everywhere on [a, b]; k f ^ k g on 
a set Z of measure zero; and k f = k g on [a, b] — Z. 

For the measurable partition ([a, b] — Z) U Z of [a, ti\ , form the Lebesgue 
sum (1), 

C k g - k n(c I M[a,b] -Z) + ( k g - k f)(cMZ) 

= 0-tL(l a ,b]-Z) + ( k S - k f)(ci)-0 = 0. 

We may show L f k ( k g — k f) d/j. — 0- Thus 

L f k gdti = lf fg - k g) dfi + L f k fd/j. = Lf k f dfi, 

Ja J a Ja J a 

which can be extended with limits. 

The corresponding result is not necessarily true for Riemann integrals. 
The reader may compare Dirichlet’s function with the identically zero 
function on [0, 1], or Exercise 6.2.3c. 
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6.2.4 Another Definition of the Lebesgue integral 

We offer an equivalent (and in hindsight more easily generalized) definition 
of the Lebesgue integral. As before, the explanation has several steps. 


Step 1. If 0 is a nonnegative simple function, 0 = Y, c kXE k , where E = 
U” Ek, for Ek mutually disjoint measurable subsets of E and Ck nonnegative 
real numbers, then 


L f f dp 5E c k p{E n E k ). 
J E j 


Step 2. Recall Theorem 5.7.2, that if / is a nonnegative measurable func- 
tion defined on a measurable set E, we have a monotonically increasing 
sequence of simple functions {0*} converging to /. Then L f E f dp. = 
limL f E (pk dp. (This limit is well defined.) A nonnegative measurable 
function / is said to be integrable on E if L f E f dp is finite. 

Step 3. For a measurable function /, / = (|/| + /)/ 2 — (|/| — /)/ 2. If 
L / £ (|/| + f)/2dp and L f E (\f\ — f)/2dp are both finite, then we say 
/ is Lebesgue integrable and define 

L J^fdn = lJJXhJidu.-l fJfl±Ldn. 


Note: If g = f almost everywhere, and / is Lebesgue integrable, then g 
is Lebesgue integrable and L f E g dp = L f E f dp (with 0 simple, 0=0 
almost everywhere, et cetera). 


6.3 Convergence Theorems 

We now discuss some convergence theorems for the Lebesgue integral, one 
of their strongest attributes. By definition, we have convergence theorems 
for special situations, simple and truncations’. 

pb pb pb pb 

LI f dp = lim / <pkdp or L f dp = lim / k f dp. 

Ja J a Jq Ja 

We want to replace the special measurable functions 0* or */ with more 
general measurable functions. This will result in convergence theorems that 
are more powerful than those for the Ri’emann integral. Generally speaking, 
we seek to weaken the uniform convergence requirement that is generally 
associated with the Riemann integral. 
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Theorem 6.3.1 (Bounded Convergence). If {fk} is a uniformly bounded 
sequence of Lebesgue measurable functions converging pointwise to f 
almost everywhere on [a, b], then 

»b pb pb 

liraL I fk dp = L / f dp = L l (lim fk) dp. 

Ja Ja Ja 

Proof Define / to be zero wherever lim /* is not /. (Sets of measure zero 
do not affect the Lebesgue integral.) Because the sequence {/*} is uniformly 
bounded, say |/*| < B on [a, b], and limits of measurable functions are 
measurable, we have that / is bounded and measurable, and thus Lebesgue 
integrable on [a, b]. So L f^f dp makes sense, as does L fk dp. 

Let e > 0 be given. By Egoroffs Theorem (5.7.3), we have a subset E 
of [a, b] so that the sequence {fk} converges uniformly to / on [a, b] — E, 
and p(E) < € where \f — fk\ < 25. Thus, 


pb pb 

LI fk dp — L I f dp 
Ja J a 

- L / \fk~f\dp 

Ja 

= tf \f k -f \ dp + L f \fk-f\dp 
JE J[a,b]-E 

< 2 Bp{E) + ep([a , b] — E) < 2Be + e(b — a) 


for k sufficiently large, and the argument is complete. □ 
Exercise 6.3.1. 

a. For 


r _ { k 1 0 < x < \ jk, 
k ( 0 otherwise, 

b. Define a sequence {fk} 


lim fk = 0, 


by 



fkO 0 = 


1 x = r i, r 2 , . . . , rk, 
0 otherwise. 


where t’i,r 2 , ... is an enumeration of the rational numbers in (0, 1). 
Then Dirichlet’s function (lim fk) is Lebesgue integrable and L / Q l / dp 
0 The limit of a uniformly bounded monotonically increasing sequence 
of Riemann integrable functions is not Riemann integrable in general. 


c. Revisit Exercise 2.5.2. 

d. Revisit Exercise 3.4.1. 
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6.3.1 Monotone Convergence 

Uniform boundedness may be replaced with monotonicity. We will now 
look at the Lebesgue Monotone Convergence Theorem of Beppo Levi. 

Theorem 6 . 3.2 (Levi, 1906 ). If {fk) is a monotone increasing sequence 
of nonnegative measurable functions converging pointwise to the fiinction 
f on [a,b\, then the Lebesgue integral of f exists and 



Proof. The function f, being the limit of a sequence of measurable func- 
tions, is measurable. Because every nonnegative measurable function is the 
limit of a nondecreasing sequence of simple functions (Theorem 5 . 7 . 2 ), and 
because its integral is by definition (Section 6 . 2 . 4 ) the limit of the sequence 
of integrals of the simple functions, we have: 


0 < 0n < </>i 2 5 ■ S 0in 5 . Iim0i„ — f\, and 

n 

L / fi dp =d limL 
Ja n 

0 < < 022 ^ ■ * * <. 02 n S'" i lim02n = fi, and 

n 




=D limL 

n 



o < 0 ml < 0*2 < ■ • ■ < 0 mn 5 ■ * ■ , lini 0 ,„„ = f m , and 

ft 

pb i> b 

lj fm dp =d limL J 

Construct a new sequence of simple functions, 0 *: 

A 

01 = 011 , 

rfS A 

02 = max{0i2, 022} > 012 > 011 = 01, 


4>k - max{0!A:, 02fc 0/c-lAr, 0JfcJfc} > 0fc-l- 

They are nonnegative and form an increasing sequence converging point- 
wise to f : lim 0 fc = \mnfk = /. By definition, then, L f dp, =& 
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liraL tpk dy. However, 


nb rib nb 

L <f> k dy<L f k dy< L f dfi, 

Ja Ja Jq 

since {f k } is a monotone increasing sequence converging to /. We may 
therefore conclude that lirnL /j 3 f k dy —L fjf f dy. Q 

Exercise 6.3.2. If {f k } is a monotone sequence of Lebesgue integrable 

b 

functions on the interval [a, b] converging pointwise to /, J a f\ dy < oo, 

and limL f k dy is finite, show that / is Lebesgue integrable on [a, b] 
and L/j 7 f d\i = limL f k dy. Hint: (f x - f k ). 

Exercise 6.3.3. Calculate the following. 

a. L J- 1 x~ x!l dx. Hint: 


j 0 0 < a- < 1 fk 2 , 

]kKX) ~ ) x-V 2 1/ k 2 < x < \. 


b. L —x\n(x)dx. Hint: 


fk(x) = 


-jrln(j)c) 1 //c<*<1, 
0 0 < x < 1/ k. 




+ x 2 )" 


dx. Hint: Show 


°° x 2 1 2 


E 


a + x 2 y 


0 x ~ 0, 

JC _1/2 + x 212 0 < x < 1. 


E^‘ 


(1 


dx. 


«• ]*n- x >rdx. 


? L /.' 


X 


0 [1 + (n - l)x](\ +nx) 


dx. 
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6.3.2 Sequential Convergence 

Pierre Fatou (1878-1929) gave us a result that will prove useful in the de- 
velopment of Fundamental Theorems of Calculus for the Lebesgue Integral. 
It is widely known as Fatou’s Lemma. 

Lemma 6.3.1 (Fatou, 1906). If{fk } is a sequence of nonnegative Lebesgue 
integrable functions converging pointwise almost everywhere to f on [a, b\, 
then 

pb pb 

LI f dp < liminfL I f k dp. 

J a Ja 

Proof Here is the basic idea: “liminf’ yields monotone increasing se- 
quences that are amenable to the Monotone Convergence Theorem. We 
have / = infj/i, f 2 , . . . }; f l is measurable, where 0 < / J < f n for all 
;i; and 

b ( b b 

Lf ^dp < inf \h f fi dp,L f f 2 dp,... 

Ja / Ja Ja 

Continuing, f^ = inf{/ fcl f k+l , . . . and again 

pb i pb pb J 

L /j, dp < inf { L / f k dp,L f k+ 1 dp , . . . } . 

Ja I Ja Ja l 


So we have 


fk dp, L j fk+i dp , . . . | . 


The sequences 




and 


inf | L / f k dp, L j f k+l dp, . . . j 


are nonnegative monotone increasing sequences of real numbers (integra- 
bility of fk) and have limits in the extended reals: 

pb ( pb pb 

limL / f^dp < liminf JL / f k dp,L f k+l dp,.. 

Ja r Ja Ja 

The Monotone Convergence Theorem 6.3.2 yields 

pb pb pb pb 

limL j f^dp — Lj \im f Jc dp = Lj fdp<[iminfL J f k dp. □ 
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6.3.3 The Dominated Convergence Theorem 

Finally, we have a very powerful convergence theorem that replaces mono- 
tonicity with dominance. 

Theorem 6.3.3 (Lebesgue, 19 10). Suppose {fk} is a sequence of Lebesgue 
integrable functions (fk measurable and Lf a \ fk\ dp < oo for all k) 
convening pointwise almost everywhere to the function f on [ a,b ]. Let g 
be Lebesgue integrable so that \fk\ < g for all k on the interval [a, b]. 
Then f is Lebesgue integrable on [ a,b ] and 

L j f dp = limL 

Proof S ince limits of measurable functions are measurable by Theorem 5 .7. 1 
and since sets of measure zero do not affect Lebesgue integrability, we may 
assume / is real-valued and measurable, and that lim fk — f on [cr, b\. 
Construct two monotone sequences {/ } and {/ fc }, with 

f_ k = inf{f k , f k+ i,...} and 7* = sup{/*, fk+u ■ ■ ■ }■ 

Because -g < </*</*< g, the functions f^, f k , and / are 

integrable. 'Furthermore, since 



0<g + f Jc <g + f_k +l <2g and 0 < g - f k < g - f k+l < 2g, 


the sequences + and (g—f *} are monotone increasing sequences of 

integrable functions with lim(g + f^) — g + / and lim(g — f k) ~ g ~~ /■ 
Application of the Monotone Convergence Theorem yields 

b b b b 

(g + f) dp = L f gdp + L f f dp = limL f ( g + fjdp 
Ja Ja Ja Ja 

pb pb 

~ L J g dp + lim j f^dp. 


That is, L f b a f dp - lim /* dp. Similarly, L /* f dp = lim/* f k dp. 

With the observation that f k < fk < f k , and all functions being inte- 
grable, we have 

pb pb pb 

L J f^dp < L J f k dp < L j f k dp for all k. 

Thus L /* / dp = lim /* fk dp , and the proof is complete. □ 
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Exercise 6.3.4. 


a. Show limL 
k 


i: t 


kx 


+ k 2 x 2 


dx = 0. Hint. There are many approaches. 


Let g = \ on [0, 1]. 


b. Evaluate limL 


r 


k?l 2 x 


k J 0 1 + k 2 x 2 


dx = 0. Hint. 


0 x = 0, 


g{x) ~ x~ l/2 0 < * < 1. 


/ 2 x 2k 

-- 

-2 1 +X 2k 


dx = 2. 


d. Evaluate L /.(£?)- 

*' Sh ° W L ja l^x 111 (x) dx = T' 


f. Show L 


1 jc“ _1 


It 


JQ 

where a, /f >0. 


dx = — — 


1 


+ 


1 


1 


a a + /J a + 2/J a + 3/9 


+ 


6.3.4 Interchanging £ and / 

Suppose {/*} is a sequence of Lebesgue integrable functions defined on 
[a, b]. If the series fa IAI dd converges, we can show that the series 
£ fk converges almost everywhere on [a, b] to a Lebesgue integrable func- 
tion and 

f f k dd = Lf ^fkdd- 

Ja Ja 

By the Monotone Convergence Theorem 6.3.2, 
b b 

L [ = f \f k \dd<oc. 

Ja Ja 

Because X] IAI > s Lebesgue integrable on [a,b] t it is thus finite almost 
everywhere on [a, b]. We have that f k converges almost everywhere on 
[a,b] and |£/ fe | < £|A|. 



The Lehesgue Integral 


127 


We claim that Y2 fk is integrable on [a,b\. Let g n = /*. Then 

|g„| < Y1 \ fk\- We apply the Dominated Convergence Theorem 6.3.3 1 


L 




(lim g n )dii = limL 

ii 



= lim 


n 



fk d\i. 


6.4 Fundamental Theorems for the Lebesgue Integral 

What remains to explore? We have reached the Fundamental Theorems 
of Calculus for the Lebesgue integral. Now we can resolve the crucial 
questions: 

° DoesL £ f dpi. = f(b) - f(a)1 
o When is (L J * f d ii)' = /? 


6.4.1 Properties of the Indefinite Integral 

We will begin by examining properties of the indefinite integral. That is, 
for a Lebesgue integrable function / on the interval [a,b], we will define 
a new function F on [a, b] by 


F(x) = L f X fdn = L T 
Ja Ja 


What are the properties of this function? Is F continuous? Differentiable?. . . 

For the following discussion, assume / is Lebesgue integrable on [a, 2?]; 
that is, / is Lebesgue measurable and L /j 7 1/| d[i < oo. Let F(x) = 
L f* f(t) dt. We will investigate seven properties of the indefinite integral. 

Property 1 .Iff is bounded on [a,b], then F is continuous on [a,b\. 
(In fact, F is Lipschitz.) 

Hint: With a < x < y < b. 


\F(y) - F(x ) | = 



< B(y - x) 


for ]/| < B on [a,b\. 


Property 2. F is continuous on [a, b \ whether f is bounded or not. 
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Hint: Truncation, Suppose / is unbounded and nonnegative. Then 

pb nb 

0 < IimL j k f dp = L / / dp. 

J a J a 

Let e > 0 be given. We have a natural number K so that 


L 



— € < 



f dp, 


when k > K. 


Now, F k (x ) = L J* K f(t)dt is continuous by Property 1. We have a 8 
so that for y e (x— 8, x + 8)C\[a, b],the difference |F x (y) — F*(.x)| < e. 
But 


|F(y) - FfcOI <|fG>)-F* 0>)| + |F r (y)-F*w| + |f*(*)-F(jO 

<L f (f - K f)dfi + e + L f (/- K f)dn < 3«, 

Ja Ja 


where y e (jc — S, x + 8) fl [a, b\. The reader may remove the requirements 
that / be nonnegative with the usual / = (|/| -P /)/ 2 — (|/| — /)/ 2. 

Because F is continuous on [a, h], we may conclude that F is uniformly 
continuous on [a,b]. 

Property 3. Given an € > 0, we have a 8 so that if E is any measurable 
subset of[a,b\ with p(E) < 8, Lf E [/[ dp < e. 

We have replaced the small interval of Property 2 with a small measurable 
subset of [a,b]. Start by assuming / is bounded on [a,b] so that|/| < 
B. Then L f E |/| dp < Bp{E). Let 8 < e/B. For / unbounded and 
nonnegative. 


l / fdn = if(f- K nd l i+Lf K fd ti 

i/ E J E j £ 

<L f (/ - K f)dp + L f K f dp. 

Ja JE 

Complete the argument using the Lebesgue Monotone Convergence Theo- 
rem. 


Property 4. If F(x) = f* f{t) dt = 0 for all x in [a, b], then fit) =0 
almost everywhere in [a,b]. 

Suppose the set {* e [a, b] \ f(x) > 0} = U {j: e [a, &] | f(x) > 1/n} 
has positive measure. Then for some N, we have a closed subset F of 
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{x e [ci,b\ | f(x ) > 1 /N) (by Theorem 5.6.1), with > 0. Then 
[a, b\ — F = U(a k ,b k ), so 


F(b)= L f b fdfi = L f fdfi + L f fdp 
Ja JF J[a,b]~F 

f f r b k r^k 

= L j f dji + ^2 L J fdfi-Lj f dp 

= L f dp > ~p( F) > 0. 

But F(b) = 0 by assumption. Complete the argument. 

Property 5. Assuming f is nonnegative, F is nondecreasing on [a, b\. 


In fact, since / = (| /( + /)/ 2 — (!/| — /)/ 2, F is the difference of 
two monotone functions. That is, F is a function of bounded variation, 
and thus F is differentiable almost everywhere on [a, b\ by Lebesgue’s 
Differentiation Theorem 5.10.1. So, what is F'l 


Property 6. If f is continuous at x'o, a point in [a, b], then F is differ- 
entiable at Xq and F'(x 0 ) = f(x q). 

Review the Fundamental Theorem 3.7.2 and supply the details of the 
argument. Hint: 


FX.to + h ) - F(x 0 ) 


- /(*o) 


1 pxq-\-Ii 


Property 7. If f is bounded on [a, b], with |/j < B, then F'(x) = f(x) 
almost everywhere. 

We will show first that L f* ( F 1 — /) dp = 0 for all x in [a, b\. 

Because F is differentiable almost everywhere, lim/i[F(jc + l/;i) — 
F(jr)] = F‘{x) for x a point of differentiability of F , almost everywhere. 
Then F{x + 1 fn) makes sense on [ a,x ] if we extend F to [a,x + 1] by 
F(t) = F(x), for x < t < t + 1. Since sets of measure zero do not affect 
the Lebesgue integral, we have 


L J (F f — f) dp — L j ^lim/7 F - F(t) — f'j dt. 


Can we move “lim” outside the integral? What do our convergence theorems 
demand? We could use the Bounded Convergence Theorem 6.3.1 — pro- 
vided we have a uniform bound for the sequence (n[i r (.\- -|- 1/n) — ^(.x)]). 
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We do. Since |/[ < B, 


" [ F (* + n ) ' ~ n ' L f +l ' n m ^ < B. 

So, invoking Cauchy integrals, we calculate 

L J limn | F ^ — F(f)j dt 

= /i [V ^ ~ w] dt 

— F ^t + dt — n • C J F(t)dt 

px+l/n pa+\[n 

= lim n -C J F(t)dt—n-CJ F{t)dt 

= lim n ■ F(x) ■- -n- F(f„) • -1 , a < % n < a + 
n n J n 

= F{x) - F(a). 

Now use Property 4. 

Exercise 6.4.1. Let 


/(*) = 


x x irrational, 
0 x rational. 


Calculate F(x) ~L f* f{t) dt and its derivative. 

We have shown that, for / measurable and bounded, (L f* f dfi}' — f 
almost everywhere. We cao, in fact, dispose with the requirement that / be 
bounded. 


6.4.2 A Fundamental Theorem for the Lebesgue Integral 

Theorem 6.4.1 (Lebesgue, 1904). Given that f is Lebesgue integrable on 
[a,b], define a function f on [a,b] by F(x) = Lf* f dfi. Then F is 
absolutely continuous on [a, &] and F' = / almost ev&ywhere on [a, £]. 

Proof. The absolute continuity of F on the interval [a, b\ will follow from 
Property 3 of indefinite integrals (Section 6.4.1). Given an e > 0, we have 
a 8 > 0 so that if E is any measurable subset of [a, 6] with fi(E) < 8, then 

l Ie I/I dfi < f- 
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Let (cikibk) be a finite collection of painvise disjoint intervals with 
length, — n*), less than 8. Then 

Y'\F(b k )-F(a k )\<L f |/| dji < e. 

So F is absolutely continuous on [a,b] and thus differentiable almost ev- 
erywhere. 

We have shown the validity of the second conclusion ( F' = f almost ev- 
erywhere on [a, b ]), with the assumption that / is bounded (Section 6.4.1). 

Since / = [(|/| + /)/ 2] — [(|/| — /)/ 2], the difference of two non- 
negative measurable functions, we assume / is nonnegative, and we begin 
with the sequence of bounded, measurable functions, the truncations {*/} 
of/. 

The function L /*(/ — k f) dpi is nonnegative and nondecreasing on [a, b]. 
By Lebesque’s Differentiation Theorem 5.10.1, this function has a non- 
negative derivative almost everywhere, and by Property 7, (L f* k f rf/x) = k 
f almost everywhere. So, 


° 5 ( l jy ■ kf)<t = ( L i* /d>i ) - ( l [ kfd ^i 

almost everywhere. 

Thus (L f* f dii)' — f — F'—f > 0 almost everywhere, and L f*(F'— 
f) dfi > 0. 

On the other hand. 


L = f X f dll. 

Ja Ja Ja 


Now, F is a nondecreasing continuous function (by Properties 2 and 5). So 
F is Cauchy integrable. Furthermore, 


°~ C L 11 (* + n) ~~ 

px+i/ii p 

1] F{t)dt-Cj 


— n 


dt 

a+l/ti 


F(t)dt 


< F(x) — F(a) 
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since F(t) = F(x), x < t < x + 1 and F(a ) < F(t), for a <t. 

The sequence {n[F(x + 1 fn) — F(jc)]} is a sequence of nonnegative 
Lebesgue integrable functions whose limit is F'{x) almost everywhere. 
Applying Fatou’s Lemma 6.3.1, we have 


f F' d fi = C f lim 
J a 


Ja 


< liminf C j n 


K) 


— F(t) 


r x 


< F(x) - F(d) = L j f dfi. 


dt 

dt 


That is, L f* ( F ' — /) dfi < 0 for all x in [a, b], and thus F r — f = 0 
almost everywhere, by Property 4. 

Demonstrate the case when / is nonpositive. 

So, F' = / almost everywhere on [a, h]. This completes the proof. □ 


Compare the Fundamental Theorems 2.4.1, 3.7.2, and 8.8.1. 

As for L /j* F' dfji, it would be wonderful if L F ' dfi = F(b ) — F(a ), 
but this is not true. Let C denote the Cantor function. Then C' = 0 almost 
everywhere on [0, 1]. Thus, 

0 = L f C'^<1 = C(1)-C(0). 

Jo 


6.4.3 The Other Fundamental Theorem 

Are there additional conditions we might impose on the derivative that 
would yield Lf^F'd^i = F(b ) — F(a)? This question was the impetus 
for Lebesgue’s development of his integration process. 

Theorem 6.4.2. If F is a differentiable function, and the derivative F f is 
bounded on the interval [a, b\, then F' is Lebesgue integrable on [a, b] and 


L 



F f dii = F(x) - F(a) 


lim 

An-+o 


[F(x+h n )-F(x)l 


for x in the interval [a, b\. 
Proof Because 
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for any sequence of real numbers {h n } converging to zero, and because lim- 
its of measurable functions are measurable, we may conclude the derivative 
is measurable, and it is bounded by assumption. Thus F' is Lebesgue inte- 
grate on [ci, b\. 

Because limn[F(x + 1/n) — -F(x)] = F‘ (x), it is natural to consider 
the sequence of functions {n[F(x + 1 /n) — F(;c)]}, with F extended to the 
interval [a, b + 1] by F{x ) = F(b ) + F'{b){x — b ), where b < x < b + 1. 
This sequence of measurable functions is uniformly bounded: 


n 


F (f + ^-) — F(t) = |F'(c)| <5, for 


1 

/ < c < t + 

n 


by the mean value theorem for derivatives and the assumption that the 
derivative is bounded. 

We may use the Bounded Convergence Theorem 6.3.1 for our calculation: 


L f F'dy. 
Ja 


= L / limn 
Ja ! 

['(•♦3 

| - F(t) 

! 

dt 


= limR / n 
Ja 

['K 

) - m 

dt 


= limn R [ . 

4-i) 

dt — lim 

n R 

f X F{t)dt 

Ja 

\ n) 


• 

Ja 

pX + l/ll 


r a 

+ 1/H 

= limn R J 

F(t) dt 

— limn R / 
Ja 

F{t)dt 


= F(x) - F(a). 


The proof is complete. □ 


So what remains? We would like to remove the requirement that the 
derivative is bounded. This cannot be done with the Lebesgue integration 
process. Recall Exercise 6.2.4. (A solution will appear in Chapter 8.) 


6.4.4 The Bounded Variation Condition 

We showed that if F has a derivative and the derivative is bounded, then 
L F' d/JL — F(b) — F(a). The assumption that F is differentiable with a 
bounded derivative implies that F is absolutely continuous on [a,b\, recall 
Exercise 5.8.2. 
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Would bounded variation of F be sufficient to have L F' dfj, = F(b)~ 

F(a)‘ ? No; for example 


F{x) = 


1 

2 


0 < x < 1, 

1 < x < 2; 


F' = 0 almost everywhere; 


L 



= 0 < 1 = F{ 2) - F(0). 


The requirement we are looking for is that F is absolutely continuous on 

M]. 


6.4.5 Another Fundamental Theorem of Calculus 

Let’s look at one more Fundamental Theorem of Calculus for the Lebesgue 
integral. 

Theorem 6.4.3 (Lebesgue, 1904). If F is absolutely continuous on [(3, b], 
then F' is Lebesgue integrable, and 


L J* F' dfj. = F(x) - F{a) 


for x in [a, b ]. 


Proof. We know that F is of bounded variation on [a, b]. Thus, F = 
Fi — Fi with F\ , Fi monotone increasing functions and F' exists almost 
everywhere. Since | F' | < F[ + F^ almost everywhere, 


L 




< Fi (b) - Fi (a) + F 2 [b) - F 2 {a ) 


by the proof of Theorem 6.4.1. Thus F f is integrable. 

Let G(x ) = L f* F' dfi. By Theorem 6.4.1, G is absolutely continuous, 
so F — G is absolutely continuous and ( F — G) 1 — F' — G' — 0 almost 
everywhere. By Theorem 5.8.2, F — G is constant. Because G(a) = 0, we 
have 


F(x) - F(a) 




F'dii. 


□ 


Compare Theorems 2.3.1, 3.7.1, and 8.7.3. 
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6.4.6 Comments 

For the absolute continuity of 0, refer to Definition 5.8.2. 

Theorem 6,4.4. If f is continuous and 0 is absolutely continuous on an 
intewal [a, b ], then the Riemann-Stieljes integral of f with respect to 0 is 
just the Lebesgue integral of f <p r on the intei'val [a, b]: 

R-S f b f(x) dHx) = L f b M dp. 

Ja Ja 


Proof How can we show this? First, since absolutely continuous func- 
tions are of bounded variation, the existence of R-S f (x) d<p (x) may be 
shown by Theorem 4.4.1. In feet, 


(r-sjT /m«wo) =/</>' 


almost everywhere. 

Second, / 0' is Lebesgue integrable on [a, b] and L <p l dp = <p(d) - 
0(c), for [c, d\ C [a, b], by Theorem 6.4.3. 

Next we have 

«* 

R-S I* f(x) d<p{x) -if f<t>' dfi 
Ja J a 

fb 

R-S J fix) depix) - £ /(c fe ) A0 

fb 

^/(cjfc)A0-Lj f<p'dp 


+ 


Also, 


fb 

J 2 /fat) - L / f 4 >' dp 

” Ja 

< FeT— |/(c*)-/(0I|^(0|*- 

J*k - 1 

We may use uniform continuity of / and integrability of 0' (Theo- 
rem 6.4.3) to finish the argument. □ 
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Theorem 6,4.4 is not true if we assume only that 0 is of bounded vari- 
ation. For example, let / = 0 = C , the Cantor function. Then by Theo- 
rem 4.4.1 and Exercise 4.4.1, 

R-S [ CdC = i but hf CC'dp = 0. 

Jo 2 Jo 

6.5 Spaces 

We will now discuss one of the most exciting 'and profound applications of 
the Lebesgue integral: L-p spaces , written L p . 

We have dealt with various collections of functions — Cauchy integrable 
functions, absolutely continuous functions, Riemann integrable functions, 
and many more. In many cases we can define a distance between functions 
that satisfies all the usual requirements imposed when dealing with real 
numbers, and which satisfies our intuitive requirements for how distance 
operates. That is: 

1. The distance from any object to itself should be zero. 

2. The distance between different objects should be positive. 

3. The distance between object 1 and object 2 should be the same as the 
distance between object 2 and object 1. 

4. Finally, just as real numbers satisfy a triangle inequality (that is, 
\a — c| < |a — b\ 4- \b — cj), the distance between any two objects 
should not exceed the sum of the distances between each of these 
objects and a third object. 

6.5.1 Metric Space 

More formally, we have the idea of a metric space, defined as follows. 

Let X be a nonempty set. A metric p on X is a real-valued function with 
domain X x X that satisfies the following criteria: 

1. p(x,x) = 0, x g X. 

2 - y) > 0, x, y 6 X and x ^ y . 

3. p(x t y) - p(y , x), rjel 

4. p(x, y) < p(x, z) + p(z, y) (triangle inequality). 
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The set X together with the metric p (distance function) is called a metric 
space, denoted by ( X , p). Let’s look at some examples of metric spaces. 

Example 6.5.1. For real numbers x,y, p(x, y) = |x — y| : ( R , |x — y|). 

Example 6.5.2. For continuous functions on [0, 1], C[ 0, 1], 

p(x, y ) = max |*(0 - y(0| : ( C[0, 1], max \x - y\ 

0<r <1 y 0</<i 

In this second instance, the reader may show we have a metric space. 
For example, invoking the triangle inequality, we have 

|x(t) ~y(OI < \x(t)-z{t)\ -f \z(t) — j/(0l , for 0 < t < 1, 

because x(t), y(0> an d z (0 211:6 rea l numbers. Certainly 

l*(0 ~ 3^(01 < max \z(t) - x(/)| + max \z(t) - y(t)\ , 
o<t<i o<r<i 



and the result follows. 

Or does it? Recall that x, y are continuous functions, x—y is a continuous 
function, \x — y \ is a continuous function, and continuous functions assume 
a maximum on compact sets. Tighten up the argument. 

Example 6.5.3. Consider C[0, 1], the same collection as in the preceding 
example, but with a different metric: p(x, y) = C Jq |x(f) - y(r)| dt. 

Because we are dealing with the Cauchy integral, it is important that 
|jr(0 — y(t)| be a continuous function on [0, 1]. It is. 

Now, if x / y, is C /q 1 \x(t) — y{t) \ dt > 0? Let’s see; \x(to) - y(to)| > 
0, so we have a neighborhood about to And the triangle inequality en- 

tails 


r 


C lx(t)-y(t)l dt <C 


f 1 1*(0 - 

Jo 


z(t ) | dt + C 




y(t)| dt. 


But | x(t) — y{t ) | < |x(t) — z{t ) | + |r(r) - y(t)| holds for all t in [0, 1]. 
We can use the monotonicity property of integrals. 

In this example it was important that, given objects in our collection, the 
difference of such objects belongs to the collection. Again, we write 



138 


A Garden of Integrals 


Example 6.5.4. Consider i?[0, 1], the collection of Riemann integrable func- 
tions on [0, 1], with p(x, y) s R Jq |x(f) - y(t)\ dt. 

Here, we have that x and y are bounded and continuous almost ev- 
erywhere, jc — y is bounded and continuous almost everywhere, jjc — y\ 
is bounded and continuous almost everywhere. So R [jc(f) — y(f)| dt 
makes sense. 

If x ^ y, is R/q | jc (0 — y(f)| dt > 0? Suppose x = 0 in [0, 1], with 
y = 1, t = 0 otherwise. Then x ^ y, but R Jq |jc(t) — y(t) | dt = 0. 

We have a problem, unless we agree to identify functions that are equal 
almost everywhere. This we will do. 

The “points” in our space j?[0, 1] are actually classes of functions, the 
functions in a particular class differing from each other on a set of measure 
zero. However, we will follow tradition and talk about a junction x from 
the meti’ic space, in this case R[ 0, 1], when technically speaking, we should 
talk about a representation. 

We have (r[ 0, 1], R/ 0 l | x[t) - y(0| rfr). 

Example 6.5.5. Consider L r [ 0, 1], the collection of Lebesgue measurable 
functions x on [0, 1] with L Jq |jc| dp. < oo. 

The reader can show we have a metric. 

The metric space 1],L Jq |jc — y\ dp^j is also called L l . 

Example 6.5.6. Consider L 2 [0, 1], the collection of Lebesgue measurable 
functions x on [0, 1] with L /q 1 \x \ 2 dp < oo. 

In this instance, we have a metric space with 



true? This inequality would follow from \x — y\ 2 < \x — z\ 2 + \z — y\ 2 . 

But first, is x — y a member of L 2 [ 0, 1]? That is, given xje L 2 [ 0, 1] 
does it follow that L \x + y\ 2 dp < oo? We calculate 

\ x + y \ 2 — (1*1 + lyl) 2 < (2max{M,b’|» i 
< 4max{]jc| a . |>| 2 } < 4(|jc| 2 + |y| 2 ). 
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So, \x + y \ 2 is measurable and L Jq \x + y \ 2 dp. < oo. Thus it makes 
sense to talk about x — y, x — z, z — y in this space of functions L 2 [0, 1]. 
Still, the triangle inequality remains. 

However, 

\x- y \ 2 = \x -i +z -y \ 2 < \x -z +z - y\ (|.x ~ z\ + \z -y[) 

= \x-y\\x-s\ + \x-y\\y-z\. 

Thus, we have 



Just because x — y, x — z, and y — 2 are members of L 2 [ 0, 1], does this 
imply that their products are members of L 1 [0, 1]? Why the square root? 

In an admittedly roundabout fashion, we have been led to some famous 
inequalities and linear spaces. Here is the most important requirement for 
a linear space: Having x,y as members guarantees that x 4- y and ax are 
members (for a a scalar). 

As we shall see, there are some inequalities that will be helpful in estab- 
lishing the triangle inequality for metric spaces. 

6.5.2 Famous Inequalities 

We begin with Young’s Inequality, the work of William Henry Young 
(1864-1942). 

Theorem 6.5.1 (Young, 1912). For nonnegative numbers a,b, 

, aP b q c , 11, 

ab < 1 , ’ for 1 < p < oo, — | — = 1. 

p q p q 

Proof. Fix b > 0, and maximize the function f(a ) = ab — a p / p. □ 

Next we have the Hblder-Riesz Inequality, which we owe to Otto Holder 
(1859-1937) and Frederic Riesz (1880-1956). 

Theorem 6.5.2 (HtJlder-Riesz, 1889, 1910). Let p > 1 and q satisfy 
(1/p) + (1 fq) = 1. If x 6 L p \f>, 1] and y e L 9 [0, 1], then xy e Z^fO, 1] 
and 



140 


A Garden of Integrals 


Proof. If x or y ^ 0 almost everywhere, we have 

a _ M b = 1 y\ 

( L /o \ x \ p d p) lp ( L /o l \y\ q d p) lQ 

Conclude that xy e L^O, 1]; integrate; and so on. □ 


The Minkowski-Riesz Inequality, to which Hermann Minkowski (1864- 
1909) contributed, is more complex. 

Theorem 6.5.3 (Minkowski-Riesz, 1896, 1910). Let p > 1. If x,y e 
L p [ 0, 1], then we have 

L jT l \x + y\> d^ jf l \x\" ' P + (Ljf Ij-I' dp 

Proof If p = 1, integrate the triangle inequality. ]f\x-\-y\ p =0 almost ev- 
erywhere, there is no problem. We will assume p > 1 and / Q l \x + y | p dp f: 
0. Then 

l 

\x + yl^ -1 j* + y\ dp 

<L [ \x + y\ p ~ l \x\dp + L [ \x + y\ p ~ l \y\ dp.. 
Jo Jo 

Let q satisfy (I/p) + (1/?) = 1, that is, {p — \)q = p , and apply the 
HOlder-Riesz Inequality (Theorem 6.5.2) to the integrals on the right-hand 
side. Thus, 


f \x + y\ p dp = L f 
Jo. Jo 



L J \x + y\ p 1 \x\ dx < (hj |x + y|^ l)/q dp^j J [jc | p 

and 

L J 0 + ^ dX ~ (^lo ^ + y ^~ l)tq dfJ ) ( L ^ l^l P 

We have 




( L 1 I x +y\ p d &j J q \ x \ p d t^ 


+ 




\ x + J , I P d ^ 


■)' W , » 1 ' *•) 


L 

P 
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That is, 

\x + y\ p dpj < \x\ p dp'j + (lJ^ \y\ p dfij . □ 

Exercise 6.5.1. Revisit the examples in Section 6.5.1, and show that the 
following are metric spaces. 

a. (C[0, l],maxo</<i |x(f) -y(OI)- 

b. (c[o,i],c/ 0 1 |jc(0-y(OI dt). 

c. (i?[ 0, 1], R /□ [ x(t) - y(r)| dt^. 

d. (i^O. 1], L/o 1 t*(f) - y(/)| dt). 

e. ^L 2 [0, 1], -^L/o \x-y\ 2 dfij. 

Why the square root for L 2 [0, 1] : p(x,y ) = yjh f* \x - y| 2 dpi 
Among other reasons, if x — |f | = — y, z — 0, then L J 0 \x — y\ dp. = 
| >L/o \x\ 2 dp + hfi \y\ 2 dp. 

6.5.3 Completeness 

We have some function spaces with metrics. Are these spaces complete? 
That is, given a Cauchy sequence of elements of these spaces, do we have 
convergence to an element belonging to the space? 

Example 6.5.7. The metric space (C[0, 1], maxo<r<i \x(t) - y(0l) is com- 
plete. 

To explore this example, let’s suppose {*„} is a Cauchy sequence of 
continuous functions on [0,1]. That is, given an e > 0, there is N so that 

max |x„ (t) — x m (t)\ < € for all n,m > N. 
o<r<i 

For each t , — x m (/)| < e; in other words, the sequence of real 

numbers {jc„(/)} is a Cauchy sequence. That is, lim.t„(/) = x(/). 

We have a function x on [0, 1] . Is x a member of C[0, 1]? (Is x continuous 
on [0, 1]?) 
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Show the convergence is uniform: that ]*„(/) — *(0l — e for all t in 
[0, 1] when n > N. The function x is continuous by Weierstrass’s Theorem. 
Convergence with this metric is uniform convergence. 

Note that if x n = r"for 0 < t < 1, then 

[ 0 0<t < 1, 

hmj£ » - { i , _ i. 

Is {x n } a Cauchy sequence in (C[0, 1], maxo<r<i |x(0 — y(?)|)?.If so, 
then by what we have just shown, we have a continuous function x on [0, 1] 
so that 

max | x n (t) - x(r)| 0; 

that is, jc(I) = 1, and x = 0, for 0 < t < 1. We have a contradiction: { x n } 
is not a Cauchy sequence in C[0, 1] with the metric maxo<*<i \x — y[. 

Example 6.5.8. The metric space (C[0, 1],C |x(f) — y(f)| dt ) is not 
complete. 

First, let 

x (n _ ( " 0 < I < l/n a . 

( 1 /VF 1/h 2 </<1. 

Show that C |x„ — x m \ dt < 2 fn, for m > n. 

The sequence {x„} is a Cauchy sequence that does not converge to an 
element of C[0, Ij. Claim: No matter what x e C[0, 1] is chosen, we do 
not have convergence. 



Figure 1. |x(0-jc r (0I 
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Hint: Assume such an jc. Because x is continuous on [0, 1], x is bounded, 
\x\ < B, B > 1. Let e > 0 be given. See Figure 1. 

Note that L Jq |.x n — (1/a/F)| dp = L f^ n ndp — 1 fn — > 0. 

Example 6.5.9. The metric space (^R[0, IJ.R/q 1 |-*(0 — y(t)\ dt'j is not 
complete. 

The reader can complete the details. Hint: Look at Example 6.5.8. It was 
critical that jc is bounded. 


We conclude these explorations on a more positive note. 

Example 6.5.10. The metric spaces 

^[O.l ],hj \x-y\dfij and ^L 2 [0, 1], J \x - y\ 2 dp 

are complete — the celebrated Riesz-Fischer Theorem. 

The reader should check Example 6.5.8. 

6.5.4 The Riesz Completeness Theorem 

Frederic Riesz gave us a completeness theorem. 

Theorem 6.5.4 (Riesz, 1907). For p > 1, the metric space 

'l p 10, 1 ], dfj 

is complete. 

Proof. We prove the result for p — 2. Suppose {jc„} is a Cauchy sequence 
in the metric space ^L 2 [0, 1], y^L \x — y\ 2 dp^j and e > 0. We have an 
N so that 


■ f 1 l*n 

Jo 


Choose 

n i so that L 


x m 1 2 dp < c, for all n,m > N. 


\2 , 1 

i] dp < n > «i ; 


I I Xu Xu 

Jo 

r 1 n i 

n 2 > n i so that L / |x n — :c n9 1” dp < — , n > n 2t ... 
Jo ~ 2 

fw- 

J o 


iik > >*k - 1 so that L 


dp < 


n > n it; 
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In particular, 



We are interested in the subsequence }. By the HOlder-Riesz 
Inequality, 

L J a \x*t+i- x n k \ dp < (*n k+] ~ X n/c ) 2 dfl^L l 2 dfl < 

So X!fc=i L Jq |jc/i a+1 — x n/c \ dji < 1, and the series converges. 

By the Lebesgue Monotone Convergence Theorem, |Xfc=i |x nA . +1 — x nk ||, 

Xj ^ J Q \ Xn *+l ~ Xn /c\ dfl'j == L 1 ~~ x n k | d}X < 1, 

and X “ x nk | converges almost everywhere. So 

J 

■^ni + C* n *+l — = x nj 

k = 1 

converges almost everywhere. 

We have je(f) = limje„ A (f) when the limit exists and 0 otherwise. Is x 
a member of L 2 [ 0, 1] : L /J x 2 dfi < co? Apply Fatou’s Lemma. Since 

lira {x n . (0 - x nk (f)) 2 = (x (f) - x nk (0) 2 

almost everywhere and 

p i j 

L J (x nj -x nk ) 2 dix< ¥ , for n y > n fc) 

we have 

lJ (x - x**) 2 dji < liminf L J (x nj - x nk ) 2 dfi < 
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So x — x, lk is a member of L 2 [0, 1]. Since x„ k is also, we may conclude 
that x is a member of L 2 [ 0,1]. 

We have succeeded, therefore, in showing that every Cauchy sequence 

in the metric space ^L 2 [0, 1], -y^L ]jc — y| 2 d/xj contains a subsequence 

that converges pointwise, almost everywhere, to a member of L 2 [ 0, 1]. It 
remains to show that the original sequence converges to x in the L 2 [ 0, 1] 
metric. 

By the Minkowski Inequality we have 



Example 6.5.1 1 . Consider the functions x\ , X 2 , . . . illustrated in Figure 2. 
The sequence {*„} converges at no point of [0, 1]. For p > 1, 



Figure 2. Function sequence for Example 6.5 11 
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Example 6.5.12. Recall the Cantor set of measure \ (Section 3.10). Define 
a sequence of characteristic functions (Xn) as follows: 

Xl = [0,5/12] + X [7/12, 1] i 

X2 = X [0,1 3/72] + X[l7/72,5/12] + *[7/12,55/72] + *[59/72,1] 


Xn ~ 
We have 


1 on the 2" closed intervals (F njl , F„ i2f . . . , F ni2 «) , 
each of length l/2[(l/2 rt ) + (1/3")], 

L 0 otherwise. 


R Jo ~~ Xn ^ dt = \ [(f) " (f) ] * for m > n, and 
Hmx„(0 = *c(0> 

which is the characteristic function on the Cantor set of measure 

In this example, we observe first that {^„} is a Cauchy sequence in the 


metric space 


^L 2 [0, 1], yjh Jq \x-y\~ dfjL ], such that 


Xm\ dp < 


Hi)"- 


for m > n, and 


gy. 

Next, observe that {/,,} is a Cauchy sequence in [R[0, l], R / 0 l \x — y\ dt ) 

R Jo ~~ Xt ^ dt < f (f) ’ f ° r m > n ’ md 

lim^nCO -► Xc{t ). 

where xc is not Riemann integrable (because it is discontinuous on a set 
of positive measure). However, 

L /„ ■ 

So Xn converges to * in the metric space (l[0, 1], L/g 1 \x — y \ dt'j. 
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Exercise 6.5.2, 

a. Show the special case of the HOlder-Riesz inequality, p = 1 , known 
as Schwarz’s Inequality: 


L j |xy | dp < Jh J x 2 dp-Jh j y 2 dp, for x,y e L 2 [ 0, 1], 


Hint: L/g 1 (a |x| + |y|) 2 dp. > 0; also, 


J x 2 dp^j a 2 + 2 J \xy\ dp)j a + L J 


y 2 dp > 0. 


We have a parabola that opens “up" and this has a minimum. 

b. Show that in the metric space ^L 2 [0, 1], yjh /J \x — y\ 2 dp^j, limits 
are unique in the sense that 


— » 0 and j |jc„ — y| 2 -v 0 

imply x — y almost everywhere. Hint: Minkowski Inequality. 

c. Show that if y^L /J \x n —x\ 2 dp -> 0, then the sequence {jc„} is 
a Cauchy sequence in L 2 [ 0, 1]. Hint: Minkowski: x n — x m , x n — x, 
x m ~x. 

d. Show that ifL J ^ |jc„ — jc| 2 dp -»• 0, then L x 2 dp — L /q x 2 dp -> 
0. Hint: By the Minkowski Inequality, 
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e. Show 


L 



— x)diA 



< 



x n —x\ dyi 



Hint: L 2 convergence implies L 1 convergence on [0, 1]; or 


limL 



x n dfi = 



6.6 L 2 [ — 7r, 7r] and Fourier Series 

Write an infinite series with the sole requirement that £ < oo. 

Now relabel it as (ao/V2) 4 - &i 4 fci 4- ^2 + &2 H f- a* 4- bk 4- ■ , 

with (ao/2) 4- £1 ( a * + < °°- This looks suspiciously like a Fourier 

series (Theorem 2.7.1), doesn’t it? 

We will construct a function x in L 2 [— it, n] so that its Fourier coeffi- 
cients are precisely ao/2, fli, &i, <22, £2, . . - and the partial sums converge 
to x in the metric space 



This result is one of the most surprising and astounding in mathematics, 
but that is the nature of mathematics — beautiful, intriguing: 

Y + £{ fl fc+^) = ^ L / 

Now, consider the sequence of L 2 [— 7t, tt] functions 



How can we show this is a Cauchy sequence in 
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the given metric space? First, consider that for m > n, 


r 

J—K 




m 


+ cos kt 4- bk sinfcr) 


cosfcr + bk sin kt) 

2 i 

r ( m \ 2 

= I I ^ cik caskt 4- bk sinfcr dt 

J ~ n \n + 1 / 

m 

= 71 JH a l+ b l) ■ 

P+1 

Since (<2 q/2) 4- {a £ 4- fc 2 ) converges by assumption, 

m 

^ (a 2 + -+ 0 as n, m -+ oo. 


dt 


n+i 


By the Riesz-Fischer Theorem (Example 6.5.10), we have a complete 
metric space. Thus we have a function x belonging to L 2 [— tt, ji] so that 


— + cos kt + bk sin kt) - x 

2 i 


L f 

That is, by Exercise 6.5.2, 




dt -+ 0 as n oo. 


limL f 

J—K 


^ 4- cos kt + Z?* sinfc/) J 


dt 


= L f 




or 




Furthermore, 


1 Z 131 

—Li ,x(t) cos kt dt = a*, for = 0, 1, 2, . . ., and 
n J-n 


- L r , 

7T J_ n 


x(t)smktdt = bk, for/c = 1,2, 
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For example, 


f x(t)si 
J—it 


sinmf dt 


= L /“ 

J—jt 


x(t) — ( 4- cos/rf + bjc sin kt 


sinmf dt 


+L 


r 


y + cos kt + bk sin kt) 


1 


sinmf dt 


- i £ 


x(f) — — + cos/rf + bk sin kt 
2 


sinmf dt 


+ 


0 n < m, 
7i b m n > m. 


As n -y oo, the first term converges to 0: 


/>>-(?♦» 


fljt cos/rf +6* sin /err) I sinmf 


rff 


N 


■F 

j—jt 


x it) — y + ^(ajk cos/rf + bk sin/rf) 


rff 




sin 2 mt dt. 


Thus we have 


L i x(f) sinmf dt = tt b m and b 

J—jt 


m 


= -L f 

x J-T 


jc(f) sinmf dt. 


Exercise 6.6,1. Given jc(f) : n — |fl , -tt < t < n, consider the Fourier 
series of x, 

1 t* 

ak = — L/ (7r — |fj) cos/rf dt, for k = 0, 1, . . . , and 

jt J -„ 

1 f x 

bk — — L/ (n — |f |) sin/cf dt, for/c = l,2, 

, . . „ . „ . tv 4 cos(2?i - 1 )f 

a. Show that this Fourier senes of x is — 4 — ) — rr— . 

2 jt (2n - l) 2 

n=l 
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oo 


„ , , * 16 ^ 1 
b. Conclude that — + — ^ ------y 


2jr' 


, 1 1 tt* 

3 4 5 4 96 

111 7T 4 

1 -I— — 4- — “j-* — -4- • • ■ — . 

24 34 54 90 


That is, 


and 


Exercise 6.6.2. Suppose 

*(0 = 


-1 —IT < X < 0, 
1 0 < X < 7T. 


4^ 1 

1 . Show that the Fourier series of x is — > sin(2n — l)r, and 

7r 2 n - 1 


evaluate for t = 1 and t —2. 
b. Conclude that 


, 1 1 

1+ 35 + 55 + 


7T a 

T 


and 


1111 tc~ 

14 1 1 1 I 

2 2 3 2 4 2 5 2 6 


Exercise 6.6.3. Find the Fourier series of 

(re — l)/2 0 < t < 2 jt, 

0 otherwise. 

extended periodically. Evaluate at t = 1 and t =2. 

Beautiful things happen in L 2 [— tv, 7t]. In 1966 Lennart Carlson showed 
that for functions in L 2 [a, b ] the Fourier series converges pointivise, almost 
everywhere, to the original function. 



6.7 Lebesgue Measure in the Plane 
and Fubini's Theorem 

As we constructed Lebesgue measure on R from intervals, we may also 
construct Lebesgue measure on R 2 from rectangles, on R 3 from. . . 

Such a development may be found many places, but not here. We con- 
clude by stating a result that will be useful later, the theorem of Fubini 
regarding double integrals. 
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Theorem 6.7.1 (Fubini). If f is Lebesgiie measurable on R 2 and 


dx 


f f \f{x,y)\dx dy or f f \f(x, y)\ dy 

exists, then f is Lebesgue integrable on R 2 and 

[ [ fdn= f f fix, y) dx dy = f f f{x,y)dy 
J JR* Jr IJr J Jr ua 

Exercise 6.7.1. Given f(x, y) = (x 2 — y 2 )/(x 2 + y 2 ), show 

ft (ft /(x ' » dy ) dx = 7 ’ ft {ft /(x - y) dx ) iy = -7 


dx. 


6.8 Summary 

Two Fundamental Theorems of Calculus for the Lebesque Integral 

If F is absolutely continuous on [a, b], then 

1. F’ is Lebesgue integrable on [a, b], and 

2. L jF'(0 dt = F{x) — Fia), with a < x < b. 


If / is Lebesgue integrable on [a, b] and F{x) = L /* fit) dt, then 

1. F is absolutely continuous on [a, b], and 

2. F' — f almost everywhere on [a,b]. 


Cauchy 


Riemann 


Lebesque 


Figure 3. Integrable functions: Cauchy C Riemann c Lebesgue 
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CHAPTER 7 


The Lebesaoe- 



Smtearai 


Even now there is a very wavering grasp of the true position of math- 
ematics as an element in the history of thought. I will not go so far as 
to say that to constmct a history of thought without profound study of 
the mathematical ideas of successive epochs is like omitting Hamlet 
from the play which is named after him . That would be claiming too 
much. But it is certainly analogous to cutting out the part of Ophe- 
lia. This simile is singularly exact. For Ophelia is quite essential to 
the play, she is very charming — and a little mad. Let us grant that 
the pursuit of mathematics is a divine madness of the human spirit, a 
refuge frbm the goading urgency of contingent happenings. 

— Alfred North Whitehead 

The Lebesgue measure weights intervals according to their length: 
ji{(a,b]) = b — a. We are looking for different weightings of intervals, 
trying to find measures different from Lebesgue measure. Of course the 
general properties of a measure — nonnegative and countable additivity for 
disjoint sequences of measurable sets — must be retained. We will dis- 
cuss three of the most common approaches, which differ from each other 
essentially in their starting points. 

7.1 L-S Measures and Monotone !ncreasing Functions 

In Chapter 4 we explored the particularly fruitful, and most fundamen- 
tal, approach of Thomas Stieltjes, who modelled mass distributions with 
monotone increasing right-continuous functions. His approach involved the 
variation of <p on an interval ( a,b]\ <p(b) —<p(a). 

For Lebesgue-Stieltjes measure, we may also begin with the variation of 
a monotone increasing right-continuous F on the half-open interval {a, b] 
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as F{b ) — F(a), in other words the entity (“total mass” to b minus “total 
mass” to a), but we now proceed to develop a measure. 

Whereas Lebesgue measure weights the interval (a, b) by b— a, Lebesgue- 
Stieltjes measure will weight ( a,b ] by F(b) — F(a). We have a weight 
function r: r((a,h]) = F(b) — F(a) and t(<p) = 0. Since familiarity with 
the weight function r will be helpful, let’s examine its properties. 

7.1.1 Properties of the Weight Function 

As an exercise, demonstrate each of these properties. Some suggestions are 
provided. 

Property 1. For a < c < b, 

r((a,b]) = F(b)-F(a) 

= F(b) - F(c) + F(c) - F{a) 

= r((c,h]) + T((n,c]). 

Property 2. If {a kt bk\, 1 < k < n, are disjoint and U"(a fc ,6 fc ] c (a, b], 
then 5Zi T (( a fc-^fc]) 5 T (( fl >&])- Hint: Relabel so a < a\ < b\ < a 2 < 
l >2 <••' <a n <b n < b. Then 

r((a,b]) = F{b) - F(a ) > F(b„) - F{a i) 

n 

> £>( 4 *) - F ( a k)) 

1 

i 

Property 3. If (a, b] C U "(a*, b k ], then r((a,b]) < Y\ *((<**> 6fcl)- Hint: 
Assume all intervals are needed and a i < < a n . Then a\ < a < 

hi, a n <4 < b„, with a k +i < b k < b k+l , and 

z((a,b]) = F(.b)-F(.a) 

n — 1 

< £ [F(a k + ,) - F(a k )\ + F(b„) - F{a n ) 

1 

n 

1 

Property 4. If (a k ,b k ], 1 < k < n, are disjoint and (a t b\ = U l [{a k ,b k \ J 
then r({a,b]) = Yi T (( a fc. bk])- 
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Property 5. If (a, b] C U°°(a fc , b k ], then F{b) - F{a) < E“ r (( fl fc A])- 
Hint: 

a. [a + S,b] C U“(aj ’ ( ,b k ] C where < b*, and 

F(a + 5) < F(a ) + e. 

b. (n, £>] = (a, a + 5] U [a + S, b] C (a, a ~f- <S]U 

(ufLi (flk t , bl.) C (a, a + 5]) U (a k , , &£])• (Heine 7 Borel). 

c. Using Property 3, 

N 

r ((a. b\) < Fia + 8)- F(a ) + £ [>(*£) - F(a k , )] 

1 

N 

< e + '£[F(b k ,)-F(a k ^ i )+~ 

1 

oa 

< J]r((flfc,6jfc]) + 2(r. 
l 

d. F(b) ~ F(a) — 2e < Er r (( a *. 6fr])- By the arbitrary nature of e, the 
conclusion follows. 

Property 6. If (a ,b] = Uf 1 {a kt b k ], with mutually disjoint intervals, then 
t((a, b]) = E“ r (( a *A])- Hint: Since (a, b] C U(a k ,b k ], by Property 
5, r((a,b]) < Er ({a k ,b k }). 

For the other direction, U"(a/c, b k \ C (a, b], By Property 3, 

n 

^2t{(a k ,b k ]) < r ({a,b]) t 


independent of n. Thus 


oa 

X! r (AA]) - T (( fl A)- 

i 

So r is countably additive on half-open, half-closed subintervals. 

7,1,2 The L-S Outer Measure 

Knowing how r operates, as the analog of length l in Lebesgue measure, 
we define the outer measure. 
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Definition 7.1.1 (Lebesgue-Stieltjes Outer Measure). The Lebesgue-Stieltjes 
outer measure }i* F , determined by a monotone increasing right-continuous 
function F , for any set A of real numbers, is defined as 


l i* f (A ) = inf 



r((flfcA]) I A C U^°(ajt,6fc]| 


J 


with r((a k ,b k ]) = F(Jb k ) - F(a k ) and r(0) = 0. 

Exercise 7.1,1. Show that /a^ satisfies the general requirements for an outer 
measure. 

a. n* F (<fi) = 0. 

b. If A C B, then ftp (A) < /aJ.(B) (monotonicity). 

c. fip (UA^) < J^^iAic) (subadditivity). Hint: Review Section 5.2.1, 
the Lebesgue Wish List. 


7.2 Caratheodory's Measurability Criterion 

As with Lebesgue measure, from Lebesgue-Stieltjes outer measure we 
set a measurability requirement. This again is the work of Constantin 
Carathfiodory (1873-1950). 

Definition 7.2.1 (Caratheodory’s Measurability Criterion). A set of real 
numbers E will be Lebesgue-Stieltjes measurable if 

lip {A) = ^F(AnE) + p* p {A n E c ) 

holds for every set of real numbers A. 

The next series of exercises demonstrates that intervals are /aj? measur- 
able. 

Exercise 7.2.1. 

a. Show that /a * F ((a,b ]) = F(b) — F(a ) = r((a,£j]). Hint: (a, b] C 
(<3, b], so /A^((a, 6]) < t((a, b ]) = F{b) — F(a). For the other direc- 
tion, use the properties in Section 7.1.1. 

b. Show that intervals of the form (— oo, b] satisfy Caratheodory’s Cri- 
terion, jj. F (A) = ii F (A fl (— oo, £>]) + /aJ. (A fl (h, oo)). Hint: Sec- 
tion 5.3.1. 
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c. Show that intervals aie fXF measurable. 


We are mimicking our development of Lebesgue measure in Chapter 5. 
Along those lines, fi* F measurability of intervals implies that Borel sets 
are likewise Lebesgue-Stieltjes measurable. Indeed, we have a measure 
space: ( R,B,[±f ). A monotone increasing right-continuous F determines 
a measure (Lebesgue-Stieltjes) fip on a sigma algebra of sets that contains 
the Borel sets, the Borel sigma algebra B . 

Here are some examples of measuring with i±p. In the first example, 
notice that if F is continuous everywhere, then “points” have Lebesgue- 
Stieltjes measure zero. 


Example 7.2.1. 



= F{a) - F{a~). 


Example 7.2.2. 

a. /xjr((jOO, x]) — lip (U(jc -k, *]) — lim/if ((x -k,x]) 

- F(x) - lim.x-j.-tx 3 F(x) = F(x) - F(-co). 

b. fj.p ((— oo.x)) = F{x~) — F(-oo). 

c. oo)) = F(oo) — F(x). 

d. fip([x, oo)) = F( oo) — F(x~). 

e. hf(R) = F{od) — F(— oo). 

Example 7.2.3. 

a. fi F ([a,b]) = i±p({a}) + i± F ((a,b]) = F(b) - F(a~). 

b. i± F ([a,b)) = F(b~) - F(a~). 

c. /ip ((a, b )) = F(b ~ ) - F(a). 

Exercise 7.2.2. 

a. Calculate fxp ((— oo, oo)), /Xf ((—1, 1]), and fj,p({ 0}), given 

( x x < 0, 

( x + 1 x > 0. 


F(x) = 
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7.3 Avoiding Compiacency 

For many years I took for granted Stieltjes’ contributions in the setting 
of Lebesgue-Stieltjes measure. Recently I read a beautiful book, Measure, 
Topology, and Fractal Geometry, where I came across the following exam- 
ple (Edgar, 1990, p. 136). I have modified it slightly for our purposes. 

Suppose we weight the half-open interval (a, b ] by r[(a, 6]) = •Jb —a. 
We then have an outer measure p* that will determine a sigma algebra of 
measurable sets, and thus we have a measure p z . No problem there. 

But what is the measure of the interval [—1,0]? It turns out that this 
interval is not p z measurable. 

Certainly p*((0, 1]) < 1, since (0, 1] is a cover of itself. On the other 
hand, if (0, 1] c U (a*, &*], then 



irJ 

> 'Yl&k - a k ) > 1 . 


Thus 1 < — o-k- By the infimum property, 1 < p*((0, 1]). So 

/4((<U]) = 1- 

Show that /i*((— 1, 0]) = 1. 
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For the interval (—1, 1], /x*((— 1, 1]) < By Caratheodory’s Criterion, 
if [— 1 , 0 ] is p x measurable, then 

m!(A) = m: (A n [-1,0]) + a£(a n [-1, of) 

for all sets /4 of real numbers, In particular, if A = (— 1, 1], then 

Vi. > i]) = /4((-i. i] n [-1,0]) + /4((-i. l] - [-1.0]) 

= /4((- 1.0])+m;((0.1]) = 2. 

Of course in hindsight, we can see that we lacked finite additivity, that 
is, ~Jb — a 7 ^ Vb — a -f -Jc — a, for a < c < b — so we might have been 
suspicious. 

7.4 l-S Measures and Nonnegative Lebesgue 
Integrate Functions 

Suppose / is a nonnegative Lebesgue integrable function on the reals. Thus, 
/ is nonnegative, Lebesgue measurable, and j R f dp < oo. Now define a 
function F on the reals by jF(x) = f dp. The function F is clearly 
nondecreasipg, bounded, and absolutely continuous (by Theorem 6.4.1). 

As before, we may construct a Lebesgue-Stieltjes measure p /, and we 
have a sigma algebra that includes the Borel sets. Even nicer, the sigma 
algebra of p/ measurable sets contains the Lebesgue measurable sets. Let’s 
look at some properties of this measure. 

7,4.1 Properties of /x/ 

Assuming that F(x) = f dp and that / is nonnegative and Lebesgue 
integrable, we can show that Lebesgue measurable sets are p / measurable 
sets. In fact, p f{E) = L f E f dp when E is a Lebesgue measurable subset 
of R. 

Property 1. If p(E) = 0, then E is pp measurable and p/(E ) = 0. 

Let 6 > 0 be given. Because F is absolutely continuous we have a 8 so 
that 


P (U£=i (a k ,b k ]) < S implies ^[F(& fe ) - F(a lc )] < e. 

Because p{E) = 0, we have a cover of E by disjoint half-open intervals 
(fljt, bk] so that p (U &fc]) < S. But then, p (LI” (a*, bid) < 5 for all 
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n. Thus 

n 

(Ujfe A]) = £[F(6*) - F(ak)] < c, 

1 

independent of n. We have py( E) < py ( u i°(^/ti bk]) 5 6. That is, 
p*AE) = 0. But sets of Lebesgue-Stieltjes outer measure zero are Lebesgue- 
Stieltjes measurable: 

0 < fj?f (A n E) < p* f {E) = 0, and 
p*f(A) > p*j (A D E c ). (monotonicity) 

Property 2. If the set E is Lebesgue measurable, then E is Lebesgue- 
Stieltjes measurable (ji /). 

From Exercise 5.6.1, every Lebesgue measurable set ( E ) may be written 
as the union of a Borel set (B) and a Lebesgue measurable set of measure 
zero ( E - B ). That is, E = B U {E - B). 

By Property 1, E — B is p/ measurable. Borel sets are pf measurable 
(Exercise 7.2.1). Thus E is pf measurable and 

M/(£) = Pf(B) + p f (E -B) = p f {B). 

The sigma algebra of p /-measurable sets contains M., the sigma algebra 
of Lebesgue measurable sets. We have a measure space: (B, M, p/). 

Property 3. With F continuous, 

b ]) = p/((a, b )) = p/{[a, b )) = p f ([a , b ]) 



Example 7.4.1. For any nonnegative Lebesgue integrable function /, de- 
fine a nonnegative set function, p, on the Lebesgue measurable sets E by 
p(E) ~Lf E f dp,. Will p be a measure? 

We will explore this question in stages. 

a. If A C B, show p{A) < p(B). 

b. If {Ek} is a mutually disjoint sequence of Lebesgue measurable sets, 
show that p(UE k ) — p{E k ). Hint: Monotone convergence (Theo- 
rem 6.3.2) and countable additivity. We have a measure on Lebesgue 
measurable sets: p /. 
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c. Note that 


pL f ((a,b]) =L f f dji — L f f dfi 
J— oo J —oo 

= F(4)-F(a) = W r((a,6]). 


d. Given that E is Lebesgue measurable, does £/ (E) — fif{E)1 Be- 
cause p. f and fi f agree on the covering sets, (a, b\, and because R can 
be written as a countable union of pairwise disjoint sets, R = U (n,n + 
1], it can be shown that we have uniqueness: £/(£) = fif(E), E 
Lebesgue measurable. 

Exercise 7.4.1. 

a. Calculate fi f (R), /a/((- 1, 1]), and ii({ 0}), 

given 

f(x) = e~^, F(jc) = L f f dfi, -oo < x < +co. 

J — OO 


b. Calculate fif((- 1, 1)), fif((—l, 1]), and ii/((— 1,2)), and compare 
with Exercise 7.2.2, given 


{ 0 x < 0, 

2 0 < x < 1 , 

0 x > 1, 


F(x) = 



c. Calculate 1]) and compare with fi((— 1, 1]), given 

[ 0 | a- | > 1, x 

f{x) = < 2x + 2 — 1 < x < 0. F(x) = L / / dfi. 

[ -lx + 2 0< x < 1, 


d. Given the Gaussian probability density function, 

f{x) = tL= e~ JC ~' /2f , t > 0, and F{x) = L f f d/i, 

•\f^l7Zt J —oo 

show lim A -_>oa F(x) = 1. Approximate (i /((— 1, 1]). Calculate 
lim^-oo F{x). 

e. Calculate F given the Cauchy density function. 


m = 


i i 


n 1 + x 


2 ' 



f d/i. 


and 
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7.5 L-S Measures and Random Variables 

Our final approach begins with a probability space £1, a sigma algebra of 
subsets of this space £, and a probability measure P: (£2, £, P). 

Let A! - be a random variable on this space. That is, A - is a real- valued 
function defined on and the inverse image of the interval (— oo, x], 
A -1 ((— oo, x]), is a member of the sigma algebra £ for every real number 
x. Borel sets are P measurable. 

We may calculate the measure of this inverse image: P ^A -1 ((—oo, x])^ 
We define an extended real-valued function F on the reals by 

Fx(x) = P^A _1 ((-oo,x])^ t 

the probability distribution function F: R -» [0, 1], 


7.5.1 Properties of Fx 

It will help to consider some characteristics of Fx . 

Property 1. The function Fx is monotone increasing on R: 

P (A -1 ((-oo, x])) < P(A -1 ((-oo,y])), x<y. 

Property 2. The function Fx is right-continuous on R: 

( oo, x] = n^-oo, X + 

A’ L ((-oo, x]) - n A -1 ^ - oo, x 4- , 

P is a measure, and so on. 

Property 3. The limit iim*-»— oo Fx (-x) = 0, since <p = Pl(— oo, —n]: 
Fxir oo) = 0. 

Pmperty4. The limit lim^+oo F*(x) = 1 since R = U(— oo,n]: Fxipo) = 
1. 


Again, we have a monotone increasing right-continuous function Fx on 
the reals, and thus we may construct a Lebesgue-Stieltjes measure, px, 
with the sigma algebra of px measurable sets containing the sigma algebra 
of Borel sets B. The probability space (R, B, px) is said to be induced by 
the random variable A. 

This concludes our treatment of generating Lebesgue-Stieltjes measures. 
Now our development of the Lebesgue-Stieltjes integral will proceed smoothly. 
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7.6 The Lebesgue-Stieltjes Integral 

To construct the Lebesgue-Stieltjes Integral, we will mimic the construction 
of the Lebesgue integral (Section 6.2.4), with ps denoting pp, M/» or px 
respectively. We proceed in four stages. 

Step 1. A real-valued function g is said to be ps measurable if g~ l ((— oo, *]) 
— or equivalently g~ l (B), B a Borel set — belongs to the appropriate 
sigma algebra. Since the sigma algebras for pp, Pf> or px contain, re- 
spectively, B, M, or B, we will assume g -1 (i?) belongs to B, M, or B, 
in that order. 


Step 2. For nonnegative simple functions 0, 0 = Ylk = l c kXE k , where E = 
U Ej c , with E k mutually disjoint, ps measurable sets, and c k nonnegative 
real numbers, we define the Lebesgue-Stieltjes integral of 0 by 


f J l i 

L-S / 0 dps = Y. Ckps(Eic). 
Je k= i 


Step 3. If g is a nonnegative ps measurable function defined on a ps 
measurable set E, we may approximate g by a monotonically increasing 
sequence of simple functions {0*}. Thus, the sequence {L-S f E fa dps } is 
monotone increasing and has a limit (extended reals, perhaps). We define 

L-S I gdps = limL-S / fa dps. 
je Je 


Step 4. If g is a ps measurable function, then 

_ \g\ +8 Igl -g 

8 ~ 2 2 ' 

and we have monotone increasing sequences of simple functions 0^" and 
0^ converging respectively to ([g| -j- g)/2 and (|gj — g)/ 2. We define 


L-S 



lim L-S 



— limL-S 



provided both integrals on the right are finite. 

Exercise 7.6.1. 

a. Calculate L-S ^ g dpp, given 


F(x) = 


-1 x < 0, 
2 x > 0, 


and g(.x) =2, — 1 < x < I. 
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b. Calculate L-S /^_ 1 ^ g dpp, given 


F(x) = 


x — 1 x < 0, 
2x + 2 x > 0, 


and g-(x) =2, — 1 < x < 1. 


c. Calculate L-S ^gdpjr, given 

F(x)=J ^ and g(x)=2 + x 2 , -1 < x < 1. 

d. Calculate L-S 2 jX 2 dp j, given 


m = 


0 x < 0, 

2 0 < x < 1, 
0 x > 1. 


e. Determine jFir(x) and calculate L-S /(_ 1|2 ] x dpx, given (Q , S, P) — 
( R,M, P ), with M a sigma algebra of Lebesgue measurable sets, P 
a probability measure, P(E) = L f E ^[o,i] dp* and 


X(co) = 


t 



0 

2 CD 

2 — 2a) 
0 


a) < 0 , 

0 < (D < 1 / 2 , 

1/2 < CD < l, 

1 < CD. 


7.7 A Fundamental Theorem for L-S Integrals 

We conclude this chapter with a Fundamental Theorem of Calculus for 
Lebesgue-Stieltjes integrals. 

Theorem 7.7.1 (FTC for Lebesgue-Stieltjes Integrals). If g is a Lebesgue 
measurable function on R, f is a nonnegative Lebesgue integrable function 
on R, and F(x) = L f dp, then: 

1. F is bounded, monotone increasing, absolutely continuous, and dif- 
fei-entiable almost everywhere, and F’ — f almost everywhere. 

2. We have a Lebesgue-Stieltjes measure (if so that, for any Lebesgue 
measurable set E, p /(F) = L f E f dp, and p / is absolutely con- 
tinuous with respect to Lebesgue measure. 

3. L-S f g dp/ = L [ gf dp = L f gF‘ dp. 

JR JR JR 
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Proof. The first two parts of the conclusion have already been discussed 
among the properties of pj (Section 7.4.1). As for the last conclusion, we 
will give only a sketch. 

Step 1. Consider g — /E, for E a Lebesgue measurable set. We have 
L-S f XE^pf = L-S f dp/ = p/{E) = L f f dp 

JR J E J £ 

= L f XE/dp = hf XEP'dp. 

Jr Jr 

Step 2. For the simple function <p, with Ck > 0, we have <p = CkXE k ■ 
No problem; linearity of the integral. 

Step 3. For the nonnegative simple function <pk, with 0 < <pk < <pk+\> we 
have g = iimtpk. Monotone Convergence Theorem. . . and so on. D 

This concludes our treatment of the Lebesgue-Stieltjes integral. 

7.8 Reference 

1 . Edgar, Gerald. Measure, Topology and Fractal Geometry. New York: Springer- 
Verlag, 1990. 




CHAPTER 8 


The Hem: 




He who knows not mathematics and the results of recent scientific 
investigation dies without btowing truth. — K. H. Schellbach 


In this chapter we present a beautiful extension of the Lebesgue integral 
obtained by an apparently slight modification of the Riemann integration 
process. Recall that in Section 3.12 we saw functions with a bounded 
derivative whose derivative was not Riemann integrable. These examples 
prompted Lebesgue to develop an integration process by which differen- 
tiable functions with bounded derivatives could be reconstructed from their 
derivatives: 

l[ F'dfi= F(x)-F(a). 

Ja 

This was a Fundamental Theorem of Calculus for the Lebesgue integral 
(Theorem 6.4.2). 

The next step would be to try to remove the “bounded” requirement 
on the derivative. We want an integration process in which all Lebesgue 
integrable functions will still be integrable and where differentiability of 
F guarantees / Q v F'(t)dt — F(x) — F(a). Denjoy (in 1912) and Perron 
(in 1914) successfully developed such extensions: see Gordon’s book, The 
Integrals of Lebesgue, Denjoy, Perron, and Henstock (1994), 

In 1957, Jaroslav ICurzweil utilized a generalized version of the Rie- 
mann integral while studying differential equations. Independently, Ralph 
Henstock (1961) discovered and made a comprehensive study of this gener- 
alized Riemann integral, which we will call the Henstock-Kurn veil integral 
or H-K integral. In Gordon’s wonderful book all these integrals are fully de- 
veloped and shown to be equivalent. We will use the constructive approach 
due to Kurzweil and Henstock because of its relative simplicity. 
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8.1 The Generalized Riemann Integral 

Recall the Riemann integration process for a bounded function / on the 
interval [a,b\: 

1. Divide [a, b] into a finite number of contiguous intervals. 

2. Select a tag c k in each subinterval. X*] at which to evaluate /. 

3. Form the collection of point intervals consisting of (ci, [x 0 . x\}), 

0-2 1 [*i, *a])> • ■ - » foi, [Jen- 1 , x n ]). 

4. Calculate the associated Riemann sum, Ylk-i f( c k)( x k — x k-i)- 

If we find that these Riemann sums — these numbers — are close to 
a number A for all collections of point intervals with subintervals of a 
uniformly small length (. x * — Xk-{) < 5, with 8 constant, then we declare 
/ to be Riemann integrable on [a, b\ and write R fix) dx = A. 

In the modified Riemann integration process that we are about to describe, 
the local behavior of / plays a prominent role. Therefore, instead of dividing 
[a, b] into a finite number of contiguous intervals of uniform length and then 
selecting the tag c in each subinterval at which to evaluate /, we will first 
examine the points where / is not well behaved. For instance, we will look 
for jumps or rapid oscillation. Using that information, we will divide [a, b] 
into contiguous subintervals of variable length. In this way, we will be able 
to control the erratic behavior of / about a tag c by controlling the size 
(the length) of the associated subinterval [it, u], where u < c < v. 

Generally, if / does not change much about the point c, the length of 
the associated subinterval [n, u] may be large. But if / behaves erratically 
(jumps, oscillates, etc.) about c, then the length of the associated subinterval 
[u, v] needs to be small. 

This is the key idea: We want a function, a positive function 50, on 
[a, b\, that associates small intervals [if, v] about c when / exhibits erratic 
behavior at c. In particular, c — 5(c) < u < c <v < c 4- 5(c): 

[if, u] C (c — 5(c), c + 5(c)) and v—u< 25(c). 

The term in the Riemann sum, /(c )( v —u), would be dominated by /(c) • 
25(c). 

We will clarify this process with examples. As always, we are driven 
by considerations of area, and thus begin with examples whose integrals, 
because of "areas,” clearly “should be. . . ” 
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Example 8.1.1. Suppose 


m = 


2 x^l, 

100 x = l. 


From area considerations, the H-K integral of / over the interval [0, 3] 
should be 6: 

H-K j f(x)dx = 6. 

Let’s see why this is so. For any ordinary Riemann partition of [0, 3] 
with all the tags c k different from x = I , 

^2f(Ck)(xk~^k-i) = ~ Xk-i) = 2-3 = 6 . 

However, x = 1 may be the tag of one interval, say (l r [xjt-i, x^]), or it 
may be the tag of two adjacent subintervals, (1, [xjt_i, 1]), (1, [l,xjt+i]). 
The difference of such a sum and the number 6 is bounded in absolute 
value by |/(1) - 2| (x fc - Xfc-i), |/(1) - 2| (x k+l - x*_i), respectively. 

So, given € > 0, the difference between any ordinary Riemann sum 
and the number 6 will be bounded by e if the length of the subinterval(s) 
containing the tag x = 1, x* — x*_i (x k — x k -i, x k+ i — x*), is less than 
f/{4[|/(l)|+2]}: 

i/d) -2i (,* -, t -o < t i/om + 2 ] . 4[l/( ; )l+2] = 

or 


|/(l)-2|(xjt + i -x /c _0 

< ( [l/(1)l + 2] ' 4[|/(l)|+2]) + ( [I/(I)I + 2] ' 4[ |/(1)| +2]) 
__ e 
= 2 ' 

If we can guarantee that for any partition of [a, Z?] the subinterval contain- 
ing x = 1 has length less than e/ {4-[ j/(l)| +2]}, then we will conclude 
that the integral has value 6. Obviously we could require all the subinter- 
vals to have a length less than e/ {4[ 1/(1) | 4- 2]}; and this is the usual 
Riemann integral when 5 is a constant, in this case, e/{4[|/(l)[ + 2]}. 

As we have discussed however, the only subintervals of importance are 
those that contain the point of discontinuity, x = 1. Thinking of § as a 
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function, we have 

{(JC) “{ f/{4[|/(l)|+2]} .-til! 

If this function S(-) forces the subinterval of any partition that contains 
x = 1 to have length less than e/ {4[ |/(1)| + 2]}, the integral would have 
value 6. 

Exercise 8.1.1. Show H-K. / 0 3 f(x) dx = 3, given 


/(*) = 


4 x = 0, 
1 x 7^ 0. 


Hint: 


s(x) = [*/MI/(o>I-m]} 


x = 0, 

X 7^ 0 - 


You will have noticed that both of these functions were integrated by 
ordinary Riemann techniques. We are trying to get used to the idea of a 
variable 5(). Let’s try another example. 


Example 8.1.2. Suppose 


m = 


\/x X = I, 2 » ■J, - - - , 
0 otherwise. 


Even though / is unbounded and thus not Riemann integrable, / is Lebesgue 
integrable (/ = 0 a.e.), and area considerations suggest that HK fl f(x) dx = 
0 . 

Of course the only way a Riemann sum will be different from zero is if 
at least one tag c k belongs to the set {1,5 ,^,... }; and such a tag could be 
the tag of two contiguous subintervals. 

Let e > 0 be given. Then for any partition of [a, b ], 

5Z f( c k)<Xk - “ 0 = X! /( C *K** “ x k-l)’ 

If cjc 7^ 1 (n for all n, then this Riemann sum is zero. If c* = l/j > then 
f(ck)(xk-x k -i) = j(x k -x k - 1) < J28{c k ). 
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Since a partition may assume only a finite number of values from the set 
1, . . . , and a tag may be the tag of two subintervals, the difference 

between any associated Riemann sum and zero will be bounded by 



= €. 


It appears that 


*(x) 


€jn2 n+1 x = 1/n, n = 1,2, .... 
1 otherwise 


would work. 


Exercise 8.1,2. Show that H-K/J f(x) dx = 0, given that / is the Dirich- 
let function. 


/(*) = 


1 x rational, 
0 otherwise. 


Hint: 

( e/2 n+2 x = r n , n — 1,2 
^ j 1 otherwise. 


Example 8.1.3. Consider the integral of a familiar function, /( x) = x 2 , 
with 0 < x < 1 . Then 


cf f(x)dx — r( f(x)dx = hf f dfx = \. 

Jo Jo Jo 3 

Thus H-K Jq f(x) dx should be j. 

Now, / changes least about 0 and most about 1. Our function 50 should 
reflect this behavior. We want to approximate the area under the curve 
between and Xk by c^{xk — */c-i). That is, 

*k-x k -i) *-(4-4- i)* 


since we know the answer. Furthermore, the total error, 
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needs to be made small. But 


* k - 1 (** - *£-0 < 


+ *£*£-! + *1 


( Xk - Xk-i ) 


= 5 (** - **-i) 

< X* (x k - X/c-i ) . 

Then c\(x k - x*_0 - ± is between 

cl{x k - **_0 - xl(x k - **_0 and cj(x fc - *£-0 - x\_ x (xk - x*-i). 

That is, the individual errors are bounded by 

(*£ - *£-0(1 + ~ *£— 0 < 23(c*)(l + c k ){x k - x*_0, 

and the cumulative error is bounded by 

n 

2<5(cO(l + c k )(x k - x^), 

k=l 

which we want to be less than c. 

Would it work to set 


8{x) = c/[2(l + x)]? 


Let’s see: 


” n ( e \ 

^25(c*)(l + c k )(x k -Xfc-0 < 52 2 ^ 2(1 + Cfc ) J 


(1 + c k )(x k ~ x k -i) 


~ 6 . 


Yes. 

Comment: Consider 


<5(0) = c/2 > c/4 = 5(1). 

Notice that 5(-) is a decreasing function. Thus the largest value of <5(-), 
where the function changes least, is x = 0; the smallest value of S(-), 
where the function changes most, is x = 1. The subintervals of such a 
partition decrease in length as we move from left to right. 

All of these probablys and maybes may be making us uneasy. In the next 
section we will tighten up our arguments and give precise definitions. 
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3.2 Gauges and 5-fine Partitions 

To begin this discussion, we must establish some terminology. 

o A positive function 5 : [a, b ] f? + , where 5(f) > 0 and a < t < b, 

is called a gauge on [a, b\. 

o A tagged partition of [a,b\ is a finite collection of point intervals 
(cjt, [**_!,**]) where 1 < k < n, Xk-i < Ck < Xk, and a — x 0 < 
x\ < X 2 < < x n = b. 

a We call Cfc the tag of the intewal [xjt-i, **]. 

o Given a gauge 50 on [n, b] and a tagged partition of [a, b], we say the 
tagged partition is 8-fine if Ck~ 5(cjt) < Xk-i < c* < x& < Cfc + 5(cjt), 
where 1 < k < n. 

To say we have a 5-fine partition of [a,b\ means we have a tagged 
partition of [a,b] satisfying Ck — 5(c0 < Xk - 1 < Ck < Xk < Ck + 5(c0 
for each subinterval [xk-\, x*]. 

Note that Xk — xjfc-i < 2 5(c0, where 1 < k < n. 

In the examples and exercises above, knowing the specific function 
(whether it was Dirichlet’s or the “square" function) allowed us to con- 
struct a gauge. The question arises: Given an interval [a, b] and a gauge 
5(-) on [a,b\, does there always exist a 5-fine partition of [a, b]l In other 
words, is there a partition so that Cjfc— 5(c0 < *Jt-i 5 Cfc < Xk < Cfc+5(Cfc ) 
for every subinterval in the partition? 

Cousin’s Lemma, below, addresses the existence of 5-frne partitions. 

Lemma 8.2.1 (Cousin, 1895). If 5 is a gauge on [ a,b\ (i.e., a positive 
function on [a,b]), then there exists a 8-fine partition of [n, b\. In fact, 
infinitely many exist. 

Cousin’s argument uses nested intervals. Suppose we do not have a 5- 
fine partition of [a,/?]. Then either [a, ( a +0/2] or [(a +0/2, b] does not 
have a 5-fine partition, say [rzi , 0]. 

Repeat this bisction method. We have a sequence of nested intervals 
whose lengths approach zero. Consequently, we have a point c in the inter- 
section; that is, c € [a„,b„] for all n. Because 5(c) > 0, we have a natural 
number N so that c — 5(c) < a^ < c < 0y < c + 5(c). But then we have a 
5-fine partition of b^] consisting of the tagged partition (c, [a^ , 0/]), 
a contradiction. 

Note: If 0 < 5(,t) < 5 1 (x) on [a, b] t then any 5-fine partition of [a, b] is 
a 5 1 -fine partition of [a, b\. Why? 
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8.B H-K integrable Functions 

We are now in a position to define the new integral. 

Definition 8.3.1 (Henstock-Kurzweil Integral). A function / on the inter- 
val [a, b] is said to be Henstock-Kurzweil (H-K) integrable on [a, b\ if there 
is a number A with the following property: For each € > 0 there exists a 
gauge (positive function) 5 e (-) defined on [a, b] such that for any <5 e -fine 
partition of [a, b ], with Ck — Me*) < x k- 1 < < x& < c* + 5 e (c*), for 
1 < k < n, we have 


n 

— x/c-i) — A 

k = 1 


< e. 


We write H-K f b f(x)dx — A. 

As always, to say / is H-K integrable will mean that the integral exists 
and is finite. The sum J2 f ( c ) Ax will be called an H-K sum when we are 
discussing the H-K integral. 

Exercise 8.3.1. Show that a function / has at most one H-K integral. 
Assume that H-K f b /(x) dx — A/, where i = 1,2, and show that A\ — 
Az. Hint: 5(x) == min{5i(x),^2(-f)} 3 where 5,- is associated with Ai. 

Just what kinds pf functions are H-K integrable? We have discussed a few 
examples. A more thorough and systematic treatment will now be given. 


8.3.1 Step Functions 


Step functions are H-K integrable. 

Example 8.3.1. Suppose the step function s is defined by 

( a\ if a < x < c. 


s{x) = 


P 


if x = c, 


( oi2 if c < x < b. 

We will show that s is H-K integrable and 


f b 

H-K / $(x) dx = a\ (c — a) + 0:2(6 — c). 


A possible difficulty arises at x = c, where s may be discontinuous. Let 
€ > 0 be given. We will define a gauge 5 C (-) on [a, b ] so that for any 5 e -fine 
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partition of [a, b] the tag of the subinterval containing c — say, [jc&_ i T x k ] 
— is c . That is, ( c k , [*i_i , x k ]) = (c, [x k - lt x k ]) Define 

« M _ I if 7^ c, 

5 ' W -| 5 if i = c. 

with £ to be determined. We claim c = c k . Otherwise, c k ^ c and 
\c ~c k \ < 2 S £ (c k ) < | c k — c j, a contradiction. 

Now form the associated H-K sum (^(c) = /3) for a 5 e -fine partition 
[a,b]: 

Ax = aiCxjfc-] -a) + fi{x k - x k -i) + a 2 {b - x k ) 

= a\ {c - a) + oc 2 (b - c) + (/J - ai)(c - Xjt-i) 

+ (j0 - cti)(x k - c). 


Thus, 

| ^ s(c k ) Ax — [ai(c — a) + ct 2 (b-c)] < jj8 - ■ 2S e (c) 

We want this last expression to be less than €. Let 

fC 2(|j0 —a! | + Jj9 — or 2 } + 1) 2 (sum of jumps + 1)’ 

That is, our gauge i5 e (-) on [a, b] is given by 


*«(*) = 


f|x-c| 


if i/c, 


e/[2(sura of jumps -f 1)] if x — c. 

We have shown that the step function is H-K integrable on [a, b\ and 




s(x) dx = ai (c - a) + a 2 (b — c ). 


Next, a more complicated step function. 

Example 8.3.2. Let a step function j be defined by 

r 

fio if x = a, 
a\ if a < x < c, 
s(x) = <[ pi if x = c, 

a 2 if c < x < b, 

[ if x — b. 

We will show that 5 is H-K integrable on [fl, 6] and 


H 


-K j s(x) dx = o;i (c — a) + a 2 ( b — c ). 
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Discontinuities of s may occur at a, c, or b. As in the previous example, 
the technique is to define a gauge that forces a, c, and b to be tags of their 
associated subintervals. Let € > 0 be given. Trial and error suggests an 
appropriate gauge on [a, b] as 

. M \ min{jx — a\, |jc — b\, |-x — c|} if x^a,b,c, 

€ ( |min{(c — a), (b — c), 5} if x — a or b or c, 

with 5 to be determined. 

We claim that a is the tag of [a, *i]; b is the tag of [x n -\ t b]\ and c is 
the tag of [x k -\,x k \ for some k, where 2 < k < n — 1, for any <$ € -fine 
partition of [a, b]. 

For example, to show a is the tag of [a,x i] when a — c i, assume 
otherwise. Then c \ — 5 e (ci) < a, so ci — a < <5 e (ci). If c i is not b 
or c, then c\ — a < <5 e (ci) < ~(ci — a), a contradiction. If c\ = b, 
then b — a < 8 e (b) = \{b - c ) and a > c. Finally, if Ci = c, then 
c-a < 5 e (c) < ^(c - a). 

We have shown that (ci, [a,x i]) = ( a , [«, *ij). The reader may consider 
the case (c n , [x n _i, b]) - (h, [x k -i, &])• 

As for c, can it belong to the subinterval [a.Jti]? If so, then c - a < 
2S € (a) < c — a. Can c belong to the subinterval [x„_i ,b]l If so, then 
b — c < 2S e (b) < b — c . Thus c belongs to [x k -\ , x k ], where 2 < k <n — l. 

The tag c k of [x k -.i t x k ] is not a or b. If c k is not c, then \c — c k \ < 
2 8(c k ) < | c k — c|. The tag of [jcjfc-i, jc*] must be c. 

Form the associated H-K sum: 

Y^s(c k ) Ax 

= «i(c -a) +vn{b -c) + (0 O -ai)Gxi -a) + (0 1 - aO(c - xjt_i) 
+ ( 0 i — a 2 )(x k - c) + (02 - «2 )(b - x„_i). 


Thus 

|^]j(cjfc) Ax - [ofi(c -a) + a 2 (b - c)]| 

< |0o -ail -2i5 £ (a) + |0i -ail -25 e (c) 

+ |0i — a^l ■ 25 e (c) + |02 — a 2| • 28 e (b). 

This last expression is less than e if we choose 


2(sum of jumps + 1) 
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8 e (x) - { 


For the gauge 5 e Q on [a, b] defined by 

min{|x — fl|,|:c — b\,\x — c|} i if x^a,b,c, 

\ I min {( c - ")■ ( fc - c )' ;(,„m +D 1 >f x = a,bmc, 

the associated H-K sura satisfies 


£*(c*) - [“i( c - fl ) + « 2 (b - c)j 


< e. 


We have shown that this step function is H-K integrate on [a, b] and 

fh 

H-K I s(x) dx = a\(c — a) + ot 2 (b — c ). 

Ja 

Extend these arguments to a general step function on [a, b\. 


So, a finite number of discontinuities does not pose a problem. How- 
ever, we know that step functions are Riemann and Lebesgue integrable. 
Furthermore, 

pb pb pb 

R / j(:t) dx = L I s dfjL — H-K / s(;t) dx. 

Ja Ja Ja 

Have we anything new? This question will be answered in Sections 8.7.1 
and 8.7.3. But first we have some preliminary work to do. 


8.3.2 Riemann Integrable Functions 


Riemann integrable functions are H-K integrable, and the integrals have the 
same value. 

Suppose / is Riemann integrable on [a,b]. Let e > 0 be given. We have a 
positive^constant S so that if P is any partition of [a, b] with x^—Xk-i < S, 
then 


£ 


f(ck)(*k -xk~i) ~R 



dx 


< e. 


Define our gauge S e by = S/2 for all x in [a,b]. Suppose we 
take any 5 € -fine partition of [a, b\, the existence of which is guaranteed by 
Cousin’s Lemma 8.2.1. Then Zj — Zj-i < 2 S(cj) < S, and consequently 


£ f(cj)(zj - zj-{) - R f f{x) dx 

Ja 


< €. 
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The function / is H-K integrable and H-K / G f(x) dx = R / G f(x) dx. 

Of course this result makes the step function example of Section 8.3.1 
trivial. 

Example 8.3.3. The function 



0 < x < 1, 
x = 0, 


is H-K integrable on [0, 1] and H-K f(x) dx- = 2. 

How shall we demonstrate this? We begin by looking at the fluctuations. 
Because of the rapid change in / about zero, we want a small interval 
about zero. The area under the curve between Xk-i and Xk is given by 
2^/x t t — 2^/xk-i- Thus we want 

— —fob - x k -i ) « 2v^ik ~ 2jx k -i for c k > 0. 


If ci = 0, then 0(xi — 0) 2^/x[ and 2Jx{ < 2 yj8{x) < e/2, where 

we assume e < 4. So, 5(0) = e 2 /16. 

Otherwise, for k = 2, . . . , n, routine manipulation shows 




(*fc - *fc-i) ~ 2 (V*jt - 1) 


1 


>fck 
1 


*JCk 


{.Xk Ck "b l) 2 "b -'/ck *JXkZ. i) 

c fc) 2 {^Jxk *Jc~k) 


+ 




(cfc -*fc— l) 2 (<>/cfc '<Jxk— i) 


= (x k ~c k ) 


JXk~yfCk 


"b 


+ (Cfc— Xfc-i) 


\/Cfc 




f ^ , t >, ‘s/cic 

5 (*fc - C k ) : + (Cfc - JCfc-i)- 


Ck 

, .X k ~C k , , \ C k ~ Xk—l 

< (x k - Ck) 2/2 + ~ 


, 3/2 


_ 2(x/ c - X k -i ) 2 28{c k ) 

< — < ... (Xk-Xk-l). 


, 3/2 


. 3/2 
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Thus, the cumulative error for the interval [jci , 1] is bounded by 




E 


— . 3/2 

k~2 C k 


(X k -X k - X ), 


which we want to be less than s/2. We have this if 28{c k )/c^ 2 < s/2; 
that is, if S(c k ) < s/4 c^ 1 for k =2 n. This suggests 

_ ( € 2 /l6 x = 0, 

^ ( (s/4)x 3 / 2 0 < x < 1. 

Will this gauge work? Let s > 0 be given (we may assume s < 4), with 
, , , f e 2 /16 x = 0 , 

W "" I (f/4)* 3 '' 2 0 < * < 1. 

Let P be any 5 e -fine partition of [0, 1], (Once again, its existence is guar- 
anteed by Cousin’s Lemma 8.2.1.) 

Consider the collection of associated point intervals: (ci,[0, Xi]), 

(c 2 , [jci, * 2 ]) (c„, x n }). We claim that for the first interval, [0, x{\, 

the tag c 1 must be zero. 

If c x is greater than zero, then 5 e (ci) = (s/4)Ci /2 , and c x - (s/4 )c\ /2 
must be less than zero. But 


c\ 


*3/2 Cl ( 4 * C ' 2 ) ^ Ci(4-s) _ 

A C 1 — A - A 


0. 


4 ‘ 4 4 

So the tag of the first subinterval is zero. Thus, 

n 

^ ' f(c k )(x k xic-i} — 2 

k = 1 

n 

Y f(ck)(x k - JC/c-i) - 2 

k= 2 
n . 

Li —f=( x k - x k~i) - - v x i-i) - 2 (y*r - Voj 


<2v^T+L 


k=2 

n 


1 




( X k - X k -i) - 2(<s/x k — Jx/c-i) 


< 2 -\/5(0) -I- Y, 2 ' ^ 3/2 ( X k ~ x k- 1 ) 

k =2 C k 


k=2 
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So / is H-K integrable on [0, 1] and H-K /q f(x) dx = 2. This function 
is not Riemann integrable, although it is Lebesgue integrable. 


Example 8.3,4. A function that is unbounded on every subinterval of [0, 1], 
with 



dx 


= L /’ 


f d\L 


= 0 . 


As in Exercise 6.2.3, let 


/(*) = 


q x — p/q\ p, q relatively prime natural numbers, 
0 otherwise. 


Recall Exercise 8.1.2 and Example 8.1.2. 

Example 8.3.5, Suppose that / is zero almost everywhere on [a, b]. Then 
f is H-K integrable on [a, b] and 


H-K I* f(x)dx=L f fdfi = 0. 
Ja Ja 


Let € > 0 and E = {x € [a, b] | f(x ) ^ 0}. Because E has measure zero, 
we can cover E by an open set G so that fi(G) < e. 

To start, suppose we have a Riemann partition of [a,b\. The only contri- 
bution to this Riemann sum will occur when a tag c* belongs to E C G. 
How do we estimate /(c/t)? All we know is that /(cjO ^ 0. 

The idea is to partition E into disjoint measurable sets, any one of which 
would yield an estimate for /. One way to do this is to observe that 


E = {xe [a, b] | f(x) ± 0} - {x e [a, b] \ |/(x)| ^ 0} 
= U{j: e [a, b] | n - 1 < |/(x)| < n}. 


Each of the mutually disjoint sets E„, {x e [a, b] \ n — 1 < |/(x)| < n}, 
is a subset of £, which has measure zero. The set E n is measurable, and 
— 0 - 

We have an open set G n covering E n with ji(G n ) < e/n2 n (recall 
Section 5.6 on approximating measurable sets). Now we need a gauge. 

If a tag c/t belongs to [a, b] — E % then f(ck ) = 0 and we would have 
no contribution to a Riemann sum. In this case, S e (ck) does not matter. 
Otherwise, c k belongs to E and we have a unique N so that c* 6 E^. 

Since \f(c^)\ > N — 1, which is potentially very large, we need the 
subintervals associated with such c*, [xfc-i.Xfc], to be small. Recalling that 
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En is a subset of the open set G^r, and considering that (i{G w) is less 
than e/N2 N , is there some way to force the nonoverlapping subintervals 
[jcjt— i , Xk] be a subset of G/v and thus to have a total length not exceeding 
€/N2 n 1 

Since , **] C ( Ck — 5 (c*), c k -F 5(ct)), is there some way to force 
(cfc — S(cfc), c k + 5(00) to be in G#? Yes. Let 8{ck) be the distance from 
Ck to points not in G#. That is, let 8(ck) equal the distance from Ck to 
points in the complement of the open set G# . 

We are ready to define the gauge: 


5 e (x) = \ 


1 


distance from x to the complement of G„ 


x e [a, b] - E , 

for x e E n , 
n — 1,2 


Consider a fl e -fine partition of [a,b]. Only tags in E n , for some n, will 
contribute: E n] , . . . , E„ m . Because |/| <m on E ltj , the total contribution 
is bounded by 


ni/i(G Bl ) +n 2 /i(G n2 ) + + /Ja:/a(G„„ i ) < J]/i/i(G n ) < c. 


Thus, H-IC fa f(x) dx = 0. Look at Example 8.3.4. 


We offer two additional observations. First, if C is the Cantor function, 
then C' = 0 almost everywhere and H-K C'{x) dx = 0 = L C' dfi. 
Second, almost everywhere equal functions have the same integral. 


Exercise 8.3.2. Suppose f is H-K integrable on [a, b] and g equals / 
almost everywhere on [a, b]. Demonstrate that g is H-K integrable on [a, b] 
and that 



dx = H-K f f{x)dx. 
Ja 


Hint: g — (g — /) + f’,g — f is H-K integrable by Example 8.3.5; and by 
the same example we have H-K — /(*)] dx = 0. Now use linearity 

of the integral. 


Is the H-K integral an extension of the Lebesgue integral? We have some 
preliminary work to do before we can answer this question. 


8.4 The Camchy Criterion for H-K Integrality 

As with other integration processes, Cauchy-type conditions are useful. An 
H-K sum is a Riemann sum associated with a 5 e -fine partition. 



184 


A Garden of Integrals 


Definition 8.4. 1 (Cauchy Criterion for H-K Integrability). A function / on 
the interval [a, b] is H-K integrable on [a, b) iff for every e > 0 we have 
<5 c -fme partitions Pi and Pi of [a, b ] with the associated H-K sums within 
e of each other. 

Proof. Let e > 0 be given. If / is H-K integrable on [a t b], then we have 
a gauge on [a, b] so that the H-K sum of any 5 e -fine partition of [a, b] 
is within e/2 of the H-K integral of /. Thus any two such sums will be 
within e of each other. 

For the other direction, assume that for any e > 0 we can determine a 
gauge 8 e (*) so that for any two 8 -fine partitions of [a, b] the H-K sums are 
within e of each other. Then for e = \/n, we have a positive function <5„(-) 
so that for any two <5 n -fme partitions the associated H-K sums are within 
1 fn of each other and S n+ i < 8„ on [a, b\. 

Consider the sequence of the H-K sums 

f(c l ) Aix, /(c 2 )A 2 * /( C ") A « Z - 

Pi P2 Pn 

with P n a 5„-fine partition of [a, b\. We claim the sequence 


r ■> 

.A. 

is a Cauchy sequence of real numbers. To show this, we compare 

^/(c n )A„x and £ /(£”)&„, 

Pn Pm 

with m > n. The key is the observation that by our construction process 
8 m < so a S,„-fme partition is a 5 n -fine partition of [a,b\. We have two 
H-K sums for a 5„-fine partition of [a, b]. For m > n. 


J2 f( cm )&mx - J2 /( c ") A n* 

Pm Pn 



and we have a Cauchy sequence. Let A — lim£^ ( f(c n ) A n x. Then for 
each n 


J2f(c n )A n x- A 

Pn 
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Let e > 0 be given and choose N so that 1 /N <e. Let P be any 5#-frae 
partition of [a, b]. Then 


£ /(c) A* -/l 

< 

X] /( c ) f( cN )^ x 

P 


P Pn 


+ 


£ f(c N )A N x - A 
Pn 


1 1 „ 
< N + N < *' 


since P and Pn are 5iv-fine partitions of [a, b\. 

Thus / is H-K integrable on [a, b] and H-K f(x) dx = A. □ 


Another way to look at H-K integrability involves approximation above 
and below. We will explore this by way of an example. 

Example 8.4.1. Suppose for each e > 0 we have H-K integrable functions 
0 and 0 on [a, b] so that 0 < / < ^ and 

H-K j f(x) dx - H-IC 

Then / is H-K integrable on [a,b\. 

Before we demonstrate this, notice that since 0 and \jr are H-K integrable, 
we have 5^- and 5^-fine partitions of [a, b], 0 < f < 0- on [a, b] so that 



and 


^ 0(c) Ax - H-K 
P^ 



dx 


E 


f(d)Ay - H-K 



dx 


are less than e. 

Define a gauge 5(-) by 5(x) — min{5^(x)- and let P be any 5- 

fine partition of [a, b]. Then a 5-fine partition of [a, b] will be a 5^- and 
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5^-fine partition of [a, b], and 


H-K 



p 

< J2 /fc) Ax - Y2 ^( c ) Ax 

p p 


< H-K 

< H-K 



dx + e 
dx + 1€. 


Any two H-K sums for a 5 -fine partition of [a, b] will be within 3e of 
each other. By the Cauchy Criterion (Definition 8.4.1), f is H-K integrable 
on [a t b\. 


We conclude this discussion with a final property. 

Example 8.4,2. If / is H-K integrable on [a t b], then / is H-K integrable 
on every closed subinterval [c, d] of [a, £>]. 

Suppose a <c < d < b. (The reader may consider the other cases.) The 
idea here is to construct two fl e -fine partitions of [a, b] that are identical on 
[a, c] and [d,b\, and then use Cauchy’s Criterion. 

Let e > 0 be given. Because / is H-K integrable on [a, b\, we have a 
gauge S e on [a,b]. Thus we have a gauge on [a,c], [c,d], and [d,b\. 
By Cousin's Lemma 8.2.1), we have <5 e -fine partitions of [a, c], [c r d\, and 

[rf, 61 - 

Let P ac , P^ d , P^ d , Pdb denote such <5 e -fine partitions with P^ d , P^ d 
any two S e -fme partitions of [c, d]. We have 

P ac = U c l. . (CAT, [*AT-i, C])}, 

p cd ~ K rf i* Z 1 1 ])' ■ • • - ( d M, [zir- 1, rf])}. 

P cd = {( e l. [ c - Z lD ( e L, [z 2 L-v rf ])}> 

Pdb = {(/i,[^,yi]),...,(//c.[yji:-i,c])}. 

Notice that Pac LI P^ d U Pdb and P ac LI P^ d U Pdb are two 5 e -fine partitions 
of [a,b\. 

By the Cauchy Criterion, the difference of the associated H-K sums is 
less than e. But these H-K sums are identical on [a, c] and [ d , b]. Thus the 
difference of these H-IC sums is a difference of any two S c -fme partitions 
on [c, d] that is less than €. Using the Cauchy Criterion again we conclude 
that f is H-K integrable on [c, d\. 
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8.5 Henstock's Lemma 

Another useful result, due to Ralph Henstock, tells us that good approxi- 
mations over the entire interval yield good approximations over unions of 
subintervals. 

Lemma 8.5.1 (Henstock, 1961). Suppose f is H-K integrable on [ci,b\, 
and for e > 0 let 8 e be a gauge on [a,b] so that if we have a 8 e -fine 
partition of [a, b\, then 



f(c k ) A.t - H-K 



dx 


< e. 


Suppose F \ , F %, . . . , Fj is a finite collection of nonoverlapping (no com- 
mon interior) closed subintervals of [a, b], withy j e Fj c (yj—8e[yj),yj + 
S e(yj)), where 1 < j < J. Then 


J 


E 


f(yj)l(Fj)-H-K. f fix) dx 
JFj 


< € 


and 



f(yj)l(Fj)- H-K 



dx 


<2e, 


where l(Fj) denotes the length of the subinterval Fj. 

Proof. The set [a, b] — Fj is a finite collection of open intervals. Adjoin 
their endpoints. For this finite collection of closed subintervals, K \ , K 2 , . . . , 
Kn, of [a, b\, f is H-K integrable (Example 8.4.2). 

Choose a gauge 8 n < S € so that for rj > 0 and a 8, r -fine partition of K n , 
call it K(P n ), we have 


E 

K{P n ) 


f{x) Ax - H-K f f(x) dx 
JK n 



The partitions K(P i), K(Pf ), . . . K(Pw), together with F\, F 2 , . . . , Fj form 
a fl e -fme partition of [a,b]. (See previous result.) We have the case as il- 
lustrated in Figure 1. 
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*1 


K 2 

4 t — H _ 


K, 


Figure 1. Partition, of [a, b] 


Then 
J 


E j ftoMFj) ~ H " K f p /to dx 

[/Cyi)*(*i) + ftoWi] + ■•• + fiyjMFj) 

+ XI /to A * + E /to A * + --- + E /to A *] 

tf(Pi) K(P 2 ) JCCPat) 

-H-k[" [ f(x)dx+ f f(x)dxA V ( fix)dx 

U F\ J f 2 J Fj 

+ [ fix) dx + f f (x) dx -\ h f f(x)dx 

Jk , Jk n 


'Kl 

N 


+ 


K N 

£ (h-K / /(x) - £ ( £ fix) te) 

n=1 V JKn J n=l\K{P n ) J 


N 


< € 


+£ 

n=l 


H-K f f{x ) dx - E /to dx 

J d t 


*(A.) 


< e + N — = e + 77. 


By the arbitrary nature of 77, the first inequality is valid. For the sec- 
ond equality, select from the subintervals Fi, F 2 , . . . , Fj those for which 
fiyi)t(Fj) ~ H-K /, fix) dx > 0. Thus 


< f 


0<£f(yjMFj)-H-K f fix ) dx = £ | 

J Fj 

Otherwise, /(yj)^(Fj) - H-K f Fj fix) dx < 0, and 

-£/(J7 )W) + H-K./‘ fix)dx = J 2 1 l<« 

JFj 

All together, 


E 


f(yMF 


j ) — H-IC f fix 

JFj 


f (jc) dx 


< 2e. 


The argument is complete. □ 
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8.6 Convergence Theorems for the H-K Integral 

We now establish a convergence theorem for H-K integrals. 


8.6.1 Monotone Convergence 

Theorem 8.6.1 (H-K Monotone Convergence). Suppose that {fk} is a 
monotone sequence of H-K integrable functions on [a, b] converging point- 
wise to f on [a, b]. Then f is H-K integrable on [ a,b ] iff the sequence 
{H-K Jq fk (x) d: e} is bounded on [a, b\. In this case. 


H-K 



dx ~ lim H-K 



dx. 


Proof Assume the sequence {fk} is monotone increasing: f\ < < 

fk 5 fk+i < / on [a, b]. If / is H-K integrable, then H-K fj} fk{x) dx < 
H-K f(x)dx for all k, and the monotone increasing sequence 
{H-K f a fk{x ) dx], being bounded above by H-K f a f(x) dx, converges. 

Now, assume the monotone increasing sequence {H-K fk{x)dx] is 
bounded above and converges to A\ lim H-K fk( x )dx = A. We will 

show that H-K/ fl 6 f(x) dx = A\ that is, / is H-K integrable on [a, b] to 
A. 

Let e > 0 be given. For k > K, we have 0 < A - H-K f* fk(x ) dx < e. 
By the assumption of H-IC integrability of fk, we have a gauge 5* for fj c 
so that 



fipi t) Ax - H-K 



dx 



for every 5* -fine partition of [a,b\. 

Let x be any point in [a, b j. Because lim ( x ) = f(x), we have a natural 
number n(x) > K so that |/(x) — fk(x)\ < € whenever k > n(x) > K, a 
natural number associated with each point of [a,b]. 

The function S e (x) = is a gauge on [a, b]. Suppose P is a 5 e -fme 
partition of [a, b]. We will show that the difference of the associated H-K 
sum and the number A can be made arbitrarily small. 
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/(c) Ax -A 

P 


1=1 

+ 


With Zp f(fl) Ax = ZLi /fo) A x i, we have 

I i 

f(Ci ) Axi - fn(fii)(, c i) A Xi 
i=l 

X! { fn(c,)(ct) A Xi - H-K f /„( C/ )(x) cfx] 
/ = 1 ' J Ax i j 

X! H ‘ K f McA x ) dx~ A . 


The first term on the right is dominated by J]/=i |/(q) — /n(c J )(c/)| A Xi, 
which is less than €{b — a). 

For the third term, recall that the sequence {/&} is monotone increasing. 
The natural numbers n (ci), n(c 2 ), . . . , n(cj) are each greater than or equal 
to K. Then 


H-K f f K (x) dx = / k { x ) dx f /»(*/>(*) dx, 

Ja A.Xj ^__^JAxi 


SO 


Oi/l-^H-K [ /„( C;) (x) dx < d - H-K f b /jc(x) dx 

^ / Ajc; d a 


< €. 


The second term remains; 


^2 { Met ) ( c ') A *i “ H_K / A /n(cf) (*) dx j 


The natural numbers «(ci), n(c 2 ), . . . t n(cj) may not be distinct. Those 
that are the same correspond to the same partition, and we use Henstock’s 
Lemma. For example, if n(c fl ) = n(ci 2 ) = • ■ ■ = /i(c I; ), then 


l 

T, fi{c ik ) A x, k — H-K 


k = 1 



dx 


< 


€ 

2 n ( c «y) 


The second term is dominated by J] e/2 fc = €. We have shown that for 
this 5 e -fine partition of [a, b] the difference between the associated H-K 
sum for the function / and the number A is bounded by e(b — a) + e + €. 
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This is what it means to say that / is H-K integrable on [a, b ] and that the 
H-K integral of / equals A: 


H-K 



dx — limH-K f fk(x) 


dx. 


The argument for f\ > ■ • • > fk > fk+i >■•■>/ is similar. □ 


We note that pointwise convergence of fk to / may be replaced by fk 
convergence pointwise to / almost everywhere on [a,b]. We define / to 
be zero whenever pointwise convergence fails. 


8.6.2 Dominated Convergence 

We have the Henstock-Kurzweil counterpart to the Lebesgue Dominated 
Convergence Theorem 6.3.3. 

Theorem 8.6.2 (H-K Dominated Convergence). Suppose {fk} is a se- 
quence of H-K integrable functions on {a, b] convening pointwise to f on 
[a, b\. IfweTh'ave H-K integrable functions <p and i /r such that <p < fk < i/r 
for all k, then f is H-K integrable and 


H-K 



dx = lira H-K 



dx. 


The proof may be found in Gordon (1994) or Bartle (2001). 


8.7 Some Properties of the H-K Integral 

It is almost time to discuss Fundamental Theorems of Calculus for the H- 
K integral. Before doing so, however, we will explore some more of its 
properties. 


8.7.1 Extension of Lebesgue 

We begin by showing that Lebesgue integrable functions are H-K integrable. 
In fact, the H-IC integral is an extension of the Lebesgue integral. Liberal 
use of the convergence theorems facilitates the argument. 

Theorem 8.7.1. Suppose f is Lebesgue integrable on [ci,b]. Then f is 
H-K inlegi‘able on [a, b] and 


H-K 
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Proof. Our argument has three parts. We begin by recalling that Sec- 
tion 8.3.1 showed that step functions are Lebesgue and H-K integrable 
and the integrals are equal. 


Part 1. Simple functions are H-K integrable, and the H-K and Lebesgue 
integrals have the same value. 

Let G be an open subset of [a, b\. It can be written as a countable union 
of disjoint intervals: G — U 7*. Define a sequence of step functions {/*} by 

fk — Xh + Xh ■+ + Xh- Then fk is H-K integrable and lim/* = xg- 

Note that if x e [a, b] — G, then fk(x) = 0 for all k and lim fjfx) = 0. 
If x e G, then we have a natural number N so that x Ii U ■ • ■ U In-i > 
x e Ih, x £ In - hi That is, 

fi(x) = ■ ■ ■ = /at-i (x) = 0, 
f. n(x ) = 1 = f N + 1 (jr) = • • • , and 
lim/* (*) = 1. 


By the Monotone Convergence Theorems (H-K and Lebesgue), since 
0 < /* < 1 on [a, b] the characteristic function on G is H-K and Lebesgue 
integrable, and 

H-K f Xg 00 dx = lim H-K f fk(x)dx 
Ja Ja 


pb pb 

= limL/ fkdfj. = L I xg dfi. 
Ja Ja 


Next, let £ be a measurable subset of [a, b]. We may cover E with a 
monotone decreasing sequence of open sets {G*} such that lim /x(G*) = 
/ i(E ) (by Theorem 5.6.1). Again, /* = XG k defines a monotone sequence 
of H-K and Lebesgue integrable functions converging pointwise to xe, with 
0 < fk < 1 on [a, b] and 0 < H-K /* /*(x) dx < b — a for all k. We have 

H-K f xe (x) dpi = lim H-K f f k (x) dx 
Ja Ja 

pb pb 

= limL / fkdyL- L xsdfi. 

Ja Ja 

Finally, a simple function is by definition a linear combination of char- 
acteristic functions on measurable sets. Thus, 

pb pb 

H-K I (simple function) dx — L f (simple function) dfi. 

Ja Ja 
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Part 2 Assume / is a nonnegative Lebesgue integrable function on [a,b]. 
Then we have a monotone sequence {(pjc} of simple functions converging 
pointwise to / on [a, b] (Theorem 5.7.2). Now, 


H-K f <pk(x) dx — L f fa d{i < L f f dpi 
Ja Ja Ja 


< oo. 


Application of the Monotone Convergence Theorems yields 

H-K f f(x) dx = lira H-K /** <p k (x) dx 
Ja Ja 

= lim L I <picdjjL = Lf f dfi. 
Ja Ja 


Part 3. Apply Part 2 to the nonnegative Lebesgue integrable functions 


1/1 + / 

7 


and 


I/I-/ 

2 


□ 


So Lebesgue integrable functions are Henstock-Kurzweil integrable and 
the integrals have the same value. Are there functions that are H-K inte- 
grable and not Lebesgue integrable? We will show very shortly that there 
are. 


8.7.2 Recovering Functions via Differentiation 

We now prove a theorem that tells us that, for differentiable functions, the H- 
K integral "recovers” the function from its derivative. Recall the Lebesgue 
integral requirement that the derivative be bounded (Theorem 6.4.2). 

Theorem 8.7.2. If F is a differentiable function on (he interval [a, b ], then 
the derivative of F , F f , is H-K integrable on [a, b ] and 


H-K 



dt = F(x) — F{a). 


Proof. Let e > 0 be given. For each point x in [a, &] we have a positive 
number 5 e (.v) so that for u < v, x — & e (x) < it < x < v < x + S € (x), and 


F(v) - F(u) — F'ix)(v — u)| < e(v - it) 


by the Straddle Lemma (Exercise 5.9.2). 
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We have a gauge S e (-). Let P be a 5 e -fme partition of [a, b]. Then by 
Cousin’s Lemma 8.2.1 we have 

{(ci, [a, xi]), (<?2, [*i.*2]) (c n , [jcn-i, b])}, 

with 

ck ~ <5 c(cfc) < x k - 1 < c* < < c k + S £ (c&), 

for 1 < k < n. Thus 

Y,F'(c k )Ax-[F(x)-F(a)\ 

P 

= (F'(c t )(x k - **_,) - [F(x t ) - F(x, t_,)]) 

P 

< Ax* = e(6 -a). 

So we have that F' is H-K integrable and H-K f* F'(f) dt = F(x) — F(a) 
for x in the interval [ a,b ]. □ 

We have shown that every derivative is H-K integrable, bounded or not. 


8.7.3 H-K, but not Lebesgue, Integrable 


We will demonstrate that an H-K function need not be Lebesgue integrable. 
Consider 


F(x) = 


x 2 sin(jr/x 2 ) 0<r51, 
0 x = 0. 


Then 


F'(x ) 


2x sin(7r/x 2 ) — 2n/x cos{it/x 2 ) 0 < x < 1, 
0 x = 0. 


So F l is H-K integrable and H-K Jq F'{x) dx = F(l) — F( 0) = 0. 

However, F' is not Lebesgue integrable. Recall that a function is Lebesgue 
integrable iff its absolute value is Lebesgue integrable. The function 
2xsin(7r/x 2 ) (when 0 < x < 1) and 0 (when x = 0) is continuous on 
[ 0 , 1 ]. 


Exercise 8.7.1. If F' was Lebesgue integrable, we could conclude that 

L ff \ cos &)\ dx 


< CO. 


Show that this is not the case. Hint: x n = ^l/(2n + 1). 
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The H-K integral is indeed an extension of the Lebesgue integral. 

Can we weaken the hypothesis that F be differentiable? The continuous 
function 2*/x has a derivative of l/*/x for x 0. In Example 8.3.3 the 
H-K integral of the function 1 / </x (when 0 < x < 1) and 0 (when x = 0) 
was shown to exist and to have value 2vT. 

Exercise 8.7.2. Show that the continuous function F(x ) = 2+fx, with a 
derivative F' defined by 1 /</* for x > 0 and 0 when x = 0 satisfies 
F(x)=H-K/ Q x F'(t)df. 

Maybe F does not have to be differentiable at all points. On the other 
hand, the Cantor function C is a continuous function, differentiable almost 
everywhere ( C r = 0 almost everywhere), and (by Example 8.3.5) 


C(l) - C(0) = 1 # 0 = L 




A set of measure zero, with regards to the derivative, still causes prob- 
lems. It turns out we can successfully deal with a countable set of problem 
points. We have a Fundamental Theorem of Calculus for the H-K integral 
— in fact, as we shall see, we have two fundamental theorems to examine. 


8.7.4 Fundamental H-K Theorem 

Theorem 8.7.3 (FTC for the H-K Integral). If F is continuous on [a, b] 
and if F is differentiable on [a, b] with at most a countable number of 
exceptional points, then F r is H-K integj able on [ a,b ] and 

H-K f F\t)dt = F{x) — F(n) for each x e [a,b]. 

Ja 

Proof At the exceptional points, say ai,a 2 , ■ ■ • - • • , we define F' to 

be zero: F'(af) = 0, with k = 1,2, Let e > 0 be given. We now 

construct a gauge on [a, b ]. 

For x a.k, we have a positive number &^(x) so that 

| F(u) — F(u) - F'(x)(u -u)| < e(u -u) 

whenever x — 8^ (x) < u < x < v < x + 8* (x), by the Straddle Lemma 
(Exercise 5.9.2). Because F is continuous at a we have a ^(a^) so diat 

€ 


Fix ) - F(a*)| < 


7*+2 
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whenever a k — S° (a k ) < x < a k + (flfc). Define the gauge <5 e (x) on [a, 6] 
by 

&t(x) x # ai,fl 2 , ■ (differentiability) 
e x — a k . (continuity) 

This gauge will work for [a, x]. 

By Cousin’s Lemma 8.2.1 we have a 5 e -fine partition of \a, jc]: 

{(ci, [a,xi]), (c 2> [jci, x 2 ]) (c n , [*„-i,x])} . 

If none of the tags c k is an exceptional point a lt - • * . a k, - - • > argue as 
in Theorem 8.7.2. Otherwise, suppose the tag c k is the exceptional point 
Qfif . If Ck tags only one subinterval, {c k , [-Xfc-i , **]), then for F'(c k ) = 
F'{a^) = 0 we have 

\F(x k ) - F(x k -i) - F' (c k )(x k - x k -i)\ = | F(x k ) - F(x k -i) \ 

< 2 (^ 7+2 ) = tff+i' 

But if Ck tags two subintervals, either (c k , [xk- 2 , *fc-i]) and (c k , [xjk-i . x k ]), 
or else (c fc] [x^_i , xjt]) and (cfc, [x*., Xfc +1 ]), we could have 

|^(*fc) - F(x k -i) - F\c k ){x k - x k -i ) | = iFfo) - F{x k - 1 )| 


and 


F(xk~i) - F(xk-i) - F'(c k )(xk-i — ^- 2 ) | = \F(x k -i - ^(**-2)1 


to estimate. In this case, we have 



The worst case would be if each tag occurs as an exceptional point. But 
we have only a finite number of tags, so the total contribution from such 
exceptional tags must be less than = e. 

For the tags that are not exceptional points, 


|^(*k) - F{x k - 1 ) - F‘ {c k ){x k - x k - 1 )| < €{x k -x k -i) 


and 

X ” F&k-i) - F'{Ck)(x k - x k ~i)\ < e(x-a) <e(i - a). 
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We have for any <5 € -fme partition P of \a, x ] 

F(x) - F{a) - ^2 F'{c k ) £xx k < e{b - a) + <r. 

p 

Thus, F' is H-K integrable and H-K /* F'{t ) df = - F(n). □ 

Compare Theorems 2.3.1, 3.7.1, and 6.4.2. 

8.7.5 Sawtooth Functions 

We offer one example of a so-called sawtooth function. The reader may 
construct other examples; these examples are informative. 

We construct a function F on [0, 1] as follows. 

Step 1. Define F as 



jp(l) = ln2, 


and let F be linear otherwise. 

Step 2. F is continuous on [0, 1] so ]irn x _*.i- F(x) = ln2. 

Step 3. F is differentiable except at j, j, .. .,»/(« + 1), Thus 

2 on (0, i), 

-3 on (|, §), 

F'{x) = < 4 on (!,§), 

(-1)" +1 (ii + 1) on ((« - \)/n,n/(n + 1)), . . . . 

Step 4. F‘ is H-K integrable on [0, 1] and H-K F'(x) dx = F(l) — 
F( 0)=ln2. 

Step 5. F' is not Lebesgue integrable on [0, 1]. 
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How did we reach that final step? Assume F' is Lebesgue integrable. 
Then I.F'1 is Lebesgue integrable, and 


/»1 rn/(n-\-\) 

L \F'\dp>L \F’\dp. 

Jo Jo 


1 


1 


= 2 UJ + 3 w +4 

, 1 1 1 
— 1 + — + ~ + *- *4 — ■ 
2 3 n 


(a 


+ ■ ■ * + (n + 1) 


(n(n + 1). 


We have a contradiction. 


This concludes our treatment of recovering a function from its derivative 
using the H-K integral. How about recovering a function from its H-K 
integral using differentiation? 


8.8 The Second Fundamental Theorem 

Before proving the Second Fundamental Theorem of H-K integrals, we 
will discuss some properties of the function jF(jc) == H-K f* f(t) dt> for 
a < x < b, where we assume that / is H-K integrable on [a, b], 

8.8.1 Some H-K Properties 


Property 1. F is continuous on [a,b\. 

Let e > 0 be given and select any point c in (a, b). We will show that 
F is continuous at c. 

Because / is H-K integrable on [a, b], we have a gauge 5 £ (■) so that for 
any 5 e -fine partition of [a,b], 


pb 

T f(c k ) Ax -H-K I /(f) dt 

Ja 

Define a new gauge <$(-) on [a, b\ by 


< €. 


_( min {£|*-c|,5 e (x)} ifx^c, 

| min{5 € (c),c-fl,b-c,e/(|/(c)| + 1)} ifx-c. 


For any 5-fine partition of [a,b], c is a tag. For x in (c — 5(c), c 4- 5(c)) 
— that is, \x — c| < 5(c) — application of Henstock’s Lemma to (c, [x, c]) 
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and (c, [c, x]) implies 

| /(c) (c - x) - ( F(c ) - F/x)) | < € and 

| /(c) (x - c) - (F(x) - F(c)) | < f. 

That is, 

|F(x) - FXc)l < e + \f{c)\ |x - c\ < e + |/(c)| ■ — y < 2e. 

Thus, if |x — c| < 5(c), then |F(x) — i r C c> )1 < 2e, so F is continous at c. 
The reader may consider c = a and c = b. 

Property 2. If f is nonnegative , F is nondecreasing 

For a < x < y < b, F{y) — F{x ) = H-K f* f{t ) dt. All the H-K sums 
are nonnegative. 

Pmperty 3. If f is continuous at c e (a, b), then F is differentiable at c. 

Let e > 0 be given. Because / is continuous at c, we have a 5 c (c) so 
that 


/(c) - e </(/)< /(c) + € for |t -c| < S £ (c),t e [a,b]. 
For h > 0, 

/ c+h 

f{t)dt <h(f(c) + <f). 


That is, 


-eh < H-K J [/(0 - /(c)] dt < eh, 


and 


F(c + h) - F{c) 


-m 


Jc h 


< e. 


Complete the argument by considering h < 0, c = a, c — b, and show 
that 

1. if c e \a, b ) and lim jr _ c + /(x) exists, then F has a right-hand deriva- 
tive at c equal to /(c + ); 
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2. if c e (a, b\ and f(x) = f(c ) exists, then F has a left-hand 

derivative at c equal to f(c~). 

In fact, if we remove the requirement that / is continuous or has a left- 
or right-hand limit, it is still true that F l = / almost everywhere. This is 
the Second Fundamental Theorem. 


8.8.2 Second Fundamental Theorem for H-K 


Theorem 8.8.1 (Second FTC for the H-K Integral). Given that f is H-K 
integrable on the interval [a, b\, define a function F on [a, b] by F(x) = 
H-K/ fl r f(t) dt. Then 

1. F is continuous on [a,b], 

2. F' ~ / almost everywhere on [a, b\, and 

3. / is Lebesgue measurable. 

Proof. We have shown that F is continuous (Section 8.8.1). To show that 
F' = / almost everywhere on [a, b ], we will show that the Dini derivate 
D + F equals / almost everywhere. 

Let E be the set of points in [a, 2>] for which D + F is not /. First we 
will show that E has measure zero. For x in the set E , 


lim sup 
h^o+ 


Fjy) - F(x) 
y -x 


is not /.If that upper limit is greater than /(*), then for every A>0we 
have a number in [x, x + h]C\ [a, b), so that 


F(y x h )-F{x) 

y x h~ x 


> fix) + rj xt 


with j] x a positive number. That is, Fiyfi) - F(x) — /(*)(y£ — x) > 
Vxiyj^-x). 

However, if that upper limit is less than f(x), then for every h > 0 we 
have a number y£ in [x, x + A] so that 


Fly ft - Fix) 

yfi - x 


< fix) -rj x , 


with 7) x a positive number. That is, for x in the set E and every h > 0 we 
have a number yf t in [x, x + h]H [a, b) so that 

\F(yft- F(x)- f(x){y^ -x)\> r}x(yi~x). 
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For x in the set E , we have a sequence of points yf t in [a, b ) converging 
to x from the right so that \F(y%) - F(x) - /(*)(yj - x)[ > r) x (y* -x), 
for tj x positive. 

With each point x in E we associate a positive number rj x . Then 

We will show that E n — {x e E J tj x > \/n) has measure zero for 
n = 1,2,...; thus E will have measure zero. 

Fix n. Let € be greater than zero. We have a gauge £<=(•) so that if P is 
any 5-fine partition of [a, b], then 

J2 /( c ) Ax >< ~ H " K f /(*) dx < ~- 

J a ft 

The collection of closed intervals {[x, y£]|x e E»,x < yf t < x + h < 
x 4- 5 e (x)} forms a Vitali cover of E„. 

We have a finite collection {[xi, .... [*m , y^ M ]} of disjoint closed 

intervals, x\, . . . , xm points in E n so that 

M 

/**(£„)- J2 (yfi m ~ Xm ) < 6 - 

m = 1 

That is, 

M 

OV" — x rn) > (En) — 

m — 1 

But 

■[^bi yfi" ] C (-v m — 5 e (xjfl)i x m + S e (x ni )) . 

Apply Henstock’s Lemma 8.5.1. We conclude 

— > /(*»») W"' ~ x ”') -n- K / f(Odt 

11 171 = 1 Jxn > 

= E I /w W" - *«) - [? W) - I 

> El*- (jf ~ Xm ) > - e), 

ft 

Thus ia*(. E n ) < 3e and is Lebesgue measurable since = 0. 
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Again, let E denote the points x in (rz, b ] for which F-(x) ^ fix). That 
is, 

F-(x) = lira inf j — h<y<x\ ^ fix). 

h-+a+ { y — x ) 

If F-Q c) > f{x), then for h> 0 we have yf t < x in (a, b\, so that 

HyD-n*) ^ „ 


yi- x 


> fix) + r] x . 


for r\ x a positive number. That is, 


F W) - F ( x ) - (yi -*) /(*) < v* ( yi -*) < 0 for y * - * < o. 


However, if F-ix) < fix), then 

F (y x h ) - Fix) 

yi- x 


< fix)~T] x . 


That is, F (y£) - Fix) - fix) (yj -x)> -rj x (y% - x) > 0. In short, 
\ F W) - F ( x ) - fix) {yl - x)| > -T] X (yi - x) = 7] x (x - yf ,) . 


As before, E n — {x € E \ r\ x > 1 /«} and E = U E n . Fix n. The col- 
lection of intervals {[_y^ , nc] | x g E n , x — 8 e (x) < x — h < x — yf t < x} 
fonns a Vltali cover of E n . 

We have a finite collection {[y^ 1 , xf\ [y£ M , jc Af ]} of disjoint closed 

subintervals of (a, b], with J^m = i ( x m - yi m ) > M *'(£'„) — e. But 

C (x m — S e ix m ), X m + S e (x m )). 


Applying Henstock’s Lemma 8.5.1, we have 


2e JH. f Xm 

- > £ /(*,„) (x m - >*» ) - H-IC / >m /(f) dt 

tn — 1 Jy h 

M 

= E I /(*«.) (*» - j '?") - [^(*».) - F W”)] I 

m= 1 

> rj x (x m - yjj m ) > - e). 

Thus j \i*iE n ) < 3e. By the arbitrary nature of e, we have that fi* iE n ) — 0, 
so E n is Lebesgue measurable and fiiE n ) = 0. 
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Show that the other two derivates equal / almost everywhere, and con- 
sequently F' = f almost everywhere. 

The third conclusion — that f is Lebesgue measurable — follows, since 
differentiability of F almost everywhere implies that F is continuous almost 
everywhere and thus (Section 5.7.2) F is measurable. Define F for x > b 
by F(x) = F(b). Then f n {x ) = n [F (.x -1- (1 fn)) — f'X*)] is a measur- 
able function. Thus, limJ^jr) = F\x ) almost everywhere on [a,b] is a 
measurable function (Theorem 5.7.1). Since F' = f almost everywhere, / 
is measurable (Section 5.7.2). □ 

Compare Theorems 2.4.1, 3.7.2, and 6.4.1. This concludes our discussion 
of the H-IC Integral. 

8.9 Summary 

Two Fundamental Theorems of Calculus for the Henstock-Kiu'zweil Inte- 
gral 

If F is continuous on [a, b\ and F is differentiable with at most a count- 
able number of exceptions on [a, b], then 

1. F' isJHenstock-Kurzweil integrable on [a,b] and 

2. H-K F'{t) dt = F(x) - F(a), a <x<b. 

If / is Henstock-Kurzweil integrable on [a, b ] and F{x) — H-IC f* f (t) dt 
then 

1. F is continuous on [a, b\, 

2. F' = f almost everywhere on [a,b\, and 

3. / is measurable. 


Cauchy 


Riemann 


Lebesque 


Henstock-Kurzweil 


Figure 2. C C RC Lc H-K integrable functions. 
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CHAPTER 9 




What science can there be more noble, more excellent , more useful for 
men, more admirably high and demonstrative than this of mathemat- 
ics 7 — Benjamin Franklin 

In the preceding chapters, the integrals under discussion were defined on 
sets of real numbers. So the domains of integration have consisted of real 
numbers. In contrast, the Wiener integral has as its domain of integration 
the space of continuous functions on the intei~val [0, 1] that begin at the 
origin . A continuous function now plays the role of a real number. 

With the Wiener integral path replaces point : these are integrals over sets 
of continuous functions, integrals over ’’paths.” Hence the terminology path 
integral. The approach, as in the development of the Lebesgue integral, is 
threefold: 

1 . We begin by defining a measure on special subsets of our space of 
continuous functions. 

2. We extend this measure to an appropriate sigma algebra. 

3. With a measure in place, we develop an integration process leading to 
the Wiener integral. 

9.1 Brownian Motion 

The story begins in Scotland in the 1820s with a botanist named Robert 
Brown (discoverer of nuclei of plant cells) who was studying the euatic 
motion of organic and inorganic particles (pollen and ground silica, respec- 
tively) suspended in liquid. Neighboring particles experienced unrelated 
motion, movement was equally likely in any direction, and past motion had 
no bearing on future motion. 
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Despite numerous experiments that varied heat and viscosity, a satis- 
factory explanation was not forthcoming. Decades later a theoretical ex- 
planation was put forward by Albert Einstein (1905) and Marian Von 
Smoluchowslci (1906); the eventual experimental verification by Jean Perrin 
(1909) resulted in his receiving the 1926 Nobel prize in physics. 

Consider a collection of particles with initial displacement zero. Einstein 
argued that the number of particles per unit volume around position x at 
time t (in other words, the particle density at x at time t) is given by 
(2jc t)~ l I 2 eT x2 l 2t , which is a solution of the diffusion equation. Moreover, 
the mean square displacement from the beginning position is proportional 
to the elapsed time t. 

Consider a single particle, replacing density by probability. Starting from 
position x — 0 at time t = 0, the probability that the particle will be found 
between a and b at time t is written P{a < x(t) < b | x(0) = 0). We 
calculate this probability by 

pb 

P(a<x(t) <b | x(0) = 0) = (27r0 _l/2 j e~ x /zt dx. (1) 

The mean square displacement — the expected value of x 2 — may be 
calculated by 

/ oo 

x 2 e ~ x ~/ 2t dx — t, 

-oo 


and the particle density, (2jrr) l ^ z e x2 l 2t } is a solution of the diffusion 
equation 

du _ 1 d 2 u 
dt ~ 2 dx 2 ' 


Thinking of a particle starting at the origin at time zero, we are assessing 
its chances, its probability, of passing through the window [a, b ) at time t. 


position 



Figure 1 . Particle probability 
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Exercise 9.1.1. 

a. Using equation 1, calculate numerically the probability that a particle 
at time t = ^ passes through the windows [—1, 1), [—2,2), [—3,3), 
assuming x(0) = 0. Hint: As the window increases in size, we should 
count more particles, and for the largest window [— oo, oo), we should 
count all particles. 

b. Show P( — co < x(t) < oo j x(0) = 0) = (27r/) -1 / 2 dx 

= 1, for t > 0. 

We would expect the particle to wander up or down (so to speak) with 
equal probability. That is, the expected space coordinate x at time t, for a 
particle beginning at the origin, should be zero. Readers with some famil- 
iarity with probability will understand that the expected value of x, E(x), 
should be zero. 

Exercise 9.1.2, 

a. Show E(x) = (2jrr) -1 / 2 xe~ x ~^ 2t dx = 0. Hint: Symmetry or 
integration by parts. 

b. Show E(x) = — 1//2 xe - ^ - ^ 2 / 2 ^ - ^ dx = £i, for 

t > t\, assuming x(t\) — £i. Hint: If the particle is at location £i at 
t\ , its expected location t — t\ seconds later is £i. There is nothing 
special about starting at x = 0 at / = 0. 

Here is another thought about the previous exercise. If we started with 
a collection of particles at the origin at time zero, we would expect the 
particles to spread out — to disperse away from zero — although most 
should remain close to zero, the expected value. The reader may recall that 
the variance is a measure of the dispersion away from the expected value; 
in this setting, it’s away from zero. Formally, the variance of position x, 
written as £'^(x: — ^(x)) 2 ^, equals E{x z ) since E{x) = 0. 

Exercise 9,1.3. 

a. Show E(x 2 ) = (2nt)- 1/z x z t~ x2 < 2t dx = t. 

b. Assuming x(t i) = £i, show E(x z ) = t — t\. Hint: The expected 
value of the squat e of the displacement, the so-called mean sqaai-e 
displacement, is proportional to the elapsed time. 
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Exercise 9.1.4. Calculate numerically 


p H - * GH 1 x(o) = °) ■ 



P (-1 <JC(1) < 1 I *(0) = 0). 


Exercise 9,1.5. Show that the function (2 rtt) l ^ 2 e xl ^ 2t is a solution of 
the diffusion equation u t = \u xx . 

Yes, the distribution of the particles’ position, the distribution of x at 
time t, starting from the origin (x (0) = 0), is a normal distribution with 
expected value 0 and variance t. 

9.1.1 Wiener's Explanation 

In the 1920s Norbert Wiener developed a mathematical explanation of 
Brownian motion, a staggering achievement given the complexity of the 
physical phenomenon. Wiener wrote: "In the Brownian movement. . . it is 
the displacement of a particle over one interval that is independent of the 
displacement of the particle over another interval” ( Collected Works, 1976, 
p. 459). 

That is, the quantities (random variables) 

x(rO -x(0),x(r 2 ) -x(ti) x{t n )-x(t n - 1 ) 

vary independently, 0 < fi < ti < < 1, and are normally dis- 
tributed with mean zero and variance tk — tk-\, with k — 1,2 n, 

respectively. 

We have this mathematical model of Brownian motion: 

1. x(0) = 0 (all particles begin at the origin). 

2. *(■) is continuous for 0 < t < 1 (erratic, but continuous paths). 

3. The random variable x(f) — x(j), which is the change in position over 
the time interval t — s, has a normal distribution with mean zero and 
variance t — s, for 0 < $ < t < 1. We write 

pb 

P{a < x(t) — x(s) < b) = (2jr(r — s)) 12 I 
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4. x{t i) — *(0), . . . ,x(t n ) — are independent random variables 

for 0 < ti < ■ • ■ < t„ < 1 . 

From these intuitive concepts we now develop Wiener measure. Note that 
in what follows 


K(x,t) = (2irt) 1/,2 exp 



for 0 < t < 1 . 


9.2 Construction of the Wiener Measure 


Our construction of Lebesgue measure on the space of real numbers R 1 be- 
gan by assigning a measure (length) to intervals of real numbers: l ([a, b )) = 
b — a. For Wiener measure, our space will be the continuous functions on 
[0, 1] beginning at the origin, Co, with the sup norm : 


x\ 


— max |jc(f)|. 

0</<i 


The norm defines a topology, sometimes called the metric topology on 
C 0 . A set {* G Colli* — xq || < r} is called an open ball with center xq and 
radius r. A subset E of Cq is called an open set if for each x in E there 
exists r > 0 so the {y|||j/ — *|| < r} C E. In Section 9.3 we develop these 
ideas. 

When we assign a measure to the ’’quasi-interval” of continuous func- 
tions, the set 


{*(-) e C 0 | fli < *(fi) < bi, 0 < ti < 1} , 


what do we have? It is the probability of a Brownian particle starting at 
the origin and passing through the window [a\,b\) at time t\, where the 
position at time t\, x(?i), satisfies a i < x(ti) < b\. Figure 2 illustrates 
this probability. We write 

io fl ({*(•) e C 0 | flj < x{t x ) < bi, 0 < ti < 1}) 

" L i l ' ( 2,r ' irl/2ex p(-fi) dtl - 


9.2.1 Borel Cylinders with One Restriction 

More generally, we may replace the interval [fli, b\) with any Borel set B l 
in R 1 , d%i denoting Lebesgue measure in R 1 ; see Figure 3. We write 

23/j = {*(•) g C 0 | *(ti) G B 1 , B l a Borel set in R^O </]<!} 
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position 



Figure 2. The window [ai,&0 


and 

= l[ d^KiHuh). 

JB l 

The set of continuous functions B tl is called a Borel cylinder with one 
restriction. 

Exercise 9.2.1. Fix 0 < fj, < 1. The collection of all Borel sets in R 1 is 
a sigma algebra of subsets of R 1 , B l . To each Borel set B l in R 1 , we 
correspond the Borel cylinder in Co, 

B„ ={*(•) 6 Co I x(r, )<=£'}. 

Show that this collection of Borel cylinders is a sigma algebra of subsets 
of Co, B} lt with w tl (B ty ) = L f B i d^iK(^i,ti) as the measure; dtj \ is 
Lebesgue measure. 



Figure 3. Borel cylinder, one restriction 


The Wiener Integral 


211 



B 1 4 * B } , 


Bore] sigma algebras of R 1 Borel sigma algebra of Co 

(R KB 1 , dh) (C 0 , B \ , w„ ) 

Figure 4. Borel sigma algebras 



9.2.2 Borel Cylinders with Two Restrictions 

Now suppose 0 < jfi < t 2 "S. 1 . Consider the quasi-interval of continuous 
functions 


(a'(-) e Co | ai < Jc(fi) < b \ , gt < *(h) < £2}- 

(Thinlc of Brownian particles beginning at the origin and passing through 
the windows £>,-) at times f/.) This situation is depicted in Figure 5 . 



Assign a u;-measure of 

L f 2 f ~ — fi). 

•/ai Jai 

Why this measure? It is determined as follows. 

Given the probability of a Brownian particle starting at the origin at time 
zero and passing through the window [a.\. 61) at time t\ and given, further- 
more, that it has passed through this window at time , let us calculate its 
probability of passing through the window [a 2 , £>2) at time t2 > h • 
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First, we partition [a\, bi) x [a 2 , b 2 ) into (2 n ) 2 subrectangles. We write 


b\ — b 2 — 
2 " 2 n 


Aj • A 2 . 


Now, what is an appropriate contribution for the kith subrectangle? See 
Figure 6. 

The probability of the particle passing through the fcth segment at time 
fi is approximately K{m + ^A lt r 1 )A i , Given that the particle is at the 
fcth segment at time f la the probability that it is at the ith segment at time 
t 2 is approximately 


K{a.\ + k Aj , t\)K(a 2 + i A 2 — a\ — kA\, t 2 — 1\) A 2 . 


Thus the total contribution of that kth segment would be 

2«— 1 

K(ai + kAi, fi)Ai K{a 2 + i A 2 — a\ — kAi , t 2 — ?i)A 2 . 

i= 0 


Summing over k, we have 

2"— 1 2"-l 

T. T. Kfai + ^Ai, t\)A\K{a 2 + i A 2 — a\ — kA\,t 2 — /i)A 2 

fc=o 1=0 

** L [ b 2 d$ 2 [*' dhKfa'tdKfo-h'h-ti). 

J a 2 J a\ 

A A 

In Figure 7 the contribution is = <Zi + kA\, £ 2 = <22 + z A 2 : 

JC (f , , d) JC (h - 1,, (2 - d) Af 1 a&. 
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■ 












i 










\ 











k 




n, ^ by { y 

|l = ai + feAi ^ 

* 

f 2 = a 2 + 1 A 2 

K (ll.^l) K (§2 ~ fl.^2 — A|iAf 2 
Figure 7. Shaded area is the contribution of the &ith segment 

Next, as before, we replace [a\, b\) x [a 2l b 2 ) with an arbitrary Borel set 
B 2 in R 2 . That is, for the Borel cylinder 

Btyln = { X (■) e Co I (-Tc(ti), .x(r 2 )) G fl 2 } 

we have the measure 

^ri/ 2 (13fi/2) ~ L J j ^ K(%i, t\)K(lj2 — tjuti “ fi)^(£i . &)» 

where <7 (£i,£ 2 ) denotes Lebesgue measure in R 2 . The set of continuous 
functions t2 is a Borel cylinder with two restrictions. 

Example 9.2.1. Fix 0 < fi < f 2 < 1. The collection of all Borel cylinders 
in Co whose base is a Borel set in R 2 is a sigma algebra of subsets of Co. 

The procedure is clear. Fix 0 < fi < f 2 < ••■ < f„ < 1. To a Borel set 
B n in R n , correspond the Borel cylinder in Co, We have 

{*(•) e Co | (x(h), ... e 5"} , 

and we assign a measure, 

t„{13t 1 /?.../„) = L f f K{^i,ti)K(^2—^id2~ti) 

J J B n 

■ • • K{% n — £„_1 , t„ — t n -l)^(^lT ^2. ■ ■ • , £n). 
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B n ** B ti 


(R" , B" , d (f 1 , h f»)) (Co , , ...t, ) 

Figure 8. Borel cylinders and sigma algebras of subsets 

This collection of Borel cylinders in Co is a sigma algebra of subsets of 
Co, B^ tn ; see Figure 8. 

Let’s calculate the to -measure of some Borel cylinders in Co. 

Exercise 9.2.2. 

a. Suppose 

B iy = {*(•) e Co ] x(fi) e R 1 , 0 < *i < 1} and 
B tlt 2 = {*(*) e Co | (jc(ri), jc(r 2 )) e R 2 , 0 < fj < t 2 < 1} . 

Since Co = B tj — we want t ,, 2 ) — 1. Show 
that this is in fact the case. 

b. Show that for 0 < h < t 2 < f 3 < 1, 

({*(0 e C 0 | {x(h),x(t 2 ), *(/ 3 )) e [ai.bi) x R 1 x [a 3 ,& 3 )}) 
= w <i »3 ({*(■) eC 0 | (x(fi).x(* 3 )) e [a x ,bi)x [a 3> fc 3 )}). 

Hint: Fubini’s Theorem. 

c. Show that for 0 < H < t 2 < f 3 < 1, 

L f K(£ 2 — fi, t 2 — h) ■ Kfa h~ t2)d% 2 = K(%3 — fi, ^3 ^i) 

Jr 1 

(Chapraan-IColmogorov Equation). 

9.2.3 The Sigma Algebra 

What are we to do with all these collections of Borel cylinders and sigma 
algebras? Suppose we form the collection of all Borel cylinders with one 
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restriction, B t] , as t\ varies through (0, 1], a collection of sigma algebras 
of subsets of Co . 

Now form the collection of all Borel cylinders with two restrictions, t \ , t 2 , 
where 0 < fi ^ t 2 < 1 . This gives us a collection of sigma algebras that 
contains the sigma algebras of one restriction. 

Continuing in this way, form the collection of all such sigma algebras 
with n restrictions, ti, t-i t n , and so forth. 

When we gather together all these collections, we have a large collection 
of finitely generated sigma algebras of subsets of Co and the associated 
probability measures. Let B^ denote the smallest sigma algebra generated 
by this collection of finitely generated sigma algebras. This large collection 
of sigma algebras has now been replaced by one sigma algebra, B^ 0 ’ 1 !. 

Can we similarly replace the large collection of associated probability 
measures with one probability measure on B^ 0 ’^? That is what Wiener ac- 
complished — a measure on Co[0, 1], a measure on an infinite- dimensional 
space. 


9.3 Wiener's Theorem 

Wiener takes us from the space of continuous functions to a probability 
space. 

Theorem 9.3.1 (Wiener, 1922). Let Co denote the space of continuous 
functions x() on [0, 1] with x(0) = 0 and ||,x[| = maxo<f<i |,r(f)|. For 
0 < fi < t 2 < ■ • • < t„ < 1 and B n a Borel set in R”, form the Borel 
cylinder 

Bixii-tn = {*(■) e Co | (x(/i) x(t n )) e B 71 } 

and its associated pmbability measure t „: 

(Sr|/ 2 ..J„) — L j ■■■ J K(!ji,ti) 

■ ■ - K(l-} i — £«-i , tn — t n -\ )d (£i , ^2. • ■ ■ i £/j)- 

These probability measures may be extended uniquely to a pwb ability mea- 
sure, the Wiener measure on the sigma algebra generated by the col- 
lection of all finitely restricted sigma algebras of subsets of Co, B^ 0,1 ^. 

A proof may be found in Yeh (1973). 

What kinds of sets are in B* 0 '^? Recall that with Lebesgue measure p 
on R, Lebesgue measurable sets E may be covered “tightly” by open sets 
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G, where jjl(G — E) < e. They may also be approximated tightly from the 
inside by closed sets F, where jx{E — F) < €. 

In fact, we have Borel sets so that 

U Fjc C E C riGjt and ^(Uf^) = = M(HGjt), 

with F k closed and G k open. Borel sets and Lebesgue measurable sets are 
closely related. 

Do we have similar results for Wiener measure? We will show that 
gl 0 ’ 1 ! = G(Co), where B(Co) denotes the sigma algebra of Borel sets 
in the topological space Cq with metric the sup norm. 

Example 9.3.1. Note that 

Go = {*(•) g Go | x(fi) € R 1 , 0 < t\ < 1} and 
<p = {*(«) g Co I 0 < x(ti) < 0} 

are members of B^ 0,1 ^ Consider the functions of Co satisfying |jc(f)| < f}, 
for 0 < t < 1 and {} > 0: {*(•) G Cq | — < x(f) < 0 < t < 1}. We 

will show that this subset of Co is actually a member of G 0,1 ^ even though 
it has an uncountable number of t restrictions. 

This appears to be a Borel cylinder — (— /J) is a Borel set in R 1 — but 
we have an uncountable number of t restrictions. Select a countable dense 
subset {fi , f 2 , . . . } of [0, 1], and define a sequence {S n } of Borel cylinders 
of Co as follows: 

51 = {*(•) G Co | — {3 < x(ti) < {}}, 

5 2 = {*(•) G Co | — < x(fi) < —f$ < xfa) < y9}. 


S n = {*(•) G Co | -fi < x(t k ) <P,k = l,2 n}, 


Cleaiiy S n is a Borel cylinder in Co, a member of and S\ D Sj D 
■■■ D S n D .... 

We claim that 




p| I jc(-) G Co I -p - -j- < x(f fc ) < p, k- 1, 2 nt 

m=l ' ’ 


p j *0 6 Co [ -p < x(t k ) < p + k = 
m = 1 ^ 
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If x e S n , then x is continuous and —f} < £(fjt) < /J, where k = 
1,2,..., n. Thus we have —{} — 1/m < — /? < jc(tjt) < /J for all m and 
k — 1,2 ft. That is, 


x 6 p | r (■) e C 0 | ~P - — < ;fc = 1,2, ...,nj . 

m—\ ^ ' 


Assume 


x G | x (•) G C 0 | ~P - ^ < xfo) < £, ;/c = l,2,...,ft| . 

771 = 1 


Then x belongs to Co, and — f} — 1 fm < x(tfc) < p, for k = 1,2, . . ,, n. 
We have that x belongs to Co, and — )S < x(ffc) < for k — 1,2,..., n. 
That is, x is a member of S tl . 

As a countable intersection of members of S n is a member of 

23 [0 ' 1] . We claim that 


oo 

{*(■) e Co | -p < x(t) < 0, 0 < i < 1} = n s " 

71= I 


Certainly this set is a subset of S n , where n = 1,2, So it is a subset 

ofn“ =I s n . 

Assume x G Then x is continuous on [0, 1], and — @ < .r(t,) < 

/S, for i=l,2,... and —fi < jc(-) < /J, on a dense subset of [0, 1]. 

On the other hand, if x $ MO g Co | — ft < x{t) < fi, 0 < t < 1}, 
where are we 1 ? Because x is continuous, we have a point to in (0, 1] with 
r(to) > + a or ,r(fo) < — (i — a for some a > 0. 

Furthermore, we have a sequence {t , lk } from our dense subset of [0, 1], 
with t„ k -► to- By continuity of jc, we have x(t„ k ) ->■ jc(fo). That is, 

> P- 

For M > nk, x Sm ■ Consequently x £ Thus 


.v G MO G C 0 | -p < x(t) < /3, 0 < r < 1}. 


We conclude that {* () G Co | — ft < x(t) < /?, 0 < t < 1} belongs to 
5 [0 ' 1] . The so-called closed ball center x = 0 and radius We have sets 
with an uncountable number of restrictions, in the finitely generated sigma 
algebra 
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Example 9.3.2. We claim that the set {.*:(■) e Cq | |x| < /?} belongs to 
B^l If we can show that 

{*(-) e Cb 1 1*| < ^} = U j *(•) e C 0 1 |jc| < /S - , 

l/n<0 

then the argument would be complete, since 

{*(-) g Co | \x\ < P - l/n, 0 < t < 1} 

belong to by the previous example. 

Suppose x G {.*(■) G Co | \x\ < P). Then |5| < P for all t in [0, 1]. 
Since x is continous and it assumes maximum and minimum values on 
[0, lj, we have — /J < x(f,„ ) < x{t) < x{?m) < P- That is, we have a 
natural number M so that P > 1/M and 

~P + ^7 < *(0 < P - J 7 , for 0 < f < 1. 

M M 

Put another way, 

JcehcOeCollxIsp-Tj. 

Clearly, 

{*(■) eC„||x|<^-iJ c {*(•) e C 0 | |.t| < p) . 

Exercise 9.3.1. Show the set (x(-) E Co | |jr(f) — xo(OI < £, 0 < t < l} 
belongs to B^ 0,1 \ for xo any member of Co. Hint: 

{*(•) g C 0 | \x (f) - x 0 (f)1 < «. 0 < t < 1} 

= U {*0 € C 0 l |x(?) -x 0 (r)| <*- -J 

= unU) g c ° * -*0(^)1 <e - ij . 

» k ^ ^ 

The reader may conclude that 

{*(■)€ Co | ||*|| <0}, {x(-) G Co | ||x|| < p] , 
and {x(-) e Cq | [|x - xq|| < e} 

are members of (Recall ||x|| = maxo<i<i |x(/)|.) 

The set (x(-) g Cq j ||x — x 0 || < e} is called the open ball with center 
xq of radius e. 
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9.3.1 Open Sets and Open Balls 

Every open set in a separable metric space is a countable union of open 
balls. We have shown the open ball in Co with center *0 and radius e, 
{*(•) e C 0 | ||jc — jcoII < e}, is a member of If we can show that 

Co with the sup metric is a separable metric space, we may conclude that 
every open set in Co is a member of That is, we may conclude that 
fl(Co) C £ [0 ’ 1] . 

Example 9.3.3. Form the collection of all polygonal functions on [0, 1], 
These are linear on [( k — 1 )/n,k/n\, for k = 1,2,..., «, vanish at t = 
0, and assume rational values at kfn. We will show that this countable 
collection of “points” is a dense subset of Co. 

Pick an arbitrary open ball in Co, (.t(-) e C | ||jc — jcq || < e}. Now con- 
struct a polygonal function x belonging to this ball as follows. Let e > 0 be 
given. Because .to is uniformly continuous on [0, 1], there exists 5 > 0 so 
that |xo(f) — -*Cy)| < e/5 whenever |f — s\ < 8 for all t, x in [0, 1]. Choose 
n so that 1 }n <8. 

We have 0 < 1/n < 2 jn < ■•■ < n/n = 1. So |,to(w) — xo(n)[ < e/5 
whenever we have u, u e [(k — 1 )fn,lcfn], for k — 1, 2, . . . , n. 

In each subinterval ((k — 1 )/n,k/ri\, pick a rational number and 
define the polygonal function x so that x (Jc/ri) = JCo(rjfc), with x(0) = 0. 

For t e[(t-l)/j],/c/n], we calculate 


|S(0-*o(OI = 


*0 “ J=o(0 


.t(r) - x 

+ 

= l*(0-*o(/fc-i)| 4- 

+ 




Xo 


ffl- 


Xo0‘k-l) “ *0 
*o(0 


(^) 


|*(0 -*oO’fc-l)l + 
/k\\ 

T 

i fk\ 

(k- 1M 


*0 *0 

1 W 

\ n J\ 

1 fk-l\ 

-.to(;- fc _i) 

2e 

+ \xq 

+ ~ < « 

\ \ » ) 

5 


Thus ||Jc — jcq || < e. 
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We have shown that every open ball contains a “polygonal function.” 
Suppose G is an open set in Cq and *o belongs to G. We have € > 0 so 
that 

{. x( •) 6 C Q | ||* -xo|| < f) C G. 

Select a polygonal function y so that ]|y— *o|| < c/3 and e/3 < r < e/2, 
for r a rational number. Then 

{*(•) 6 C 0 | ||* - y|| < r} C {*(■) 6 Co [ ||* - *o II < e} - 

The open set G in Co is a union of countably many open balls with centers 
in the countable collection of polygonal functions and rational radii. 

We have shown that every open set in the metric space Co with sup norm 
is a member of B^ 0,1 !. We write B(Co) C B^ 0,1 ^ 

Example 9.3.4. We will show that the Borel cylinder 
{*(•) 6 C 0 | ax < x(ti) <bi,a 2 < *(f 2 ) < b 2 , . . . , a n < *(*«) < b„} 
is a member of B(Co). 

Given nj -1 {*(•) e C 0 | a* < *(f*) < bk}, we will define a projection 
Pt k on Co by P tfc (*) — *(t*). This projection P tk is a continuous function 
from Co to R 1 . That is, for ||* — y || < S, we have 

| Pt k (*) - Pt k (y)\ = I x(t k ) - y(t k ) | < ||* - y|| < 5. 


Thus 

{*(•) eC 0 \a k < x(tk ) < fyfc} = {*(•) e C 0 | P" 1 ([a* ,&*))} 

is a Borel set in Co- We conclude that B^ 0 -^ C B(Co). Since we have 
already shown that B(Cq) C B^ 0,1 \ we may conclude that B^ 0 ’^ = B(Cq). 

We have achieved an understanding of Wiener measurable sets. The next 
step is measurable functions. 

9.4 Measurable Functionals 

Definition 9.4.1 (Wiener Measurable Functional). A real-valued function 
F defined on Co is a Wiener measurable functional if it is measurable with 
respect to B^ 0,1 ^ That is, F~ l ((c, oo)) must be a member of B^ 0,1 ^ for all 
real numbers c. 
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Example 9.4.1. For x G Co and 0 < fi < 1, define F[x] = x(ti). We will 
show that F is a Wiener measurable functional on Cq. 

Because F assigns to every function in Co its value at t\, we have that 

F _1 ((c, 00)) = {*(•) G Cq I F[x] G (c.OO)} 

= {*(•) G Co I x(ti) G (c, oo)}. 

This is a Borel cylinder with one restriction, a member of 

Example 9.4.2. For x g Cq and 0 < fi < 1, define F[x] = |x(fi)|. Is F a 
Wiener measurable functional on Co? 

We have two possibilities. If c < 0, then 

F -I ((c,oo)) = {*(•) G C 0 | c < \x(ti)\ < co} = C 0 . 

If c > 0, then 

F~ l ((c, oo)) = {*(•) G Co | c < |x(*i)| < co} 

= {*(•) g Co | -co < xfo) < -c} 

U {*(•) G Co | c < x(fi) < oo}. 

We have Borel cylinders, members of jS^ 0,1 ^. So F is a Wiener measurable 
functional on Co. 

Exercise 9.4.1. For x g Co, suppose Ffx] = x 2 {t\), where 0 < t\ < 1. 
Show that F is a Wiener measurable functional on Co- 

How far can we take this approach? Consider F[x] — x 2 (t\) (^)l 3 

with x G Co and 0 < t\ < t 2 < 1. We have 

F~ l ((c, co)) = {*(■) G C 0 j c < x 2 (ti) \x(t 2 )\ < oo}. 

If c — 0, then x 2 (t 2 ) \x{t?)\ > 0 unless xfo) = 0, x(t 2 ) ^ 0, x(t\) ^ 0, 
x 2 (t) — 0, x(fj) = x(t 2 ) — 0. Thus,. . . 

There must be a better way. 

Example 9.4.3. Suppose the functional F defined on Co depends on only 
a finite number of fixed values of t. Assume F[x] = f (.v(/T), . . . , *(/„)), 
and / is a real-valued continuous function on R n . We will show that F is 
then a Wiener measurable functional on Co: 

F _1 ((c,co)) = {*(•) e C 0 | F[x] > c} 

= {*(•) G Co I /(*(? i), . . . , *(/„)) > c } 

= {*(•) G Co | (x(fi) x(t n )) G /“ l ((C,0o))} 
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Because / is continuous on R”, then / 1 ((c, co)) is an open set, a Borel 
set, in R”, say B n . Then 

F~ l ((c, co)) = {*(■) G C 0 | (x(ti) x (fn )) G 5”) , 

a member of So F is a Wiener measurable functional on Co- 

We have explored a sigma algebra of Wiener measurable subsets of Co, 
B& 1 \ the Borel sets Co with sup norm, and Wiener measurable functionals 
on Co, F[x]. Turning now to the Wiener integral, itself, we shall mimic the 
development of the Lebesgue integral. 


9.5 The Wiener integral 

With a measure space, (Co, B^ 0,l \p. w ) and measurable functions — Wiener 
measurable functionals on Co, F[x ] — only the integral remains. Given an 
element x(-) in Co, we can assign a real number F[x]. In fact, we can 
assign /^[x] to each path x(-) in Co. 

Thinking of this path integral as an averaging process, we will assign the 
number F[x ] to a collection of paths that are ’’close” (so to speak). Then 
we average over all such collections. We are now in position to define the 
Wiener integral. Symbolically, we write 

I F[x]dfi w . 

Jcq 

As with the Lebesgue integral, we will define the Wiener integral for 
characteristic functionals, simple functionals, limits of simple functionals, 
and so on. 

Example 9.5.1. Suppose F[x] is the characteristic functional on a measur- 
able subset C of Co, where C G We will define the Wiener integral 
of the characteristic functional F[x], 

First, we observe that if x(*) G C, then F[x] = 1 and if x C, then 
Ffx] = 0. Note too that F[x] is a Wiener measurable functional on Cq: 



0 

C 0 -C 

Co 


if c < 0, 
if 0 < c < 1, 
if 1 < c. 


Then J Cq /’[x] dp. m should be We define it as such: 

I X c[x] dp.ui = /Aiu(C). 

JC 0 
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Wiener simple functionals are linear combinations of characteristic func- 
tionals by definition. 

Example 9.5.2. Suppose <p = with Co = U'/C*, QnCj = (p, 

Ck members of 

We define the Wiener integral of <p by 



n 

1 


How do we deal with more complicated functionals? 

Example 9.5.3. Assume F[x] = x 2 (fi), with 0 < t\ < 1, as suggested by 
Figure 9. The functional F weights each path in Cq by the square of its 
value at at 1 1 . We shall determine 



l) dfjLuj . 



Following the ideas of Lebesgue, we will construct a monotone sequence 
of Wiener simple functionals converging to F[x\. Recall that F[x] is Wiener 
measurable (Exercise 9.4.1). 

Step L Consider the case [0, co) = [0, ~) U [^, 1) U [1, oo). We have 


Cli = jx(-) G Co 


C\n = jx(-) e Co 


Ci = {.t(-) e C 0 

1 <Jt 2 (ti)}. 
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Then Cn , C\ 2 , and C\ are disjoint members of B with union Co. Define 
the simple functional Fi[x] by 

Fi[x] = 0 • xc n W + i ■ *c 12 [x] + 1 • Xc x [x]. 

Repeat this process. 

Step n. Consider the case [0, 00 ) = U ^ 0 -1 C n jt U C n with 


C„k = j*(0 6 Co ^ <x 2 {h) < 

Cn — {■*(') G Cq I n < X 2 (t\)}. 


*+l) 

2 n j ’ 


0 < k < n2 n — 1, and 


The simple functional on Cq is defined by 

n2”-l k 

Fn[x]= ^c nk [x] + nxc H [x]. 

k=0 

The reader may show that 0 < F n [.x] < F„+i [x] on Cq, and that for 
n > x 2 (h) then 0 < F[x] — F„[x] < 1/2". 

The Wiener measurable functional F[-t] is the limit of a monotone se- 
quence of nonnegative Wiener measurable simple functionals on Cq: 



* 2 "-i k 

i)(C n ic) + TlF>w(Cri) 

k-Q 1 



+ L 


L 


—s/k/n 


rOO 

+ L / (« — £? + £jf)2C(£i,fi)^£i 

J -Jn 

+ L f (n — £ f 4- )£(£i , t\)d £1 

J—OQ 

p OO 

= l j 

r J(k+l)/ 2 “ / fc \ 

L / i f\ K ^ uh)d ^ 

J4W \ 2 J 


j—oo 

n2 n — 1 r 

+ E 

k—Q 
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r Vkj2* / k \ 

+ L / (--g?U(Si.*iWi 

J—S(k+ 1 )/ 2 » \2 / 

+ L P(n-ff)JCtt,,«i)rffi 

+ L f “(n-Sf)JCe i.tiWi 

J — oo 

/ oo 

-oo 

The reader may show that the four integrals with square roots as limits 
converge to zero as n becomes large. For example, /c/2” — < 1/2" on 

the interval ■/(& + 1)7 2" j and the sum Stio" 1 [■ ■ ■ 1 * s domi- 

nated by 1/2"/!^ *(&.*!)<*$. As for hffln - *?)*(&,*!)</&, use 

/“ e - * 2 < l/2ae~“ 2 . 

Thus, 


We define 



= h- 


In this example, F[x] = x 2 (fi), the Wiener integral is evaluated as an 
elementary Lebesgue integral. 

Example 9.5.4. Given F[x] = * 2 (fi)|-x(t 2 )l> calculate 



for 0 < t\ < fa < 1. 


First we partition R 1 : 


(— oo, — n) U 



U---U 



,co). 


C„ = {*(•) e Co | -co < x(t i) < —it}, 

( k k + 1 

C, tk - *(•) g Co — < *(fi) < 


C„ + = {*(•) e Co | /i < x(h)}. 


Let 
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We have partitioned Co into a finite collection of disjoint Borel cylinders, 
and if we replace x{t\) with £1 we have a partition of R 1 into a finite 
collection of disjoint Borel sets in R 1 : B~, B n ^, andB^ , respectively. 
Repeat the process for x(t 2 ), letting 

D~ = {*(•) e Co i -co < x(t 2 ) < -rc}, 

Dm = jx(-) e Co ^ < x(t 2 ) < , 

Df = M*) e C 0 | n < x{t 2 )}\ 

with corresponding disjoint Borel sets in R l \ G~,G n i, G+. 

Together, we have a partitioning of R 2 = R 1 x R 1 into disjoint Borel 
sets that correspond to disjoint Borel cylinders in The diagram in 

Figure 10 indicates the appropriate regions. 


£> 



Figure 1 0. Partition of R 1 x R 1 


Adding (vertically) these approximations and taking limits we obtain 

L f dh f dhfilhlKtfr+L f°°dh f" 

J — oo J — oo J — oo J—n 

+ L f dtj 2 f d^i^\^ 2 \KiK 2i 

J — oo J n 

for K\K 2 = K{%iJ\)K(% 2 — £i,t 2 — ?i)> yielding 

f dl;if-f\l- 2 \K(l;i,ti)K(i;2-i;i,t2 — t\). 

J— OO J— OO 
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Routine (though lengthy) calculations will yield 

p pea poa 

lim / F„ [.r] = L / f . fi) i , h-t, ) d^d^. 

jCq J—oo J—oq 


From these last two examples, 

f X 2 (ti) dnw = L r *?*(&, ti) rff, 

JCn J — OQ 


and 


f x 2 (ti)\x{t 2 )\ 

JCq 

= L f°° tflbmutOKfa-Zuti-ttidhdb. 
J—oa J—oo 

The Wiener integrals have reduced to Lebesgue integrals of the same form. 


9.6 Functionals Dependent on a Finite Number of t 
Values 


Theorem 9.6.1. Suppose a functional F[x\ defined on Cq depends on 
a finite number of fixed t values, 0 < t\ < tz < • • * < t n < 1 such 
that F[x] = f (x (*]), x{tf), . . . , x{t n )\ yvhei-e f is a real-valued function 
continuous on R” 

Then F is a Wiener measurable functional on Cq, and 




,x(tn )) dfi w 


= L d% n ’" [ dhm *„)*<&, £ i ) 

J—OO J—OO 

■ ' ' ^n— 1) in in— l) 


whenever the last integral exists. 

If the Wiener functional depends continuously on only a finite number 
of t values, it may be evaluated as an ondinaiy Lebesgue integral 

Pivof We will sketch the proof. As discussed in Example 9.4.3, F[x ] is a 
Wiener measurable functional on Co: 

F~ l ({c, co)) = j *(•) 6 C 0 I (*(ti), . . • ,*(/„)) e / _1 (c.oo) c R" j . 

( Barcl ) 
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We can mimic the development of the Lebesgue integral. Assume / 
is nonnegative and continuous. This is true for characteristic functionals, 
simple functionals, and limits of monotone sequences {F m } of simple func- 
tionals. 

(The reader may partition R” into nonoverlapping Borel rectangles. On 
each of the associated Borel cylinders, calculate the infimum of / times 
the Wiener measure of the associated Borel cylinder.) 

To conclude, we calculate 

/ F[x]dfj, w = / / (x (h x (t„)) dfi w = lim / F m [x\dfj, w 
Jc Q JCq m JCq 

= j J n /(£i’£ 2 ’ ■ 

“‘K(£n —%n-utn ~ fo-l) d%idt; 2 ■ ■ • di; n , 

by monotone convergence. For / continuous, proceed as (/ -f |/|)/2, 
(I /I - /)/ 2, and so on. 

Exercise 9.6.1. Calculate J Cq F[jc(-)] d^ w for the following functionals F. 

a. F[x(-)] = x(ti), 0 < t\ < 1. 

b. F[x{.)] = x 2 (t l ),0<h < 1. 

c. F[x(-)] = x 2 (ti) \x(t 2 ) |, 0 < h < t 2 < 1. 

d. Show 

f „ , . , 0 n odd, 

/ x n (tx)dfj, w = n/z 

JCq 1-3 (n — 1)*/ n even. 

e. Show J Cq x(ti)x(t 2 ) dfi w = t\, 0 < h < t 2 < 1. 

f. F[x (■)] = x(t 2 ) - x(ti), 0 < ti < t 2 < 1. Hint: /^({x G C 0 |;c(r 2 ) - 
*(r0 < /3}) = jj. w ({x e C 0 |(*(ti),x(t 2 )) : (^ 1 ,^ 2 ) e £ 2 with £ 2 - 

zi = fi, z 2 = £2 — £ 1 , and use Fubini’s Theorem. 

g. F[x(.)] = (*(t 2 ) - jc(ti)) 2 , 0 < ri < t 2 < 1. 

h. Show f CQ (x(t 2 ) - x(t i)) 4 dp w — 3(^2 - h) 2 , 0 < ti < t 2 < 1. 

i. F[x0] = (x(t 2 ) - x(ti)) n , 0 < t } <t 2 < 1. 

j. Show J Cq (* (t 2 )-x (ti )) (x (U)-x (t 3 )) d{L w = 0, 0 < fi < r 2 < f 3 < 

r 4 < 1. 
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9.6.1 More Interesting Functionals 

What if F depends on more than a finite number of values of t? 

Example 9.6.1. Suppose / r [x] = C | (r) | d r. The continuous function 
x(-), the path x(-), is to be weighted by the integral of its absolute value. 


Let 



an approximation to C f ^ |.r(r)| d r. (Realize that 


Try ^ If 1 1 “1“ l^2| H h \%n\ 

J Csi.52 SN ) = 

is a continuous function of R^.) 

By Example 9.4.3, Fjv[x] is a Wiener measurable functional on Co, and 
by Theorem 9.6.1, 


p 1 poo poo 

/ F N [x]dfjL w = — / rff 1 (|fi| + - + |^l)JC®i,M 

Jc Q JV J—oq J-aa 


We want f Co F[x] dfj, w — limjv f CQ Fw[x] dpt, w . We have 



Because jt(-) is uniformly continuous on [0, 1], this last sum may be made 
arbitrarily small. That is, limjv F/v[a'] = F[x\. 

The function F[*] is a nonnegative, Wiener measurable functional on Cq 
as a limit of Wiener measurable functions Fw on Cq. As for evaluating the 
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Wiener integral of F, using Fubini’s Theorem 6.7.1, we have 

f fc f \x(r)\dr] dfi w = L f ff |*(r)| d- 

J Co \ J 0 J JO \J Cq tj 


= L 


f! {l-oo^ mT)dl ) dT 


= L I!{& in ) dT= ^Q)- 


Evaluating as a limit, we have 




= f°lf* 

*=i 


AT 


#2 ^ Ik 1 
= V* ^ 

*= l 


iV iV 


and 


'if v; (fjv'fj 

Exercise 9 . 6 , 2 . Calculate J Cq F[x\ dfi w for the following cases (0 < r < 

1 ). 

a. F[x] = L /q IjcCx)! 7 ” cf t, 7?i = 1,2,.... 

b. F[x] = L / 0 r x 2m_1 (x)d t, m =1,2, — 

c. F[jc] = L Jq x 2m (z)d z,m = 1,2, — 

Exercise 9 . 6 . 3 . Suppose 


F[x] = exp L J x 2 (r)dr^j 


and 
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a. Argue Wiener measurability on Co of F#[;cj and F[x]. 


b. Because |F/y[je]| < 1, use the Bounded Convergence Theorem 6.3.1 
to conclude that 




df.i w 




X K(l; 1 , ?l) • ■ ■ K(^n — £n-l. in ~ t n -\)d%\ . . . d% n . 


with tic = kt/N. 

Exercise 9.6.4. Given F[x] = exp ^—L / Q f V (x(t))£/t^, where 0 < V(i-) < 
A/V^ e R 1 , with V continuous on R 1 . Proceeding as above, 

^w = eic p(-^E F ( ,£ ^))' 


Show that 


r f t \ “ JV/Z r°° /*< 

fcj w^-itafar-j 


—N/2 /'co i' co 

L 

i i 

00 
N 


6XP ~N^ 


k = 1 L 


vfa) + 


V t/N ) _ 


d£i“-d$ n , 


where £ 0 = 0. 
Note that 


t X 


k= 1 


nte + 


( h-Sk-i \ r 

\ t/N ) 


is a discrete approximation of 

{ \v(x(r)) + (|) 1 d 


But V[x ) + ( dx/dt ) 2 is the Hamiltonian of a particle of mass 1 in a field 
V. The Feynman integral (next chapter) involves the Lagrangian. 
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9.7 Kac's Theorem 


As the reader has observed, the Wiener integrals are often the limits of 
fairly obvious discrete integrals, just as Riemann integrals often may be 
evaluated as limits of discrete sums. As with the Riemann integral, this 
arduous process sometimes may be avoided. 

We have a remarkable theorem due to Mark Kac that relates the evaluation 
of a class of Wiener integrals to solutions to appropriate integral equations, 
Essentially, he shows that a very complicated Wiener integral is related to 
a solution of an integral equation. 

The proof of this theorem may be found many places, including Kac 
(1959). As a tribute to his genius, we conclude our treatment of the Wiener 
integral with Kac’s proof of this theorem. 

Theorem 9.7.1 (Kac, 1949). Suppose that 7(£) is a continuous nonnegative 
bounded function on R 1 . Then 


J exp J K(x(r))rfr^ dp w =L j H(x,t))dx, 


0 <t < 1, 


where H satisfies the integral equation 

H(x, f) + L f dr r dl-K(x - £ . t - t ) 7(0 *(*, r) = K{x, t ). 
JQ J—OQ 


Recalling Exercise 9.1.5, note that for V = 0 we have 


1 = 



where K t = ^K xx . 


Pwofi Assume 0 < 7(£) < M for all f in R 1 . There are five stages to this 
proof. 

Step 1. By Exercise 9.6.4, Wiener measurability of exp L / Q r V[x(r))d t ^| 
is assured. Furthermore, for 0 < L/ 0 f V(x(t))dT < Mt we have 


exp | ~ L J q V (* ( T ))^ 


L/ 0 f V(x(r))d, 


k\ 
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and application of the Bounded Convergence Theorem implies that 


J exp^-L^* V(x(r))rfr^ dp w 


Step 2. Let Hq{x, t) = K( x, t ) = (27rt) l ^ 2 exp (— x 2 fit) and define 

■( /*oo 


H k (x, t) = L f dz f d(K(.x - f , f - T)V{g)Hk-t (S. t). 
JO J—oo 


Show 


J°° H k (x,f)dx = ^J^ (h j\(x(z))dz') dfl w , 4 = 1.2,. 


and 


/ CO pOQ 

Hq(x, t) dx = L / JC(jc, t) dx = 1, f > 0. 

-oo J—oo 

Hint: (l /' V (jc ( x))rfr) = 2!L d r 2 / 0 T2 (jc(rO) V (x(x 2 )) . 


Step 3. Estimating H/dx, t ), we have 

*/ /'OO 


/*f poo 

0 < Hib't) = L dr I d%K(x -£,t- t)VQ)H q <£, t) 
JO J—OQ 

< MtH.Q{Xyt). 


0 < H 2 (x,t) 


pi pZ2 p OO pOQ 

<M 2 L d r 2 / rfn / / dfr 

Jq J o J — oo J —co 

xK(x — 1-2, t — T 2 )/f(£ 2 ~ £i,* 2 — IlJJfttl I T l) 

= Jiff 2 L f di 2 f"dzi f rffeJC(: r - fe, r - r 2 )/C(f 2 , r 2 ) (by 9.2.2) 
Jo Jo J—oo 


'15 (MO 2 


= M z L^dz 2 j^ dnKixj) = ^~~H 0 (xj). 


In general, 


(MO* 

0 < <^pH 0 (x, 0 , * = 1,2 
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Step 4. Define H[x,t ) = £*== q(— 1 )*#£(■*. 0> which converges for all x 
and r > 0, since we have | (x, f)| < e Mt Hq(x, t). 

Step 5. Then 

OO 

= H 0 (x,t) + £(-l ) k H k (x,l) 

k= 1 

OG 

= #,>(*, o + / dx 

k=i J ° 

f°° d$K(x - f , f - r)V^)H k ^ (f , r) 

J — OO 

= Hq{x , t) — L f dz 

Jo 

r dl-K(x -i,t- r)VQ) ( f)(-l t) 

V*=o 

= Ho(x,t)-L f dr r d^K(x-^t-r)V(^)H^. r). 

J 0 J —oo 

That is, 

0+L r dr f°° dt-K(x—%, r) = 2T(x, f), f > 0, 

JO J-oo 


and 


/ ( exp (~ L J K(jc(t))</t^ rf/iuj —lJ H{x,t)dx 


>Cq 

for all x with t > 0. □ 

The requirement that V be bounded on R 1 may be removed by truncation 
arguments. 
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CHAPTER 1 0 


e Fevnman Untecsrai 


[Mathematics ] . . . there is no study in the world which brings into moie 
hannonious action all the faculties of the mind. — J. J. Sylvester 


In the 1 920s Norbert Wiener introduced the concept of a measure on the 
space of continuous functions. As you recall from Chapter 9, this idea 
arose from his attempts to model the Brownian motion of small particles 
suspended in a fluid. In the 1940s Richard Feynman (1918-1988) developed 
an integral on the same space of continuous functions in his efforts to 
model the quantum mechanics of veiy small particles such as electrons. To 
succeed, Feynman's path integral approach to quantum mechanics had to 
be consistent with SchrOdinger’s Equation. 


10.1.1 Schrodinger's Equation 

A frequent correspondent of Albert Einstein, Erwin SchrOdinger (1887- 
1961) made a series of brilliant advances in quantum theory and the gen- 
eral theory of relativity. Our topic here is his breakthrough wave equation, 
discovered in 1925. 

Suppose a particle of mass m is at position *0 at time t = 0 with 
a potential P’Xxo). The particle may move to position x at time t . The 
Heisenberg Uncertainty Principle sets accuracy limits on the determination 
of position x at time t. From physical considerations, then, we assign a 
probability to each path from *0 at time t = 0 to x at time t . This probability 
is P(t, x) = \]/(t,x)\ 2 , where is a complex-valued quantity called the 
probability amplitude. 
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SchrGdinger’s Equation, which is the partial differential equation 

ih_ 3V_i K . 

dt 2 m dx z h 

with — oo < x < oo, t > 0, and h — 1.054 x 10 -27 erg-sec, is satisfied 
by the probability amplitude V' - with i^(0,x) = /(*)■ Because P(t,x) — 

n 

jc)| is a probability, we want 



dx = 1, 


for t > 0. 


10.1.2 Feynman's Riemann Sums 


Feynman’s path integral approach exploits the idea of Riemann sums. Sup- 
pose we have a nonnegative continuous function / on the interval [a, b] and 
we are faced with the task of determining the area of the region between the 
x-axis and the graph of / for x between a and b. Roughly, we can say the 
area is the sum of all the ordinates — the sum of all the /s. In practice, we 
take a finite subset of the ordinates, equally spaced, and calculate the sum. 

Take another set of ordinates, equally spaced but closer together, and 
form another sum. Generally, as we take more and more ordinates (equally 
spaced, closer and closer together) and compute their sum, these sums will 
not approach a limit. Clearly, YL a <x<b /(*) doesn’t make sense. 

But what if we assign a weight to each ordinate before summing? We 
can assign an appropriate weight h , a normalizing constant reflecting the 
spacing between consecutive ordinates. Now we have /(x&)-fc, and such 
sums have a limit, the so-called Riemann integral of the function f over 
the interval [a, b]. We write 


hf(x i) + hf{x 2 ) H h hf(x„) 



It is this appropriate weight, this normalizing constant, that we will be trying 
to determine for each possible path. 

To each possible path, Feynman postulated a probability amplitude, the 
squared magnitude of which was to be the probability for that particular 
path. All paths contribute, and each path contributes an equal amount to 
the total amplitude, but at different phases. 

The phase of the contribution from a particular path is proportional (the 
normalizing constant) to the action along that path. The action for a partic- 
ular path is the action for the corresponding classical system. 

What does all this mean? Let’s look at an example. 
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10.2 Summing Probability Amplitudes 

Suppose a small particle of mass m is at location x(0) = xq at time 0. It 
moves to location x(f) = x at time t in the presence of a potential 7(x), 
along a path x(t), where 0 < r <t. See Figure 1. 


position 



We begin by isolating several key pieces of this puzzle: 

o The Lagrangian is the difference between the kinetic energy and the 
potential energy, or ^mx 2 — V{x). 

o The action A along this path x(r) is a functional given by the integral 
of the Lagrangian along this path: i4[xQ] = /□ \\mx 2 ( t) — V (jc (r)) ] d 

o The phase of the contribution from a particular path is proportional to 
the action along that path where fi = 1.054 x 10 -27 . 

o The probability amplitude for this path is proportional to its phase, 
w here K is the normalizing constant, the same constant 

for each path. 

q The total pwbability amplitude i/r is the sum of the individual proba- 
bility amplitudes over all continuous paths from (0, xq) to (/, x(t)): 

yjr ((0, x Q ); (/ , x» = Kc mu[x ^ ] . 

nil connecting 
continuous paths 


This function i/r is to be a solution of SchrOdinger’s Equation, and the 
probability of going from xq at time 0 to x at time t is |i/r| 2 . We apply the 
Riemann sum analogy as suggested by Feynman. 
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10.2.1 First Approximation 

Divide the time interval [0 ,f] into n equal parts, = x(kt/n), with 
0 < k < n. Now replace continuous paths with polygonal paths, using 
x n — x{t) = x and t % = kt/n. See Figure 2. 


position 



10.2.2 Second Approximation 

Approximate the action A [*(•)] along the polygonal path 

4[x(0] = J o - F(x(T))j dz 

1 (x k -x k - 1 \ 2 T „ N 
2 m [— ) ~ viXk ~ l) 


l L 
n p 


= E 


m 


( *k “ *k-\) 2 - V{x k -x ) 


Y 

The phase of the contribution from this polygonal path is 


(3 

(31 


n p 


exp * E 


m 


* ( r 


-{Xk-x k -\? -V{x k -x) I - 


01 


Summing over all polygonal paths, we arrive at the Feynman integral 
approximation of the sum of all probability amplitudes over all continuous 
paths, 

Kf .amA[ X {)] 

all connecting 
continuous paths 
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This approximation is 

^((O.-xo); (/,*)) = [ dx n ~i--- f dx\K 

Jr Jr 

• exp s j t, (xl ‘- Xk -' )2 ~ 7(i *- l) (9]} 

Note: We obtain all polygonal paths as xi, x 2 , . . .,Xn-i vary over R; xq 
and x lt = x are fixed. 

Taking the limit, we have 

^((0, x 0 ); 0, *)) = lira f dx n -\ ■ • ■ f dxiK 

JR JR 

- = xp s j t, - *-»>* - Q] 

as the solution of SchrOdinger’s Equation, 


difr 

17 


ifi 




with — 00 < x < oo, t > 0 . 


What kind of integral is this? The integral is highly oscillatory and is not 
absolutely convergent when V is real. 

What does the limit mean? Is it possible to choose a normalizing constant 
K that will guarantee a limit in some sense? Would a K that yields a limit 
also give us a solution to SchrOdinger’s Equation? In Feynman’s words, 
"to define such a normalizing constant seems to be a very difficult problem 
and we do not know how to do this in general terms.” 


10.2.3 The Normalizing Constant 

Feynman goes on to suggest that the normalizing constant K is given by 


K = ( — 

\2niti(t /n) J 


By employing the principle of superposition, that is, 


f(t,x) = j f((0,x Q ); {t,x))f(x Q )dx Q , with 1r(Q,x) = f(x), 


and incorporating this normalizing constant K , we finally have Feynman’s 
solution to what we shall call SchrOdinger Problems A and B. 
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Schrfidinger Problem A 

Problem A assumes that the potential V is 0. In this case, 

' L dxn - i 'L dx ° 


■ exp 


im 


m/n) \ 


- xjt-i) 2 > fix o), for x n = x, 


solves 


d\fr ifi d 2 \jr 


with — oocxcoo, f>0, 


dt 2m dx 2 ' 

i/r(0,x) = f{x), with f \^(t,x)\ 2 dx = 1, / > 0. 

JR 


Schrbdinger Problem B 

Problem B asssumes V ^ 0. In this case 

* (f ' *> = L dx - 1 "L dxo 


exp 


im 


( m/n) ^ 


I>‘ - x t-i) 2 - j; (0 E n*k- 1) 


fix o) 


solves 


d\fr ifi d 2 yf/ i 

ir = 2^- S w lt h-oo<x<oo,t>0, 

f (0,*) = f{x), with f \fit,x)\ 2 dx = 1, f > 0. 

Jr 


In the remainder of this chapter we will explain what is meant by “solves” 
in the context of Schrfldinger Problem A and make some general comments 
about Problem B, 


10.3 A Simple Example 


It is time for an example. 
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Example 10.3,1. Suppose a particle of mass m at location x(0) — at 
time 0 moves to location x(r) = x n at time t in the absence of a potential 
field. In other words, 7 = 0. We claim that 




n — 1 


6XP [ iW/n) Kk “ dxi dXl ‘ ' ' dXn ~ 1 ’ 


where x n — x, solves 

dij/ ih d 2 ifr 


with — oo < x < oo, f > 0. 


dt 2m dx 2 

Let a — m/[2h(t / n)\. To evaluate this integral, we must integrate ex- 
pressions of the form 

[ exp {/ [a(x — it ) 2 + b(y - u) 2 ]} dn. 

Jr 

Our approach has three parts. 


Part One. Show 



for a > 0. 


Hint: Consider the contour integral gfj-. e taz2 dz , for a > 0. 

Write e iaz ~ = it (jc, y) *f iv(x, y), and show that i/, u satisfy the Cauchy- 

Riemann equations, u x = v y and u y = — u x . Continuity of u, v and their 

* -2 

partial derivatives show e lflr is an analytic function. Consequently, with a 

suitable contour C to be described, ^ e iaz 2 dz = 0. 

. 2 

Let C be the contour for e ,flz indicated in Figure 3. Then 


0 = 




dz 


= e iax2 dx+ [ B e ia(B+iy) 2 idy+ f° e ia(l+i)2x2 + i) dx. 
Jo Jo J B 

Using V? = (1 4- Q/v'S, we conclude that 
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Part Two. Completing the square, show 


du exp i [a(x — u ) 2 4- b(u — y) 2 ] = -J e [f qfr/fc + b M x y'P 


Conclude 


f dx ie l ^^ 1 ”* 0 ) 2+a ^ z ~ Xl ^ 2 l = / _ e ' te/ 2 ) ^ 2 -^a) 2 ^ 

Jr V 2 a ‘ 

f dx^ P '[(«/2)U2-^o) 2 +a{^3^2) 2 ] _ / ^ e <CQ/3)(jC3--ro) z 

A V (3/2)« 


[n/(n-l)]a 


f dx n - i e' t 1 -^°) 2 +a( J c, 1 -x„ _ i) z ] _ / 1X1 l n){x„ -x 0 ) 2 

7r y [«/(«-l)]a 

All together, 

/ • / d*i exp (a [(*1 - x 0 ) 2 + (x 2 - *i) 2 H 4- (x n - x„-i) 2 ]) 

— I 7ti . ■■ ^ e ' (a/*) (x„ -x 0 ) 2 

y 2a (3/2)a [n/(7i — l)]a 

= e'<™/2», )<*-*,)’ , with a = -5— . 

V a n_1 7Z 2h(tfri) 


fjti jti 

7ti 

y 2a (3/2)a 

[n/Qi - i)K 

li n ~ l 7t n ~ l 

„f (m/2ht) ( jc— jo) 2 

V a n ~ l n 

C t 
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Part Three. For x n = x, show 


^((0,x Q );(t,xj) = lira f dx n -i--- f dx 

n^-vo\ m n) h J R 


• exp 


u 


m 


\2h(t/n) ^ 


] 0( Xk ~ Xk ~ 1 ) 2 


m e {sm/2ti)(x-xo) 2 /t 
Ini fit 


The limit is trivial. 
Exercise 10.3.1. Show that 


^((° ,x 0 );(t,x)) = *o) 2 /f] 

is a solution of the Schrfldinger Equation ( V = 0), 

3i/r ifi d 2 ir . 

-r— — — — With — CO < X < OO, t > 0. 

dt 2m dx 2 

If we add the boundary condition that ^(0, x) — f(x), from the principle 
of superposition and from Exercise 10.3.1 we reach a formal conclusion: 

i/f(t,x)= f Tjr{(0,x a )\(t,x))f(x o )dx o , for f(0,x) = fix), 

Jr 

with 

^((O.xo); (/,*)) = (5 J!L-y /2 

That is, 

= 1 / e ^ ,/2Ar ^V(.o)^o, for f{0,x) = /(*). 

The reader may verify that formally 

df_ _ itk_ d 2 f 
3 t 2m dx 2 ' 

However, the integral may not make sense unless some restrictions are 
imposed on /. 
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10.4 The Fourier Transform 

The Fourier transform is an important method of solving constant coeffi- 
cient partial differential equations. Such methods will be helpful in solving 
SchrOdinger Problem A. Let us briefly review such techniques. 

Definition 10.4.1 (Fourier Transform). Suppose that / is a complex-valued 
function on R, where f R \f(x)[ dx < oo. In other words, / belongs to 
Lj(R). Then the Fourier transform of /, T(f), is given by 

Hf) O') = (2*r 1/2 f dx. 

Jr 

Exercise 10.4.1. Let f(x ) = e - ^, with — oo < x < + 00 . Using the 
Lebesgue Dominated Convergence Theorem 6.3.3, show that T(f){y) = 
(2jt) - 1 / 2 2(1 + y 2 ) -1 . Note: belongs to Lj(R). 

Exercise 10.4.2. Let 




1 — 1 < x < 1, 
0 otherwise. 


Show that 

= (2 

Note: T{J) is not a member of L£(R), but is a member of L£(R). 

Aside: Show that e tz /z is analytic for z / 0, and conclude that the 
contour integral $ e l ~ fz dz = 0 when C is the contour; see Figure 4. 



Show that / R sin(y)/y dy = tv. 
By the way. 
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Exercise 10.4.3. Let 


fix) = 


e * x > 0, 
0 x < 0. 


Show that 

rmw = e*)- 1 ' 2 ({0) • 

This Fourier transform is complex- valued. 

Exercise 10.4.4. Let /(x) = z~ x ~/ 2 , where — oo < x < -foo. Argue 
that JF(/)(jO is a differentiable function of y and show (^ r (/)0')) / + 
y:F(/)(y) = 0, with JF(/)( 0) = 1. Solve this differential equation, and 
conclude that T ^e - * 2 / 2 ^ (y) = e - *^ 2 . 

Note that in the preceding exercise y 2 T j^e - * 2 / 2 ^ belongs to L£(R). 

Exercise 10.4.5. Show T ( y ) = 1 s -1/,2 e“ :y2/,2jr , for s > 0. Hint: 

r. 

Exercise 1 0.4.6. We want to replace real s in Exercise 10.4.5 with complex 
z having positive real part. That is, we want 

(2 ixT 1 ' 2 f dx = z~ 1/2 e~y 1/2z , 

Jr 

for z = a + ib, a >0. Show that (2jr) -1 / 2 f R er lxy e^~ z ^ 2 ^ x2 dx and 
z -1/,2 e“ :yZ / 2r are analytic (Cauchy-Riemann equations). Conclude 

^ e (-z/2)*^ ^ = z -l/2 e -riV2z 

for Re z > 0. 


10.5 The Convolution Product 

We will need a special product of functions, the convolution pivduct, to 
solve SchrOdinger Problem A. 

Definition 10.5.1 (Convolution Product). Suppose / and g are members 
of L^(R). The convolution product of / with g, f * g is 

(/ * £)(*) = (27r) _1/2 f f(y)g(x - y) dy. 

Jr 
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Does this product make sense? Yes: by the HOlder-Riesz Inequality (The- 
orem 6.5.2), 


J^\f(y)g(x~y)\ dy <(^Jjf ] 2 dx'j ' dx'j . 

Suppose / and g are members of L£(R). Does the convolution product 
f * g still make sense? We see that 

/.a \f(y)g(x - y ) | dx'j d y~J R I /O') I ls(* - y)\ dx ^ d y 

= jf 1/001 (j |g(«)l d ^j d y 
= f 1/00 1 dy f lg(M)l du < oo- 

JR JR 

Thus f(y)g(x - y ) belongs to Lj(R). 

By Fubini’s Theorem, j™ f(y)g( x — y) dy exists for almost all x and 
is integrable. So f * g makes sense for / and g members of Lj(R). 


10.6 The Schwartz Space 

For SchrOdinger Problem A we will also find useful the inverse Fourier 
transforms, and the SchrOdinger requirement / R \ijf(t,x)\ 2 dx ~ 1, for t > 
0, suggests pleasant behavior for large values of x. This brings us to the 
Schwartz space. 

Definition 10.6.1 (Schwartz Space). The Schwartz space S consists of 
those complex-valued functions on R, / : R -> C, such that 

1. / has derivatives of all orders. 

2. / and all its derivatives decrease to zero as \x\ -» oo: 

lim \x\ m D n f{x) = 0 
W-*-oo 

for all nonnegative integers m and n. 

It can be shown that the Schwartz space is a dense subspace of L£ (R) 
for p > 1. 

The Fourier transform on the Schwartz space has many beautiful prop- 
erties. 
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Exercise 10.6.1. 

a. Show that f K e~ lxy f(x)dx for / e S has 

derivatives of all orders. In particular, show that (7 r (/)0')) = 

(—i) n F(x n /)(>). Show also that T (/^) 60 = (— OO"-^/^)- 

b. Show T maps S into S, or F(<S) c S. 


10.6.1 Plancherel's Theorem 

We have a useful theorem due to Michel Plancherel, whose proof can be 
found in Weidmann (1980, p. 292). The theorem has five parts. 

1 . The Fourier transform is a one-to-one linear map of the Schwartz space 
to itself. In fact, the inverse Fourier transform of jF, is given by 

r-\f){x) = (2n-)- 1/2 [ t ixy f{y) dy 

J R 

for / a member of the Schwartz space S. Note that T 1 (/)(>) = 

n /)(->)■ 

2. For all members of the Schwartz space S, a dense subspace of L£(R), 

IIW)[| 2 = ll/ll 2 = |[^ 1 (/)ll 2 - 


3. The Fourier transform T and its inverse !F~ l can be extended from 
the Schwartz space S to all of Lj£(R). If / is a member of L£(R), 
then for r > 0, 

(/)(}) = (2 x)-' /2 J' *T ixy f(x)dx 

is a member of L^(R). The mean-square limit — which is called the 
Fourier transform of / and is also written !F{f){y) exists and 
defines a function in Lj£ (R) : 

linflOO - W)00|| 2 -> 0 as r - co. 


That is, for / e L^(R), 

F{f)(y) = lim (2; r)“ 1/2 f e~ ixy f(x)dx 

J_ r 

= (2^)" 1/2 f e~ ixy f(x) dx. 

Jr 
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Similarly, 


(/)(*) = lim (2jr) 1/2 f e ixy f(y)dy 

r->oo J_ r 

m (2 it)- 1 ' 2 [ e Uy f(y) dy. 

Jr 

4. For all members / of L^(R), the Fourier and inverse Fourier trans- 
forms are bounded linear operators with \\!F(f)\\ 2 = ||/|| 2 = ||^ r_1 (/)ll 

5. For / and g members of L^(R), the convolution product f * g has 
the property 

l2n)- l ' 2 f*g = F-' (. Hf ) ■ F{g)) =r(T~\f)-F-' (y)) . 
Moreover, the inner product {/, g) s= J R fg dx satisfies 

(f.g) = (HflfCg)) = 


Exercise 10.6.2. Using Plancherel’s Theorem, show that 

e -(i/2)* a = Q,) 

for Re 2 > 0. Hint: By Exercise 10. 4.6, 

jr^r-zl 2)x^ q,) = z -l/2 e -y 2 /2z ( 

for Re 2 > 0. 

As an application of Plancherel’s Theorem, we showed (Exercise 10.4.2) 
that the Fourier transform of 


m = 


1 -1 < X < 1, 

0 otherwise, 


is given by 

nniy) = ( 2 ,)-*/^. 

y 

So / is amemberofLc(R)nLc(R), and JF(f) isamemberofL^(R)\L^(R). 
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We have 
T~ 


'(F(.f)(y)) = lim (2*r 1/2 f e ixr F(f)(y)dy 

r-+oa J_ r 

= lim {2n)~ l f " e*** 2 — ~ dy 
r ~> 00 J-r y 

= (2n-)- 1 r Hm J r e i " Jcy ^ 


- e~ iy 


) 




= (W 


1 lim [ 
r- * co J— r 


r sin ((,t 4- l)}') - sin ((* - l)y) 


dy 


= < 


f 1 — 1 < x < 1, 

~ x = ±1, 

0 otherwise. 


= / almost everywhere. 

Exercise 10.6,3. We showed in Exercise 10.4.1 that the Fourier transform 
of e - l- r l is given by (2:rr) -1 / 2 2(l + y 2 )' 1 . Show that 


|jt| = (2 jt)“ 1/2 lim f (27r)~ 1/2 2(l 4- y 2 y l t txv 
r ~* 00 J-r 

_ _i r 00 a 
ft J —00 1 


dy 


cos(xy) 


-oo *+r 
In particular, for x — 0, 

• CO 


1 


dy 


- L f 1 

ft J - 00 1 + 


= — lim [tan 1 (r) — tan 1 (—/■)! 

JC r-yoo L J 


Exercise 10.6.4. Suppose that f(x) = x/(l 4-* 2 ), where —00 < x < + 00 . 

a. Show that / is not a member of L£(R). 

b. Show that / is a member of Lj£(R). 

c. Calculate T(f)(y). Hint: See Figure 5; / c z/( 1 4- z 2 )e~ izy dz. 

d. Is y 2 .F(/)(y) a member of (R)? 


Exercise 10.6.5. Suppose f(x) = 1/(1 4 - x 2 ), for —00 < x < + 00 . 
Calculate T{f). 
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y <0 


y> 0 

Figure 5. Contour C 



10.7 Solving Schrodinger Problem A 

Using Fourier transforms, let’s solve (heuristically) the Schrodinger Equa- 
tion in Problem A in the form ( V = 0), 

9^ iti 9 2 i/r 

-37 = 2 ^ 3 ^' for ~oo < x < oo,t > 0, 

Vr(0, jc) = /(*), with f \f(t,x)\ 2 dx = l,t >0. 

J R 

Assume iff(t,x) has a Fourier transform: 

T(f(t, *))O0 = (2jr)' 1/2 f e~ lxy f(t,x)dx. 

Jr 

If and / are nice enough, then 

?(jj£) = y/' t ( 0 ) = F(m*))(y) = Hf)(y), 

and thus 

— = y 2 T. 

Bt 2m 7 

We conclude that F(f) = ^~^m)yh jr^jy Then 


— TT-t (c>(-iti/2m)y 2 t 


f(t,x) = T- l { 




= T- l (e^ 2m ^ 2t )(x) * J r_l (^(/))w 
= (^) V e_:c2/[2 ' 7 ' (r/m)1 * /Or) 
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Note how the third line recalls Exercises 10.4.6 and 10.6.2. 

We have several problems. For instance. 

o What does j mean when Re z = 0? Note that 

e -th/2my-t j s not j n j^l ^ 

© Are there any requirements on / besides / R \f[x]\ 1 dx = 1? 

Ignoring these issues for the present, let’s compare this expression (via 
Fourier transforms) with Feynman’s expression (via Riemann sums) as a 
solution of the SchrOdinger Equation, 


d\f/ ih d 2 \f/ 

~df ~ 2m fa* ' 

\fr(0,x) = f(x), with 


for — oo < x < oo, f > 0, 



dx — 1, f > 0. 


That is, we compare 


n - x) = L^\w t (x - Xo)2 \ nxo)dxa 

with Feynman's expression 

x ) = lim ( — } ~rrr 1 f dx n - 1 f dx 0 

« \27t ih(t/n)J J R Jr 


/ 


• exp 


l 7JJ ^ — \. n 2 , 


/(*»), 


where x n — x t Tp-{0,x) = f{x). The common features of the integrands 
are encouraging. 


10.7.1 Finding the Right Space of Functions 

The requirement that / R j^r(f, x)\ 2 dx = 1 for / > 0 suggests that we are 
looking for a solution of the Schrbdinger Equation in the space of complex- 
valued square integrable functions on R — the Hilbert space Lc(R). 

On the other hand, we have differentiability requirements: 

o What does it mean to say we have a solution of SchrBdinger’s Equation 
in Lc(R)? 

© Is there a dense subspace of Lg(R) where differentiability makes sense 1 ? 
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o Do the elements of this subspace (and their derivatives) satisfy growth 
restrictions as x -> ± 00 ? 

We want a dense subspace of L£(R) consisting of smooth functions that 
decay sufficiently fast. The Schwartz space is our space. 


10.8 An Abstract Cauchy Problem 

We are going to reformulate the SchrOdinger problem as an abstract Cauchy 
problem, an approach developed by Einar Hille and Ralph S. Phillips in 
the 1940s and 1950s. Our discussion follows Fattorini (1983), Goldstein 
(1985), and Johnson and Lapidus (2000). 

Think of u(t) as the state of a physical system u at time t. Think of the 
time rate of change of u (t), u'(t ) , as a function A of the state of the system 
u. We are given the initial datum u(0) = /. We have u'(t) = A[u], with 
u(0) = /. Thus the Schrddinger Equation for V — 0, 


3i ifr _ ifi 3 2 i {/ 
dt 2m dx 2 ’ 


for — co < x < oo, t > 0, 


= f(x ), with — 00 < x < 00 , / \yf/(t,x)\ z dx — 1, t > 0, 

Jr 

can now be reformulated as a differential equation in the Hilbert space 
L£(R). We have 


u'(t) = A[u(r)], 

u(0) = /. 


for t > 0; 


The differential operator A, with domain an appropriate dense subspace of 
I|(R), is given by the differential expression 

ifi d 2 


2m dx 2 ' 

while u(0)(x) = f(x) and u(t)(x) = Tp(t,x). 

10.8.1 Defining the Abstract Caudiy Problem 

In the abstract Cauchy problem we have 

u'(t) — A[M(t)], for t > 0, 
m(0) = /, 


with the following two conditions: 
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1. The differential operator A is a linear operator from a Banach space 
X to itself. The domain of A is a dense subspace of X. 

2. The solution of this differential equation w'(f) = A[w(t)] for t > 0 is 
a function u(t) continuously differentiable for t > 0. 

By Condition 2 we mean that 


u\t) — lim 
/>-*■() 


u{t + h ) - u{t) 
h 


exists and is continuous in the norm of X. The function u(t) belongs to 
the domain of A, with 


lim 


u(t + h ) - u(t) 
h 


~ A[u(f)] 


x 


= 0 . 


The Cauchy problem is well posed if the following two conditions are 
satisfied: 


1. We have a dense subspace of X such that for any member Uq of this 
dense subspace we have a solution u'(t) = A[u(r)] with n(0) = wo- 

2. We have a nondecreasing, nonnegative function B(t) defined for t > 0 
such that, for any solution v of u'(f) = A[tt(r)], 

H0llx<i»C0 K0)b, 


for t > 0. 


10.8.2 Operators on a Complex Hilbert Space 

It will be helpful to consider some general comments regarding operators 
on a complex Hilbert space H. The domain of a linear operator T — that is, 
D(T ) — is a subspace. We have T(a.\X\ + 0 . 2 * 2 ) — ot\T X\ +azTx 2 for all 
scalars oti,ot 2 and all elements a'i, X 2 in D(T). The following terminology 
applies. 

1. Bounded. A linear operator T in H is bounded if there exists a constant 
C > 0 so that || Tf || < C ll/ll for all / in the domain of T 

2. Continuous. Saying a linear operator is continuous at / in D{T) means 
that for every sequence {/,} in D(T) for which ||/„ — /|j — * 0 it follows 
that \\Tf„-Tf\\ -> 0. 
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3. Bounded iff Continuous. A linear operator T is bounded iff it is continu- 
ous. If T is bounded, ||r/|| < C\\f\[, then ||r/ n -r/|| = \\T(f n -f)\\ < 
C\\fn-fl 

But if T is not bounded, we have {/„} in D(T), so that ||7y n || > njj/nll- 
For g n = (l/«||/„||)/„, \\g„\\ 0, but || Tg „ || > 1. 

4. Norm. The norm of T, [|7’|| 1 is defined by 

||7Y|| 

Ill’ll = sup ||r/|| = sup — for / a member of D(T). 

Il/ll=i II /II 

5. Unitary. A bounded linear operator U of H into C is unitary iff U is 
isometric, {Uf, Uf) = (/, /), and onto. For example, the Fourier transform 
T is a unitary operator, by Plancherel’s Theorem. 

In all that follows, H will be the Hilbert space of complex- valued Lebesgue 
measurable functions defined on R, such that |/| 2 is Lebesque integrable: 
Jr I /I 2 dx < oo. In this space the inner product of functions / and g is 
defined by 

(/£)= f fgdx, 

D J R 

ll/ll 2 = (/./)= f \/\ 2 dx. 

Jr 

We follow tradition by denoting this space as L^(R). Convergence of f n to 
/ means that 

II fn ~ /II = {J I fn ~ /I 2 dx^j -r 0 as n ->■ oo. 

The space L£(R) is a complete metric space (see Chapter 6). 


10.9 SoOving in the Schwartz Space 

Example 10.9.1 . Given Problem A, where V = 0 in the SchrOdinger Equa- 
tion, 


3 _ iti 3 z i jr 
3t 2m Bx 2 ’ 


for — oo < x < oo, t > 0, 


V(0,x) = fix), with f | f{t,x)\ 2 dx = 1, t > 0, 

Jr 


we will solve the corresponding abstract Cauchy problem u'(t) — A[w(f)], 
with u(0) = /. Suppose / is a member of the Schwartz space <S, a dense 
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subspace of L^(R), f R |/(x)| 2 dx = 1, and the domain of the differential 
operator 

_ iti d 2 
2m dx 1 

is the Schwartz space S. 

This is a lengthy exploration, and we will break it in three parts. 

Paii One . Assuming u is a member of S, the Fourier , isform of u is 
given by 


■F(«(0(*))00 = ( 27r ) 1/2 / e l3ey u(t)(x)dx. 

Jr 

Proceeding as in Section 10.7, we have 

(H»))‘ = « = F(Aiu]) = y 2 H U ), 

with ^(m(0)(x)) = Solving this differential equation yields 

F(ll) = Q^~ ,h /2m)ty 2 jr^fy B eCause e HA/2w)r;y-^r (y) j s a raera b er 0 f 

we may conclude that 

u (/)(*) “ T~ l (eJ~‘ h l 2m ^ y ' t P(f)(y)j (x), with w(0)(x) = /(x). 

Also, u(r)(x) is a member of S, the domain of A, by Plancherel’s Theorem 
(Section 10.6.1). 

The reader should verify that 

*M) = u(0(.t) = r (e Hh/ 2 m » 2 ' ?v)(yj) W 

solves the SchrOdinger Equation with V = 0. Hint: By Plancherel’s Theo- 
rem, x) is a member of <S. That is, 


= (2 7r)- 1/2 f e ixy \e { - ih/2(n)y2l Hf)(y)] dy 
Jr 


is a member of S. Show that 


d\j/ 

It 

9 2 ^ 

9x2 


= <.2n)-'» f 
Jr 

= <2jO- ,/2 J[ 


-'V j » y 

2m 


'e( _ ' /,/Zmh ' 2, J r (/)(y)l dy 



jxy 


e H * /2m ) J,2 '.F(/)(-y)] 


and 
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Furthermore, \jr{ 0,x) = F~ l (!F(f){y)){x) = f(x ) and 

f I '!'(?, x )\ 2 dx = {f(t,x),f(t,x)) 

J R 

= (W),-? r (/)) = (/,/) 

= f |/(jc)j 2 dx — 1 for t > 0. 

J R 


Part Two. Next we will verify that, given 

11(000 = (Jr*™* FiJ) (y)) 0), 

u solves the abstract Cauchy problem in the sense of our definition (Sec- 
tion 10.8.1). Assume / is a member of S. By Plancherel’s Theorem, u is 
a member of S and we can calculate 

u(t + h ) — u(0 

A 

/ ~{—ifi/2m)y 2 (t+h) _ e (-ift/2m)y 3 r \ 

= ^ - h H/)00 


H/)00 


e (-ift/2m)y 2 (r+A/2) 




JL v 2A 

2jn/ 2 


5ST' W) <» 


i-o r e <— . jA > 2 jf(/) 0 ,)j 

= = ^-‘(^[ud)])) = A[u(t)]. 


Also, for any solution v. 


(A[v].v) = (F(A[v]),nv)) = (-^y 2 Hv).Hv)) 

= i %I/ lHv)]2dy - 


Thus Re {A[v\, v) = 0. 
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Because 

~M 2 = 2Re = 2Re (/4[u],u) = 0, 

we conclude that ||u|| 2 = j[u(0)|| 2 = f R |/| 2 dx — 1, for t > 0. So for / 
a member of S, !F~ l {^~ lfl l 2m ^ ylt F(f)^ (x) solves the abstract Cauchy 
problem. 

Part Three. How does this solution compare with our heuristic solution in 
Section 10.7? Recall that we arrived at 

(dy 1/2 L “ p fi - *° )2 ) /( - ro) **>■ 

We need an integral representation for F' 1 !F{f){y)) (a). 

From Planch erel’s Theorem (Section 10.6.1) and Exercise 10.6.2 we 
know that if / is a member of L^CR), then for Re z > 0, 

jr-1 ( e (--^V(/)Cy)) (.r) = F-' (j r (j -1/2 e— ,3/2l )()<) • (x) 

— (2tt ) -1/2 z -li/2 e“* _,/2z * f(x ) 

= (2t r)“ 1/2 f dxo, 


for Re z > 0. 

Select a sequence z n -> (ihfm)t for f > 0, with Re (z„) > 0. Because 
is a bounded linear operator on the complete normed linear space 
L£(R) (by Plancherel’s Theorem), it follows that 

F~ l O’)) -> (s ( - ,#/2m,),:! '^(/)(y)) (.t) 

in L 2 (R), and we have subsequence {z, I/t } such that pointwise 

limjF- 1 (e (_ * , '* /2)j 'V(/) O')) to = ^“ l (e {_ ' 7r/2 '" )j,2, J r (/)(y)) (*) 

almost everywhere in x (Theorem 6.5.4). 

Assuming / is a member of Lj(R) H L 2 (R), the Lebesgue Dominated 
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Convergence Theorem 6.3.3 gives us 



= lim^ 1 (e(-*»i</Qy 2 . F(f)(y)j (x) 


= lira J 7 ” 1 [f (y) • W)0-)) (*) 

= Iimz“ x/2 e _:,:2/2irn fc * /(x) 

* "*■ 


= lim(2jrz n J 1/2 f e Hx - Xo) 2 / 2 Zn kf{xa)dx Q 
k J R 

( 2 ^ 7 ) ' J ^ (im/2ht)ix ~ Xo)2 o)dx Q 


almost everywhere in x. Note that for Re z > 0, z ^ 0, 
with / a member of 


e -(*-* 0 ) 2 /22 


< 1, 


J 1-1 


^ e (-/i/2m)j. 2 Ijr ( y )w \ (x) 





almost everywhere in x, with the assumption that / is a member of L^(R)n 
Lc(R). (The integral is an ordinary Lebesgue integral.) 

Since 5 C Lj(R) n Lq (R), we may conclude that the solution of the 
Schrddinger Equation (Section 10.1.1) or the solution of the abstract Cauchy 
problem (Section 10.8.1) has the two representations, 

u(t)(x) = F ~ l ( e H‘/s«)j*y(/)(j,)) (jc) 


almost everywhere in x, for / in S. (The integral is an ordinary Lebesgue 
integral.) 


10.9.1 Extending the Solution of Problem A 

Let’s tiy an extension of what we mean by a “solution” of SchrOdinger 
Problem A, based on Johnson and Lapidus (2000, pp. 166-168). 

Example 10.9.2. We will enlarge the domain of A to a subspace of L£(R) 
containing S. 
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For / a member of <5 we showed that 

w - £ S - ■ ^ «■ 

However, the operator F~ l ((— . ifc/2m)y 2 F(f)(y)) is defined when y 2 .T^/) 
is a member of L^(R) or when (1 + y 2 )F{f) is a member of L 2 (R). So 
we extend the operator A: 

A[f Isjr- 1 {Hfi/2m)y 2 Hn) 

with domain D(j 4) = {g 6 L£(R) | (1 4- y 2 ).^(g) e L£(R)}. The ordinary 

d 2 f 

second derivative of /, — — is being replaced by the operator 

t~' ( - y’-nn) 

with the requirement that (1 + y 2 )!F{f) is a member of L£(R). The domain 
D{A) is called the Sobelev space of order 2. 

So how does this work? We have 

r ( / - + ; ' A ) ~ / -) (y) = - imniy). 

where \ \f h{z lhy — l)j < |y| < -/l 4- y 2 < 1 + y 2 and 1/ h(e iyh — \) -» iy 
as h -> 0. So 

/(.* + ft) - fix') ^ (iyP(f)W) 00 in Lj(R). 

We have a subsequence {h n } converging to 0 so that [f{x + h n ) — 
f{x)\f h n converges pointwise almost everywhere in x as h n -*■ 0. If / is 
a member of 5, then f'(x) — (iyF(.f)(y))(x). Similarly, f"(x) = 

F" 1 (iyiyF(f)(y))(x). 

Sometimes we say that T 1 (*y^ r (/)(y)) and jF 1 ( — y 2 F(f)(y)) — 
/ (15 and f^ 2 \ respectively — are distributed derivatives, or weak deriva- 
tives, or L 2 derivatives, and so on. They agree almost everywhere with 
the ordinary derivatives f and f" when / has such derivatives and they 
make sense as operators on a dense subspace of L 2 (R) that contains S, the 
so-called Sobelev space: 

{g e Lj(R) | (1 + y 2 ) F(g) e L?(R} = D(A). 
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We note that far / in the domain of A and g an infinitely differentiable 
function of compact support, 

= {iynf)(y),?(js)) = -(7(/)W,i>f(f)) 

= -(/.^ 1 ('>-? r fe)W)} = -(/.s') 

and 

= (/.-? r ' 1 (-/^fe)(3')))'= (/.?")■ 

That is, the “integration by parts” formulae, 

f f il \x)g(x)dx ~ - f f{x)g'(x)dx and 
jr Jr 

f f m (x)g{x)dx = f f{x)g"(x)dx , 

jr Jr 

hold for all infinitely differentiable functions g of compact support. Thus 
u(t)(x) = J r ~ 1 (e.^~ tt ^ 2m ^ y2t J : (f)(y))(x) malces sense as a solution of the 
abstract Cauchy problem (Section 10.8.1) for {g e L£(R) | (1 + y 2 )F(g) G 
L^(R)}, a subspace of (R) that contains the Schwartz space S. Extending 
the operator A as previously indicated, we have 

itry 2 

Exercise 10.9.1. Show that «(/)(r) = (e^~ ltl ^ 2m ^ y2t ^F{f)(y))(x) for 
/ a member of (g e L^(R) | (1 + y 2 )F(g) e L^(R)} solves the abstract 
Cauchy problem (Section 10.8.1). 

Hint: By Plancherel’s Theorem (Section 10.6.1), 

u{t + At)(x) -u(t)(x) 


At 

= F~ l 


*(-ih/2m)y 2 (t+At) __ -(—ih/2m)y z t 


n/){y) w 




)<- 

1 (2^^" W 0 = ^‘(^NOl) = 4«(0]. 


since 


Tiutl)) = e^" ,nm}y 2 'r(f)(y) and 
y 2 JF(«(0) = ef-- it ' /2m)rl, y 2 Hf)(y) G L|(R), 



The Feynman Integral 


261 


because / e {g e Lj(R) l (1 + y 2 )F(g) e L£(R)} Also, for any solution 

v, 

= ~ |^(»)| 2 dy . 

Re (i4[u], v) = 0, and 

(11^ II 2 ) ; = «w. w))' = 2Re {v', v) - 2Re (i4[u], v) = 0. 

The element |[ i; ||| is a constant: || u (^)||i = Hu C^) |ji = 1. 

Compare this solution of the abstract Cauchy problem 

T ~ 1 (e<~ ,7,/2m > y V(/)O0) (jc) 

for / a member of {g e L£ (R) | (1 + y 2 )J~(g) <= L 2 (R)} with 

(dk )' /2 / R exp (£ (x - xo)2 ) /(xo) dx °- 

Mimic the argument of Example 10.9.1, starting with Part Three and / a 
member of L£(R) n L£(R). Use L^(R) to apply the Lebesgue Dominated 
Convergence Theorem 6.3.3. Conclude that 

u(OM = r - 1 ( e C-'*/2m>yV(/)(y)) (.v) 

= (dk) w / R exp fe (x /(xo)dx ° 

almost everywhere in jc, for / a member of 

l£(R) n {g e l*(R) i (1 + y 2 mg) 6 Lj(R)} . 

(The integral is an ordinary Lebesgue integral.) 

Example 10.9,3. We want" to remove the requirement that / be a member 
ofL‘(R). 

Note first that the integral 

(ssj) 1/2 L exp (S (x “ Xo)2 ) /(xo) 

= ( lim (27T)- 1 / 2 f )]rf Jo 

\lftt / r-*oo J_ r 

= (mf* e " n:t3/2,, ' - jr ( e( '" ,< ° 2/2 '"/(')) (£■*) 
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makes sense in L£(R) (“mean”), as does T 1 (V lF(f){y)j . 

Now truncate. Given 



1*1 < r > 
otherwise, 


then f r is a member of L£(R) D L^(R), and 

u(t)(x) = ( e ( ~ iftr/2m)j 'V(/)0')) (*) 

~ tor 1 (e { - ih/lm)ylt F(f r )(y )) (x) (by 10.6.1) 

= r 1 ^ (aSte) 1/2 L ' “ p (si (;c ~ Jo)2 ) /r (xo) dx ° 

= &) I/2 / R exp (ir (J: - xo)i ) /(Xo)dj:o ' 

for / a member of {g e L^(R) | (1 + y 2 )F(g) e L£(R)}. 


10.9.2 A Theorem 

In Examples 10.9.1, 10.9.2, and 10.9.3, as well as Exercise 10.9.1, we 
developed the following theorem. 

Theorem 10.9.1. Given the abstract Cauchy problem u r (t ) = A[u], with 
u(0) — f, the solution u is given by 

u(I)(x) = T(f)(y)) (x) 

= / R exp (sr (x - Xo)2 ) fMdx ° 

almost everywhere in x, for the following conditions: 
i"Pi 

1. A[f] — — - f , D(A ) is the Schwartz space, f and u ai-e mem- 

2m dx 2 

bers of the Schwartz space, and the " integral “ is an ordinary Lebesgue 
integral. 

2. A[f] = ^ (f^y 2 Hf)(y)\ 

D(A) — {g £ L£(R) I (1 + y 2 )F{g) e L£(R)}, f is a member of 
L£(R) fl D{A), and the “integral" is an ordinary Lebesgue integral. 
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3. A[f] = T~' 

D(A) = {g € Lc(R) | (1 +y 2 )F(g) e L£(R)}, f is a member of 
D(A), and the integral "mean” is lim f_ r . 


10.10 Solving Schrodinger Problem B 
10.10.1 Prelude to Problem B 

We are almost ready to tackle Schrodinger Problem B, for 7^0. First, 
observe that for / in Lj~(R), 


T~ 


1 ^ 


= (ss j») 1/2 i exp (S (x _Xo)2 ) /(xo)dx °' 


with “mean” integrals: f R ~ lim r _ >OQ J^ r . Secondly, the L 2 interpretation 
solves the abstract Cauchy problem (Section 10.8.1) with V = 0 via Fourier 
transforms, observing the requirement that / be a member of 


{gEL 2 (R)|(l+y 2 )^(g) e L 2 (R)} 
and f K \f\ 2 dx = 1. 

More explicitly, define a family of mappings {FQ)}, for t > 0, on L£(R) 
into L£(R) by F(Q)f = f and 


(F(t)f)(x) = ?~ l (x) 

= ~ Xo)1 ) fMdx °- 

Tlien 

'SMS' 


= J^ 1 (e ( - ,A/2,H) >’ 2£ JF(/)) = F{t)f. 


T~ i (e H7t/2m) > Z(I/z ^(/))^ 

ik/2m)y 2 (t 
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Generally, F(t)f — (F(t/nj) n f, and thus 

(dy 1/2 jMs t (jc - xo)2 ) /(xo) ** 

= feilk)) L dxn - i '"L dxa 

■ exp (2^ £ /<*■>• 

which is Feynman’s solution of SchrOdinger Problem A — assuming that / 
is a member of {g e L£(R) | (1 + y 2 )F(g) e L^CR)} and / R |/| 2 dx — 1. 

SchrOdinger Problem B remains, the situation with V 0, nonconstant 
coefficients. 

10.10.2 Trotter's Contribution 

In 1964, Edward Nelson put all the pieces together using the Trotter Prod- 
uct Formula (Trotter 1958, 1959). A proof may be found in Johnson and 
Lapidus (2000, pp. 200-201). 

Theorem 10.10.1 (Trotter Product Formula). If A, B, and A + B generate 
(Co) contraction semigroups T, S, and U on a Hilbert space 7 i, then 

JSt ( r 0 5 ©)" f = um ' 

for f a member of Ft. 

Trotter’s product formula will provide a solution of SchrOdinger Problem 
B, but first we have many items to define and discuss. These considerations 
lead to another method of solving abstract Cauchy problems, without the 
requirement that we have constant coefficients. For this approach, semi- 
groups of linear operators , the main references are Goldstein (1985) and 
Johnson and Lapidus (2000). 

10.10.3 Semigroups of Linear Operators 

Assume a linear map T{t ) maps f(x), the solution at time 0, to the solution 
at time t. We write T(t ) / = u(t). Thus 

T{t + s)f = u{t + s) = T(t)u(s) = T(t)T(s)u(Q) = T(t)T(s)f 



The Feynman Integral 


265 


(we hope), and T(Q)f — f. We have a collection of linear operators in 
the Hilbert space L^(R) so that T(0) = / and T{t + j) = T(t)T(s). 
These ideas lead us to the notion of a semigroup of linear operators. Our 
discussion begins with the approach laid out by Martin Schechter (2001), 
Suppose we want to solve the differential equation 


lift) = Au(t), u(0) = uq. 


for / > 0, where A and Uq are constants. Of course tr(f) = e tA u q is a 
solution for t > 0, 

As before, we will abstract this problem to a new setting. Suppose we 
have a Banach space X, and to each real variable / we assign a function 
u(t) in X. We can think of A as a mapping of X into X. That is, for u in 
X, Au belongs to X. We interpret u'(t) = Au{t) as 


u{t +h)-u(t ) 
h 


-Au{t) 


-> 0 as h -> 0. 


In this new setting, can we make sense out of & tA when A is an operator? 
Naturally, we try 

e tA = 1 + ^tA + ^t 2 A 2 + ■■■ , 
and with u(t) a member of X, we have 

w(f) = e M u(0) = + Yf A + \\^ A ~ + '") “(°)- 

Thus 


i i{t + h ) - u(r) 
h 


g(f+A)j4 

“ l 





and 


«'( 0 



e M i/(0) = Ae tA u( 0) = Au(t). 


More questions suggest themselves: 
o Can we justify these manipulations? 

o Does (/ + p-M + ^rf 2 A 2 H ) u(0) converge to an element of XI 

d Does ef- t+]l ) A — e M • z hA = e/ ,A ■ e rA make any sense? 
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Suppose A is a bounded linear operator in X and thus continuous. Then 
for N > M and t > 0, 

N i n 

y Tr ] t k A k < y — f fc ||4||* —> 0 as M, N _> oo. 

AT A/ 

Defining e tA by 1 ■+■ -(- j T t 2 A 2 H makes sense, and ||e M || < e^H 

for t > 0. 

Next, 

JiA _ j oo i 


h 


and 

e y -/ 

h 


-A 


1 p A||i4|| _ r 

< EfcT A4 “ 1 ll /l ll t ' 1 = S IMII-0 


Thus w'(r) = Ae tA u(Q). 

But we still need to discuss whether = e M • e hA = t hA • e M . Is 

it true in some sense that 


For real numbers, 


k\ 




m v k—m 
a y 


{x 4- y) k = y 

m= 0 

v (* + 

o * ! Vo " ! /\, m] ) 


and 


How does this fare in our setting? We have 
IV i N - / k 

E f o+»^-Ef E 

fc=0 Vm-O 


Jfc! 


[infak—m \ Ak 


m!(/c — m)! 


1 


AT it 

fcssO m=0 v ' 

N 1 

= y -—t m A m h n A n . 


fak-m ^k—m 


m+n-<N 
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Thus 

N 


N t m N Jn N . 


m\'~ n\ " ' k\ 

m— 0 n= 0 k = 0 


N N N 

Y —t m A m ■ Y -h n A n - y — ~~t m A m h n A n 
^ m\ n\ „ mini 

rn = 0 n=0 m+n<N 


y -±- t m A m h n A n 
' m\n\ 


m,n<N 

n+m>N 


< £ ^Hi/iimMir 


n,m<N 

u+m>N 

N 


N N N 

= £ ^ m Mr-£^"iM«' , -£E (,+,!) 

ni=0 71=0 A:=0 


ill ii* 


771=0 71=0 

e r|MH e ft||/l|| _ e (i+/0Mll = Q 


This is very encouraging. 

Unfortunately, in our particular application A is not bounded; A is a 
differential operator. However, loosely speaking {A as a limit of bounded 
linear operators) linearity of A on a dense subspace of X is good enough. 


10.10.4 Semigroup Terminology and a Theorem 

Before we proceed, it is necessary to make some definitions concerning a 
family T — {T(t) : 0 < t < 00 } of everywhere defined bounded linear 
operators from a Banach space X to itself. 

Definition 10.10.1 (Semigroup). The family T is called a (Co) semigroup 
iff 

1. T(t + s) = T(t)T(s)f, with t, s > 0, for all / in X. 

2. T(Q)f = /. 

3. The map from [0, 00 ) to X , t is continuous in the norm of 

X for each / in X. 

The third criterion is called the strong operator continuity of the semi- 
group: 1 1 -.si small implies \\T{t)f - T(s)f\\ x = ||(T(f) - T(5))/||^ 
small. 
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Definition 10.10.2 (Contraction Semigroup). The family T is called a (Co) 
contraction semigroup if, in addition, a fourth criterion holds: 

4. UrCO/ll < ||/|| for all r > 0 and all / in X. 

Definition 10,10.3 (Generator of a Semigroup). The generator A of a (Co) 
semigroup T is defined by 

A[f] m lira -f]= lira _ r'(0)/, 

f-»-o+ t r->o+ t 

where the domain of A, D(A ), consists of those elements of X for which 
this limit exists. 

A (Co) semigroup with generator A solves the abstract Cauchy problem, 
in the sense we defined it in Section 10.8.1. We can make sense out of 
li (r) = e M u 0 . 

Theorem 10.10.2. Let {T(r)} be a (Co) semigroup on the Banach space 
X with generator A, and let f be a member of the domain of A. That is, 

A[f] m = Arm |,_ 0 = m/ 

exists. Then the domain of A is a dense sub space of X. and u(t ) = T(t) f 
is the unique continuously differentiable solution on [0, co) of the abstract 
Cauchy problem for t > 0, 

u'{t) = A[u{t)}, w(0) = f 

Proof Details can be found in Goldstein (1985) and in Johnson and Lapidus 
(2000). We argue only existence, in six steps. 

Step 1. u{ 0) = T(0)f = f. 

Step 2. The domain of A is a linear subspace of X, and A is a linear 
operator on this subspace of X. (By definition we have linearity of T on 
the Banach space X.) 

Step 3. The domain of A is a dense subspace of X. Let / be a member 
of X. Form the Rieraann-type integral 1 ft / Q f T(s)f ds, for t > 0. These 
Riemann-type sums converge in the norm of X . This integral makes sense 
because s T(s)f is a continuous map form [0, oo) to X by assumption. 
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Let h be greater than 0. Then 


= i\U nh+ ^ ds -ll >H 

= 7 jsjf + TWfdu ~\L ns)fds 

- as h -* 0 + . 

t 

Thus 1 /t Jq T(s) f ds belongs to the domain of A , and 

dij f w *]-aK=4 

On the other hand, 

- f T(s)fds T(Q)f = f as r -> 0 + . 
f Jo 


Given an arbitrary element / of AT, we have an element in the domain 
of A, 1/r y„ r T(j) / ds arbitrarily close for t sufficiently small. The domain 
of A is a dense subspace of X, 


Step 4. The operator T(t ) maps the domain of A into A, and T(t)A[f ] = 
A[T{t)f] for / in the domain of A. Suppose / belongs to the domain of 
A. We show that T(t) f belongs to the domain of A: 


A[T(t)f] = lira 


T(h)T{t)f - T{t)f 
h 


= T{t)A[f]. 


lim T{t) 

A-MJ+ 


{T(h) - /)/ 
h 


We know that 


lim 

A-M1+ 


(n/o-/)/ 

h 


= A[f] 


because by assumption / belongs to the domain of A. Therefore the limit 
exists and A[T(t)f] = T(t)A[f]. The family T commutes with its gener- 
ator A 
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Step 5. For any interval [a,b\ of [0, oo), we have a constant M such that 
||r(0il < M for all t in the interval [a,b\. Because T is a (Co) semigroup, 
s T(s ) / is a continuous function from [0, oo) to X for a fixed / el 
So s — > 117X0/11 i s a continuous function from [0,oo) to R for a fixed 
feX. 

We have a constant Mf, so that ||7 , (j)/|| < Mf with a < s < b, for 
each / 6 X. By the Uniform Boundedness Principle, we have a constant 
M so that lirCOH < M for a < s < b. 


Step 6. We claim u(t) = T(t)f is a solution of u'(t ) = A[u(t)\ for any 
/ in the domain of A. That is, for any member / of the dense domain of 
A, we have a solution, T(t) f, of the differential equation u' — A[u]. The 
argument is as follows. 

Let / belong to the domain of A , and suppose t > 0. Then 


a* r(f + % - T -M. = lim nh) 


■mf = A[T(t)f\, 


A-> o+ h *-> o"+ h 

because T{t)f belongs to the domain of A by Step 4. Furthermore, 

lim mf-T< f -k) f= lim nt _ h) (nk)-i)f 

h-+ o+ h h^o+ h 

because / belongs to the domain of A by assumption. 

For the last equality, observe that 

T(t - h) ^Sp]}L _ T(t)A[f\ 


T(t-h) 


(Wi) - /)/ 


-A[f\\ 


+ || (?’ (f - ft) - r(r))4[/]|| 


< M 


(T{h) - /)/ 


-A[f] 


+ |(r(t-*)-r(o)ii[/]| z 


As t T(t)A[f] is a continuous function from [0, oo) to X, this allows 
us to estimate |j (T(t — h ) — T(t))A[f] By definition, 

lim -i — = A[f], 

/i — ►0+ h 


because / belongs to the domain of A. Since by Step 4 T(t)A[f] — 
A[T(t)f], we may conclude that — ^[^(r)/]. 
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Thus i/(0 s T(t)f is a solution of the differentiatial equation ii f (t) = 
A[ii(t)]. In fact, because ( = T(t) ^[/l, the function n(t) is con- 
tinuously differentiable for t > 0 . □ 

We have shown that u(t) = T(t)f is a solution of the abstract Cauchy 
problem according to our definition (Section 10,8.1). 


10.10.5 Some Notes on Our Solution 

Note 1, 

T(t)f = (TO/)* = f‘ /I[r( s )/J dx 

= f T(s)A[f]ds 

JO 

for / in the domain of A. 


Note 2 Suppose the sequence {/„} of members of the domain of A con- 
verges to / ; that is, suppose ||/„ — f\x -*■ 0- Likewise, say the sequence 
{i4/„} converges to g, so ||i4/ n — g , [| < y -*■ 0. We claim that / belongs to 
the domain of A and that Af = g. 

By Step 5 we have ||r(0ll < M for 0 < t < T. To show that / belongs 
to the domain of A , we form the quotient 


T(t)f - f 


T{t)fn - In 


= lim j f T(s)A[f n )ds 
t Jo 

= 7 f T(j)limX[/„]rf 5 = 7 f T{s)gds. 

‘ Jo ‘ Jo 


We can do so because 


7 f' [T(s)A[f„]-T(s)g]ds 
1 Jo 


-Mm™-* 

i«7 f 

t Jo 

<M\\A[f n }-g\\ x . 


Thus 


lim I f T (s^gds — T{0)g = g. 

r — ►0 - * - f t— M)+ t Jo 


Hence / belongs to the domain of A, and Af = g. We refer to A as a 
closed operator on the Banach space X. 
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Note 3. The solution u(t) = T(t)f is the unique solution to the abstract 
Cauchy problem u'(t) = X[u(f)], for t > 0 and n(0) = / for / in the 
domain of A. 


10.10.6 Applying the Theorem 

To aid our understanding of Theorem 10.10.2, we will mimic the argument 
for a specific T. For / a member of L 2 (7£), define for t > 0, 

(nt)f) (*) = (*), T(0)/ = /. 

We proceed as before. 


Step 1. By PlanchereTs Theorem (Section 10.6.1), T is a linear operator 
from L into Lc(72.). 


Step 2. Again by Plancherel’s Theorem, 


|| r ( f )/|[ 2 = ( f- 1 :F(/)) ,^~ 1 J 


= (e ( ” l7l/2m53,2 ^(/), e t-W*»Qy 2t F(f)) 

= W),H/)) = ll/ll 2 . 


We have that T is bounded: ||T(f)|| = 1 for all t > 0. We have a family 
T = {T(t) : 0 <t< oo} of everywhere defined bounded linear operators 
in Lc(72.). 


Step 3. We calculate 

(T(t)T(s)f) = T(t) (r 1 (e H/,/2ffl) ^ i f(/))) 

= T~ l ^ e H A / 2m )J' 2< yr^^— l( e C-^/2?n)j» 2 j^r(y))j^ 

= = T(t + s)f. 


Step 4. Plancherel’s Theorem gives us 

r(r + Af)/ = T(t)T(At)f = ^- 1 (e ( - fA/2,n)3,2(r+Af) ^*(/)) 
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We have a (Co) contraction semigroup T . The generator of T is given by 

T(t)f - f 


A[f\ = lim 
r->0+ 


with the domain of A being those elements of Lq(TZ) for which this limit 
makes sense. However (again invoking Plancherel’s Theorem), 


lim J-~ l 
r-vo+ 


e C ~ih/2m)y 2 t _ j 




( 

— 

/ • ft T ^ \ 

” 

\ 

= lim J-~ l 

t^r0+ 

e C — * fi/2«i)j/ 2 (f / 2.) 

—2i 

sm my 2 

h 

h y 2 
2m 2 

W) 


l 

_ 

\ 2m y 2 / 


/ 




for (1 4- y 2 )F{f) in L£(R). Yes, 

for D(A) = {g 6 L|(R) | (1 + y 2 )F(g) e L*(R)). 


Step 5. The domain of A is a (dense) subspace of L^(R). It contains the 
Schwartz space. 


Step 6. We noted that 

'H T <> o/)) 


A\nt)f]=F-' 


= T~ 




= T~ x (t™**'* ■ y **•(/)) = T(t)A[f], 

and so on. Thus for / a member of {g € L^(R) | (1 + y 2 )F{g) e L^(R)}, 

«(0W s r 1 ^-''*/ 2 m)y7f F(f)y)(x) 

= i^ (x ~' io)2 ) f{xo)dx ° 
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(almost everywhere in x, ’’mean” integral) solves the abstract Cauchy prob- 
du 

lem — = A[u] with w(0) = /. 

Step 7. For / a member of \? c (R) , for t > 0, 

(T(t)f)(x) = F(f)(y)) (*) 

and T{0)f = f . Thus the family T is a (Co) contraction semigroup on 
L£(R), and the generator of T is A. 

10.10.7 Problem B and the Trotter Product 

Because SchrOdinger’s Equation 

3» _ it, ay j 

dt 2m dx 2 fi 

and the operator A dealt with 


ifi d 2 
2m dx 2 ’ 

we are led to the operator of multiplication, B = {—i/fi)V. Define 

(S(0/)to = ei-'IWW . f( x ) 

for t > 0, and S(0)f — / for / a member of L^(R), with V a real-valued 
Lebesgue measurable function. 

1. S is a linear operator from L^(R) into L 2 (R). 

2. ||S(r)/|| 2 = ||/j| 2 , S is bounded, and [|S(/)|| = 1. 

3. S(t+s)f = S(t)S(s)f. 

4. S(t + A/)/ = S(t)S(At)f = e i-i*n™)V(t+Ai) . j _> Ar _ 0 5(f) y 


by 


We have a (Co) contraction semigroup S , The generator B of S is given 

B[f] — o lim S( ‘ )f ~-l = ^V(x)f. 
i-*o+ t fi 


t 
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The operator B is linear, and its domain, a subspace of Lg(R), consists of 
the elements of L^(R) that, upon multiplication by V, remain a member of 
L^(R). The domain of B contains those infinitely differentiable functions 
of compact support, a dense subspace of Lq (R). 

We have two contraction semigroups on L^(R). For / a member of 

L£(R), T(t)f = with generator 

4/]=^’gVW). 

and D(A) = {g £ L?(R) | (1 + e L’(R)}. We have S(t)f = 

e (-'/n)P( ■ /, for V a real-valued Lebesgue measurable function with gen- 
erator 

B[f] = Y v 'f- 

and D(B) = {g e I*(R) | V ■ g £ L£(R)}. 

Form T(t / n)S(t / n) f : 





almost everywhere in X\. 

In general, for / € Lq (R), 

•(jama ) 1 
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defines a function in L£(R), with V a real-valued Lebesgue measurable 
function. 

Consider the operator A + B with domain D(A) PI D{B). 

a Is this operator the generator of a (Co) contraction semigroup? 

q Is D(A) fl D(B) a dense subspace of L|(R)? 

T. Kato (1951) showed that, in particular, if the real-valued Lebesgue mea- 
surable function V is in L|(R)> then D(B ) D D(A), and the operator A + B 
is the generator of a (Co) contraction semigroup. * 

Apply the Trotter Product Formula (Theorem 10.10.1): 


(K9*e)]> 

' jf dXn-l- -j^dxo 


( m ' " n 
\2nih(t/n) 

( 


“P (2 mo P xk ~ Xk ~ lf v(Xk ~ l) ) 


is a member of L^(R), say \Jf n (t,x), almost everywhere in, x = x„, with 
“mean” integrals. Thus we have a function in Lq (R), \J/(t,x), and L^(R) 
convergence. That is, 

\\tyn(t,x) - x )\\ 2 -*■ 0 as n -► co. 


So, 


lim 

n — voo 


( 


m 

2nifi{t/n) 



dx n - 1 



dx Q 


exp 


(it^T) £> ~ ^ ~ In % V(Xk -' ] ) /( * o) 


solves Schrhdinger Problem B under the assumption that / is a member of 

{g £ L*(R) | (1 + y 2 mg) € L*(R)} , 

V is a member of L^(R), and f R |/| 2 dx — 1. Compare with Feynman’s 
solution to SchrO dinger Problem B. 

This concludes our treatment of the Feynman integral. 
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No matter how far we go into the futwe there will always be new 
things happening, new information coming in, new worlds to explore, 
a constantly expanding domain of life, consciousness, and memory. 

— Freeman Dyson 
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